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Abstract

The discontinuity problem at a fixed point has recently been researched from various angles. Using appropriate
contractive conditions that are strong enough to generate fixed points but do not require the map to be
continuous at fixed points, we investigate new discontinuity problem solutions for four self-mappings in this
paper. In relation to our issue, an example is also provided.
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. INTRODUCTION
Fixed points are the points which remain invariant under a transformation. Fixed points tell us which
parts of the space are pinned in plane, not moved, by the transformation. The fixed points of a transformation
restrict the motion of the space under some restrictions. Moreover, fixed point applications
increasesenormously.
Fixed Point Theory is divided into three major areas:

1. Topological Fixed- Point Theory,
2. Metric Fixed Point Theory,
3. Discrete Fixed- Point Theory.

Now we state some important fixed- point theorems:
Brouwer (1912): Every continuous self- map of the closed unit ball in R" has a fixed point. Banach (1922): Let
X be anon -empty set and (X, d) be a complete metric space. If T: X —» X suchthatd (Tx, Ty)<k d (x, y) for
each x, y in X where0 < k < 1, then T has a unique fixed point in X. i.e., every contraction maps on a
complete metric space hasa fixed point. Thistheorem has had many applications, but suffers from one drawback-
the definition requires that T is continuous throughout X. After wards, a number of works have appeared which
involve contractive definition that does not require the continuity of T.
Schauder (1930) If K is compact, convex subset of a topological vector space V and T is a continuous self-
mapping on K, then T has a fixed point.
Kannan (1968): If T is a self -mapping of a contractive metric space X satisfying

d (Tx, Ty)<Kk[d (Tx,x) +d (Ty, y)]

forall x, y in X and 0< k < 1/2 ,then T has unique fixed point in X. We note that map T is not continuous
even though T has a fixed point. However, in every case the maps involved were continuous at the fixed point.
It may be noted that Kannan’s fixed point is not an extension of Banach contraction principle. Therefore,
Kannan type and their generalizations have been considered as constituting an important class of mapping in
fixed point theory. These theorems are generalized by various authors in various spaces by using different
variants of commuting and minimal commutativity maps.
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1. PRELIMINARIES
2.1.G-Metric Space:
In 2005, Mustafa and Sims [28] introduced a new class of generalized metric spaces which are called G-metric
spaces, as generalization of a metric space (X, d).
Let X be a non-empty set, and G: X X X X X - R+ be a function satisfying the following properties:
1) G(x,y,z)=0ifandonly if x =y = z;
2 0 <G (xx, v)forall x, y € X with x # y;
3) G (x,x,9)<G(x,y, 2) forall x,y, z€ X with y # z;
4 G(x,v 2= Gk zy)= G(,zx)= ...(symmetry in all three variables);
5) G(x,y,2)< G(x,a,a0)+ G(a,y,z)forallx,y,z,a € X.
Then G is called a G-metric on X and(X, G) is called a G-metric space.

Defination 2.1.1[28] Let (X, G) be a G-metric space. We say that {x,}is a G-Cauchy sequence if, for any ¢
> (), there is PE N (the set of all positive integers) such that for all n, m,[=P, G (x n,x m, x D< €.
Defination 2.1.2[28]Let (X, G) be a G -metric space. We say that {x,} is a G -convergent sequence to x € X if,
for any e > 0, there is PE N such that for all n, m 2P, G (x, Xn,xm)< E.
Defination 2.1.3[28] A G-metric space (X, G) s said to be complete if every G-Cauchy sequence in X is G-
convergent in X.
Defination 2.1.4[28] A G-metric space (X, G)is said to be symmetricif G (x, y, y) = G (y, x, x) forall x,y
eX.
3.MAIN RESULTS
In this section, our aim is to obtain new solutions to the open problem related to discontinuity problem at the
fixed point [8].For this purpose, we consider the number P (u«, v) defined as
Gu,v,v),G(Au, Tu,Tu), G(Bvr, Sv, Sv),

P(u, v)=max (Auw,Sv,Sv)+G(Bv,Tw,Tw)

( ) [g(gﬂu,m,m)+g€734f,54r,54f)+1] § (u, v, v)
We give the following theorem
Theorem 3.1 Let (X, G ) be a complete G -metric space. Let A, B, S, Tare four self-mappings on X such that
forany w,v € X
(DAX) € T(X),B(X) €8(X)
(2)There exist a function @: Rt - R¥such that ¢(¢) < t, for each# > 0 and

G(Tu,Sv,8v) < go(?(u, v))
(3)For agiven € > 0, there exista §(e) > 0 such thate < P(u,v) < € + 6 impliesG( Tu,Sv,Sv) < €.
Then A, B,S,Thave aa common fixed pointz € X and T"u - 3, $"u - 3, A"u - zand B"u - 3
for eachu € X .Also,atleast one of A, B, S, T is discontinuous at z if and only if
lim,,,P(u,z)#0or lim,_,P(z,v) #0
Proof. Let us define a sequence {1¢,,} in X such that
Uppnt1 = T Uz =BUzpi1, Uppi2= StUppig and u, = A,
For ne N U {0}.Suppose that G(,,, 14,41, %,,41), Dy condition (2), we obtain
512G (uy, wy, u3) =G ( Tty Suy, Suy) < @(P(ug, 1))
( {g(uo,ul,ul),g(cﬂuo,ﬂ"uo,Tuo),g(Bul,Sul,Sul),D

= max G(Aug,Su1,Su1)+G(Buq,Tug Tug

Y [g(ﬂuo,Tu0,7u0)+g(7(5u1,5u1_,5u1)11] Guo, uy,141)

( {g(’uo"”'1"”'1),9(440»“1;’“1); g(ulluZlU’Z)'}>

=@ | max

Glugupu)+G(uymy,uq) ]
[g(uo,ﬂq,u1)+9(u1,uz,uz)+1 G (o, 111, 11)

( { g(uo,ul,ul),g(ul,uz,uz),
@ | max [

G(wom1,u1)+G(wy,up,u2)

Q(uoﬂfq,M1)+9W1.%2.%2)+1] G (o, 11, 11)
:(P (max{g(u(h U, ul)r g(ull U, /u’Z)}) (31)

Suppose that G(ug, 11, 11) < G(uq, 1y, 1,).Then using the inequality (3.1) and the property of ¢, we get

Gluy, uy,17) < @(G(uy, g, 12)) < Gy, 1z, 17)

<

D (by triangle inequality)

A contradiction. It shouldbe

g(ul,uz,uz) < 9(’“0"“1»’“1) i-e'g(un'un+1run+1) < g(’u’n—liun!’u’n) (32)
If we puts, = G(u,, U, 11, Un41), then from inequality (3.2), we obtain
Sy < Sp_q (3.3)

51=G(uy, ug, up) < (P(g(uo'ul,ul)) = @(sp)(using 3.2)
Using the same arguments, we find
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522G (1, 3, 13) < @(G(uy, 1z, 12)) < 9*(sp)
By the mathematical induction, we have

Sn < 9" (S0)
Hences, is a strictly decreasing sequence which tends to a limit s=>0. Suppose s> 0, there exist a positive
integer k€ N such that n> k implies

s<s, <s+4(s) (34)

Using the condition (3) and the inequality (3.3), we get
g( Tty _1,5Up 42, Sun+2):g(4’{’n' Un+1» /M’n+1) =5, < 5(35)
For n> k, the inequality (3.5) contradicts the inequality (3.4). Then it should be s=0.Now we show that
{u,}is a Cauchy sequence. Let m > 7, we can write

G(ton, Ugm, Uom) < G(Uon, Ugpi1s Uzni1)  G(Uoni1, Uan s Uons1)

+... G(Ugm—1, Ugm, Ugm)
< Qﬂzn(g(“o:“l:“l)) + §02n+1(g(’”/0'“1"”/1)) + o <P2m_1(g(’“v0"“v1"“v1))
(3.6)

Let TZnZZﬁ%n o* (g(’Vva Uy, %1))

By (3.6), we have
G(Uan, U, Ugm) < Tom—1 — Tong (3.7)
By the defination of ¢ , there existre [0,00), such that
lim, o 15, =T1
By (3.7), we get
lirnn,m—wo g(uZn' Um» uZm)zo
Therefore, {u,, }is a Cauchy. Since ((X,§) is a completeG — metric space, there exists a point z € X such that
u, = zasn — o.Also we have T"u,, - z ,$"u, » 3, A"u, - 3 B "u, - 3.
We prove that z is a common fixed point of A, B,S and T, that is Az = Bz = §z = Tz = z. At first, we
suppose that Sz # z . Using condition (2)and the triangle inequality, we obtain
g( 2,83, ‘SZ) =< g( 3, Un+1» u2n+1)+g(u2n+1' Sz, SZ) =
G( 3, Uy 1, Uon 1) +G(T U0, 83, 53)
< G( Z'u2n+lru2n+l)+(p(?(u2nrz ))
=G(3,Uzn11, Uzns1)+
g(uZn' 2, Z), g(‘AMZn» T/M“Znt T/U“Zn)t g(BZ: SZ; SZ);
o [ max G(Auy,,82,82) + G(Bz, Ttyy, Thyy,)
G(Auzy, Ty, Trzy) + G(Bz,82,53) + 1

g(/M'Zn: z, Z)

Taking n — oo, we have

G(2,52,52) < 9(6(3,853,82)) < G(2,83,82)
A contradiction. Hence Sz = z.Similarly , we haveAz = z, B3=3,72 =z
Therefore Az = Bz =Sz =Tz =z
Finally, we show that at least one of the self- mappings A, B, S and T'is discontinuous at the point z if and
only if
lim,_,P(u,z) #0or lim,_,P(z,v) #0
To do this we prove that if lim,_,P(u,z)=0 and lim,_,P(z,v) =0 then all A,B,S and T are
continuous at the common fixed point z. Letlim,_,P(«,2)=0 and lim,_,P(3,v) =0.Using the
definition ofP (u«, z)and P (z, v) we have,
G(u,3,2),G(Au,Tu,Tu),G(Bz,S7, SZ),}

=0

lim, _,, { max G(AU,S3,53)+G(Bz,Tw,Tw) ]
[g(ﬂu,m,m) +G(Bz,53,52)+1 g (u,2,3)

And

G(z,v,v),G(Az3,T3,T3),§(Bv,Sv,Sv),
lim,_,, { max [ G(Az,Sv,5v)+G(Bv,T2,T%) ] Gz v, v) =0

G(Az,T3,T2)+G(Bv,Sv,Sv)+1
Which implies that the self- mappings A, B, S and T are continuous at the point 3. Using the similar
arguments, the converse statement can be easily checked.
Now we give an example.
Example 3.1. LetX'=[0,2] and (X,§) be a G -metric space defined by G(x,4,2) = |x —y| + |y — 3| +
|z — x| .Let us define the self- mappings A,B,S ,T:X - Xby

(1, weloll) . (1, wme [0,1]}
T “‘{0.87,u € (1,2]}"’4 “‘{o.se,u € (1,2]
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(1, welol] (1, welol]
$ “‘{0.89,u € (1,2]} ' B“‘{o.ss,u = (1,2]}

Then the pointu=1 is a common fixed point of the self- mappings A,B,S and T and all these self-
mappings are discontinuous at this fixed point «w=1.Indeed A, B, S , T satisfy the condition (2) with

0.13, t>0.13
o(t)= 9.11, 0.11<t<0.13

3 0<t<0.11
And satisfy the condition (3) with

2, €>0.13
8(e) {3 —ce< 0.13}
Also it can be easily seen that
lim,,P(u,z) #0or lim,_,P(z,v)#0
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