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ABSTRACT: Based on Jumarie s modified R-L fractional calculus and a new multiplication of fractional
analytic functions, this paper studies the calculation of the area surrounded by a plane fractional closed curve.
The major method we used is the change of variables for fractional calculus. On the other hand, several
examples are provided to illustrate how to solve this problem. In fact, these results obtained in this paper are
generalizations of the results in classical calculus.
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l. INTRODUCTION

In 1695, the fractional derivative first appeared in a famous letter between L’Hospital and Leibniz.
Fractional calculus includes the derivative and integral of any real or complex order. Fractional calculus has
attracted many physicists, engineers, scientists, and mathematicians to do this research. In recent decades,
fractional calculus has been widely used in many fields such as physics, mechanics, electricity, economics,
control theory, and so on [1-8]. For the introduction and application of fractional calculus, we can refer to
[9-13].

In this paper, based on Jumarie modification of R-L fractional calculus and a new multiplication of
fractional analytic functions, the problem of finding the area surrounded by a plane fractional closed curve is
studied. The change of variables for fractional calculus plays an important role in this article. Moreover, we give
some examples to illustrate the method to solve this problem. In addition, these results we obtained are natural
generalizations of the results in traditional calculus.

1. PRELIMINARIES
In the following, we introduce the fractional calculus used in this paper.
Definition 2.1 ([14]): Assume that 0 <a <1, and x, is a real number. The Jumarie’s modified
Riemann-Liouville (R-L) a-fractional derivative is defined by

(WPONF OO = s o= [ oL g, )
And the Jumarie type of R-L a-fractional integral is defined by
(O] = 5 [ Lo de @

Xo (x—t)1-a '

where T'( ) isthe gamma function.
Proposition 2.2 ([15]): Suppose that a, 8, x,, C are real numbersand g = a > 0, then

(xng)[(x - xo)ﬁ] = %(x — xo)ﬁ—a, (3)
and
(x,DH)lc] = 0. "

Next, the definition of fractional analytic function is introduced.
Definition 2.3 ([16]): Suppose that x,x,, and a, are real numbers for all k, x, € (a,b), and 0 < a < 1. If

the function f,:[a,b] » R can be expressed as f,(x%) = X, F(kZ"H) (x — xo)** , an a-fractional power

series on some open interval containing x,, then we say that f,(x%) is a-fractional analytic at x,.
Furthermore, if f,:[a,b] = R is continuous on closed interval [a, b] and it is a-fractional analytic at every
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point in open interval (a,b), then f, iscalled an a-fractional analytic function on [a, b].

In the following, we introduce a new multiplication of fractional analytic functions.
Definition 2.4 ([17]): If 0 <a <1, and x, is a real number. Let f,(x%) and g,(x*) be two a-fractional
analytic functions defined on an interval containing x, ,

Fux®) = Do ot (= 20) = B 2 (= x0)e) (5)
9a0) = T 0 mis (=) = B 2 (7 e— ) ®)

I'(a+1)

Then we define

fa(x%) ® 9a(x*)
= 20t 8 ~ X0 © Xio l"(k(x+1) Trarp &~ %0)*
= Zio l"(k;+1) ( m=0 (11:1) Aie—m m) (x = x0). (7
Equivalently,
fa(x®) @ go(x¥) o o
= I (F(a+1) (= x")a) ® 2io I;j (F(cx+1) (x = x")a)
®k
= ZI?:OE( m=0 (1]:1) ak—mbm) (1—-(“+1) ( - xo)a) . (8)

Definition 2.5 ([18]): Let 0 < a < 1,and f,(x%), g,(x%) be two a-fractional analytic functions defined on
an interval containing x, ,

a a ®k
folx®) = Do (= x) e = Ty S (s = x0)7) ©)
90 = g ot (v — 200 = iy 2 (A e x0)e) (10
The compositions of f,(x*) and g,(x*) are defined by
(fo © 9D = fu(92 (D) = Tio % (g, )™, (11)
and
Ga © fI D) = go (D) = B0 2 (£ (x)) " (12)
Definition 2.6 ([18]): Let 0 < a < 1. If f,(x%), g,(x*) aretwo a- fractional analytic functions satisfies
(fo© 9D = (g © f)(x®) = s x. (13)

Then f,(x*), g, (x*) are called inverse functions of each other.

The following are some fractional analytic functions.
Definition 2.7([18]): If 0 < a < 1, and x, x,, are real numbers. The a-fractional exponential function is defined

by

3 14\ 14
E,(x®) = Xi- Ol"(ka+1) Zic- 0k (r‘(a+1)x) ' )

And the a-fractional logarithmic function Ln,(x%) is the inverse function of E,(x%). Moreover, the a-fractional
the a-fractional cosine and sine function are defined as follows:

a - 1)k 2ka 1)k 1 « ®2k
cosq (x*) = Xizo [(2ka+1) = Xizo (2k)‘ (l"(a+1)x ) ! (15)

and

. @ oo (_1)kx(2k+1)a oo (_1)k 1 o ®(2k+1)
sing (x*) = Xiz r(@k+Da+1) ~ k=0 2p+1)! (F(a+1) ) : (16)
Definition 2.8: The smallest positive real number T, such that E,, (iT,) = 1, is called the period of E, (ix%).
Definition 2.9 [18]: Let 0 < a < 1, and r be a real number. The r-th power of the a-fractional analytic function

f(x®) is defined by [f,(x)]®" = E, (rLng( £,(x9))-

1.  METHODS AND EXAMPLES
In this section, we introduce the main methods used in this paper and give some examples to illustrate
how to evaluate the area enclosed the plane fractional closed curve.
Theorem 3.1 (change of variables for fractional calculus)[ ]: Let 0 < a <1, u,(x%) is an a-fractional
analytic function defined on an interval I, and £, (u,(x®)) is an a-fractional analytic function such that the
range of u, contained in the domain of f,,, then
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() [ (e @) ® (D)ta x| = (e 18 cae ) fee )], (17)
for c,d € 1.
Definition 3.2: If 0 <a <1, f,(x*) is an a-fractional analytic function defined on an interval I, and
f,(x%) = 0, then the area under f,(x*) from x =c to x = d is defined by
(IO (18)
Definition 3.3: Assume that 0 < a <1, p,(6%) is the polar coordinate equation of a plane a-fractional
analytic closed curve, then the area under p,(6%) from 6 = A to 6 = u is defined by
(I [ (pa8) ™. (19)
Some examples are provided below to illustrate the method of calculating the area surrounded by a
plane fractional closed curve.

Example 3.4: Suppose that 0 < a@ < 1, p,q > 0. The parametric equation of the a-fractional elliptic curve is
X (t%) = p - sin, (t%) <@ <
{ya(t“) = q-cos,(t*) 0=t?=Te (20)

Find the the area enclosed by this plane a-fractional closed curve.

Solution Since this a-fractional elliptic curve satisfies
a(t®? | DN _
2 + 2 -
P q

1. (21)

It follows that
1

2 ®;
Y, (xa(t9) = (qz - (%) [xa(t“)]®2> Cforo<tt< 22)
Then by change of variable for fractional calculus, the area enclosed by this plane a-fractional closed curve is
4- (x:013=p)[ya(xa)]

q\? K
— 4. (xzol;;_,:p) <q2 — (;) [x(x]®2>

1
2 ®7
=4-{ mol® s (qz -(&) - sina(t“nm) ®( D) - 5ing (t)]
)|
=4-| 0% 1 |[q-cos,(tN)®(pcos(tD))]
()"
« ®
= 4pq - ( ol ! [(Cosa(t“)) ]
Tll
= 4pq - ( OI“Tu 1 E + cosa(Zt“)]
1 01 Te 1 Ta
=4pq- (; Tarn 4 T35 (7))
= ——%pq. (23)

Remark 3.5: If a = 1, then the fractional elliptic curve becomes the classical elliptic curve, and its area is mpq.
Example 3.6: Let 0 < a < 1,p > 0. The polar coordinate equation of the a-fractional cardioid is

P (89 =p (1 + cosa(B“)) for 0 < 0% <T,. (24)

Find the area enclosed by this plane a-fractional curve.
Solution By Definition 3.4, the area is

2| o* 1 [% (p (1 + cosa(Ba)))m]
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=2+ o* 1 % ((60.90[(9‘7‘))®2 +2-cos.(0%) + 1)]

< (o eose(2) 2 cos) 1

—p2. 1 a . ayy 3
= p? OIEZT_a)é [2 c05,(20%) + 2 - cos,(0%) + Z]
2
=p?- E-sina(Ta) + 2-sina(T2—“) +§ﬁ%"]
3
i

pE—— T, . (25)

r'(a+1) a

Remark 3.7: If a = 1, then the fractional cardioid is the traditional cardioid, and the area enclosed is %npz.
Example 3.8: Suppose that 0 < a < 1, q is a real number. The polar coordinate equation of the a-fractional
lemniscate is

[0 (09)1%% = ¢2 - cos,(26%). (26)
Find the area enclosed by this plane a-fractional curve.
Solution Using Definition 3.4, the area is

4 oIExT )1 qu-cosa(ze"‘)]
oy
2 [ s )

. Ty
=q?-sin, (:). 27)
Remark 3.9: If a = 1, then the fractional lemniscate is the classical lemniscate, and the area enclosed is q2.

IV. CONCLUSION
The main purpose of this paper is to evaluate the area enclosed by a plane fractional closed curve based
on Jumarie type of R-L fractional calculus and a new multiplication of fractional analytic functions. The change
of variables for fractional calculus plays an important role in this article. In fact, these results we obtained are
generalizations of those in traditional calculus. In the future, we will continue to use these methods to study
problems in other fields such as fractional calculus and engineering mathematics.
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