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l. INTRODUCTION

In today’s, contemporary world of pure and applied mathematics, the application of algebraic structures
is seen in computer science, information technology, image Processing, control theory and Fuzzy automata and
there is a great scope for effective research. Algebraic structures, particularly, semigroups play a key role in
above mentioned applied branches. Further, the fuzzification’s of some sub-systems of semigroups are used in
numerous representations containing uncertainties.

Zadeh [15] was the pioneer who introduced fuzzy set, since this concept has been applied to various
algebraic structures. Ullahkhan [1] introduced the notion and characterized intuitionistic fuzzy interior ideals
and interior ideals of semigroups. Davvaz and Majumder [2] characterized a simple I semigroup in terms of
intuitionistic fuzzy interior ideals. Sharma [3] derived quotient groups of fuzzy fundamental theorem and Cayley
theorem of every intuitionistic fuzzy group.

Yun and Lee [4] proposed intuitionistic fuzzy rough approximation operators and properties of

intuitionistic fuzzy investigated fuzzy topology. Maya and Isaac [5] proved the intuitionistic fuzzy continuity of
the composition of two intuitionistic fuzzy continuity with example. Mydhily and Natarajan [6] introduced
some theorems in intuitionistic fuzzy | sub semi ring of a | semi ring under homomorphism and anti-
homomorphism. Eslami [7] demonstrated the some theorem degree of membership and non-membership of
intuitionistic fuzzy sets to lattices and fuzzy logic.
Hur et al.[8] characterized a regular semigroup , a regular semigroup that is a lattice of left(right) simple
semigroups, a semigroup that is semi lattice of groups in terms of intuitionistic fuzzy ideals and intuitionistic
fuzzy bi ideals. Khan and Anis [9] characterized right regular semi groups by the properties of their right ideals,
bi ideals generalized bi ideal and interior ideal. Mandal [10] introduced fuzzy ideals, some operations ordered
semi rings in order to study the structure of fuzzy ordered semi rings. He have studied and characterized in
terms of fuzzy k ideal and also in terms of fuzzy h ideal in ordered semi ring and compositions of fuzzy ideals of
ordered semi ring.

Gulistan et al.[11] generalized cubic soft sets which is the most general approach and characterize the
weekly regular semi group in terms of generalized cubic soft ideals with examples and some properties. Elomari
et al. [12] established intuitionistic fuzzy strongly continuous semi group and uniqueness of solutions for
intuitionistic fuzzy equation, some of their properties and some results. Sardar et al.[13] characterized
intuitionistic fuzzy ideals in semigroups and observed several important properties with examples. Sumathi and
Sathappan [14] investigated intuitionistic L-fuzzy bi ideal of semigroup and some of their related properties. In
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this paper we introduced the some Intuitionistic definitions and theorem proof in intuitionistic fuzzy complete
inner unitary sub semigroup and intuitionistic fuzzy semigroup of these notations.

Il.  PRELIMINARY
In this section we discuss some elementary definitions that we use in the sequel.

Definition: 2.1
An intuitionistic fuzzy set (IFS) A= <g,,, > in T is called an intuitionistic fuzzy ternary sub semi group of
Tif (1) pa(xyz) = min{ e, (X), 124 (Y), 14 (2)}

(i) F(xyz) < max{ I (X), I (), S5 (2)} forall X,y,zeT.
Definition: 2.2

Let X be a nonempty fixed set. An intuitionistic fuzzy set (IFS) A in X is an object having the
form A={< x, 11, (x), % (x) >/ x € X}, where the function g, : X —[01] and 4, : X —[0,1] denote
the degree of the membership and non-membership of each element Xe& X to the set A,
respectively 0 < 2, (X) + 3, (X) <1.

Notation: We shall use the symbol A = (1,3, ) for the intuitionistic fuzzy set (IFS)
A={< X,ﬂA(X),IgA(X) >/xe X}.
Definition: 2.3
Let S be any semigroup. An intuitionistic fuzzy set A={< x, ,(x), 3, (x) >/x € X} of Sis called an
intuitionistic fuzzy sub semigroup of S if
() Ha(Y) 2 pa(X) A pa(y) for VX, y €S
(i) S, (xy) <3 (X) v 3, (y) ,for VX, y €S
Definition: 2.4
Let S be any semigroup. An intuitionistic fuzzy set A of S is called an intuitionistic fuzzy inner-unitary subset of
S, if
1a(@) 2 pp(xay) A pa(xy) - for a,x,y €S
9, (a) <, (xay) v I, (xy) for a,x,yeS
A subsemigroups H of S is called inner unitary, if Xay, Xy € H implies ac H forany a, X,y S.

Definition: 2.5
Let S be a semigroup. An intuitionistic fuzzy subset A of S is called an intuitionistic fuzzy inner unitary sub
semigroup as well as an intuitionistic fuzzy inner unitary subset of S. In other words, an intuitionistic fuzzy

subset of S is an intuitionistic fuzzy inner unitary sub semigroup if and only if 'uA(xy) 2 ”A(X)/\ 'uA(y)

and ‘9A(Xy) <G (X)v lS’A(y)
JINCYR= /UA(Xay)/\ Ha(Xy) and 19A(a) < 9, (xay) v 19A(Xy) forany a, X,y €S.
Example: 2.6

Let S be the semigroup of natural numbers with respect to multiplication and Pa prime number. Also let the
intuitionistic fuzzy subset A of S be defined by

pa(x)=405 if x=p', t=12.... _, 9, (x)=105if x=p', t=12,..
0 ,otherwise 0 ,otherwise

then A is an intuitionistic fuzzy inner unitary subsemigroups of S.
Definition: 2.7
Let S be a semigroup with E(S) # ¢. An inner unitary sub semigroup H of S is called complete if
E(S) c H.
Definition: 2.8
Let S be a semigroup with E(S) # ¢. An intuitionistic fuzzy inner inner unitary sub semigroup A of S is called

intuitionistic fuzzy complete, if 1, (e) =1and $,(e) =0 forany e e E(S).
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1. MAIN THEOREM
Theorem: 3.1

Let S be a semigroup with Reg(S) ={a € S : there existsax e S such that axa =a}# ¢
and A be an intuitionistic fuzzy inner unitary subset of S, then

(i) 125(ab) < g1, (@) A g1, (0b)  and 3, (ab)>v,(3@) v 9, (0b)
(i) pu,(aa)= yA(aa') and 9, (a'a)z 9,(aa)
(i) 12,(3) > p2,(8) A 12,(32) and 9,(a)< 3,(a) v 9, (a?)
(iv) u,(aa) = ,uA(aa*) and 9A(aa')= 9, (aa") forany a,b e Reg(S) and
a,a"eV(a),b,b"eV(b) whereV(a)={xeS:axa=a and xax=x}.
Proof: (i) Let a,bcReg(S) and a,a" eV (a)and b,b* €V (b)
Since a=aaa so 1,(ab)=u,(aaab) and 9,(ab) =4, (aaab)and hence
#,(@b) = 11, (aaab) A u1, (ab)
< yA(a'a) and
9,(ab) = 4, (aa ab) v 4, (ab)
< SA(a'a)
Similarly, zz,(ab) =z, (bb) and 3, (ab) =9, (bb).
Therefore we obtain that 2z, (ab) < u, (a'a) A ,uA<bb') and 9, (ab)> 9,(a'a) v 19A(bb').
(i) Evidently, 8 €Reg(S) and a eV (a') also hold when
acReg(S) and a eV(a ) So using (i) we obtain
pa(@a) < :u/.\(aa')/\ Ha (aal)
= pp(aa) < ;UA(a.a)/\ /JA(a'a)
= u,(aa’) and
9,(aa)> SA(aa')v 3A(aa')
=9,(aa) > SA(a'a)v BA(a'a)
=8, (aal)
Hence 1,(aa) = ,uA(aa') and BA(a'a)= 9,(aa)
(iiii) By Definition 2.3 we have 1, (a) > yA(aa'a)/\ w,(aa ) = u,(a) A p,(a®)
and 9,(a) < SA(aa'a)v 9,(aa) = 4,(a) v $,(a)
(iv)By aa” €V (aa) and aa €V (aa’), so that
pa(@a’) = g, (82 ) a1, ((22))%= 1, (2@)
u,(aa) > yA(aa*) by using (iii) and
9,(aa’) < 9, (aa) v ,((aa))* = 9, (aa)
9,(aa’) < 9,(aa") by using (iii) .Hence 1,(aa) = yA(aa*) and SA(aa')z 9,(aa").

Theorem: 3.2
Let S be the semigroup. Then A is intuitionistic fuzzy inner unitary subsemigroups of S if and only if the level

subset A, ,. ={XeS:u,(X)=a and 3,(X) < B} of Alis an inner unitary subsemigroups of S for any
(a, B)e[0].

Proof: Forany X,Yy,aeS, Let 1, (X) =1, 1, (y) =1, and 3,(X) = p,, I (Y) = P, and let
a=min{1,l,} and g=max {p,, p,}.
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Then X,y e A andso Xy € A, ;. since A

a,p> <a.f>is a sub semigroup of S.
Hence 1,(XY)= @ = p1,(X) A p1,(y) and 9,0)< B=9,() v ,(y).
Let 2,(xy)=1,, 12, (xay)=1, and &,(xy)=p,, 9,(xay)=p, andlet @ =min{1,1,} and
B=max {p,;, p,}- Then Xy, xay € A, ,. consequently a e A_ since A

<a, >

a.p> IS an Inner unitary

sub semigroup of S. Therefore ,uA(a) >a =, (Xy) A ,uA(xay) and SA(a) <p =% 0(y)v SA(xay).
So that A is an intuitionistic fuzzy inner unitary sub semigroup of S.

Theorem: 3.3

Let S be a semigroup and A an intuitionistic fuzzy inner unitary sub semigroup of S. Then

(i) 222 (Xy) = 22, (yx) and 9, (xy) =9, (yx) Vx,yeS.
(i) ,UA(a) 2 pp(ax) A ﬂA(X) , /’lA(a) > pp(xa) A /UA(X) and
$,(@)< 9, (axy) v 4, (x) . S (a)< I (xa)v 9,(x) Va,xeS
(iii) If E(S) ={x €S :x* =x}# ¢, then ,uA(nk): 1, (N) /\,uA(k) and
3, (k)= 9,(n) v 4,(k), ¥n,k  E(S).
(iv) If Reg(S) # ¢, then ,uA(a') = 1, (a)and SA(a') =94,(a) VaeReg(S),a'eV(a).
Proof: (i) By Definition 2.3 , we have yA(Xy) > 11, (Y. XY.X) A 12, (YX)
(Y XY.X) = 22, (07) 2 22, (YX) A 12, (YX) = 12, (yX) and
9, (xy) < 9, (yxy.X) v 9, (yx)
Ip(yxy.X) = 8, ((¥9)) < Gp(yx) v Gy (yx) = 4 (yx)
So ,UA(XY) 2 15 (yx) and lSJA(XY) 2 35 (YX) -
similarly, we have z2,(yX) > 22, (xy) and &,(yx) < &, (xy)
Hence 42,(xy) = g2, (yx) and 9,(xy)=9,(yx) ¥x,yeS.

(ii) Itis straight forward proved.
Let Vn,k € E(S) ;then clearly neV (n) and k eV (k).
sowe have £2,(NK)< gz, (NN) A g2, (KK) = 22, () A 12, (K) and
4, (nk)< &, (nn) A &, (kk)=3,(N) A3, (k) by theorem 3.1(i)
On the other hand 2z, (Nk)> 2, (N) A ,uA(k) and ,(nk)< 9, (n) v &, (k).
Since A is an intuitionistic fuzzy sub semigroup.

Therefore £2,(NK) = 22,(N) A 12, (K) and 9, (nk) = 3, (N) v 9, (k).
(iii) Let ae€ Reg(S) and a'eV(a). by using theorem 3.1 (iii), we have
w1,(@) > p,(a) A p,(@%) and 9,(a) < 9,(a)A 4, (a7%).
But 1, (@)= Ha(@) A g (@) and ‘9A(az) =9, (a) A G4(a)
Since A is an intuitionistic fuzzy sub semigroup.
Similarly z,(a )= u,(a'aa’) Ay, (a'a’) > p,(@') and 94(a )29, (a'aa’) A g, (a'a’) > 9,(a')
Hence 1, (a') = u,(a) and 9,(a") =9, ().

Theorem: 3.4
Let S be a semigroup. Then an intuitionistic fuzzy sub semigroup of A of S is an intuitionistic fuzzy inner
unitary sub semigroup if and only if

(i) /JA(xy) = up(yx) and 19A(Xy) =3, (%)
(ii) :UA(a) > g (X) A p2a (X) or ﬂA(a) > pp(Xa) A p1,(X) and
SA(a) < G, (ax) v 3, (X) or SA(a) > G, (xa) A G, (x) forany a,x,yeS.

Proof: This follows immediately from Theorem 3.3
Conversely, if the condition (i) and (ii) hold, then we have
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£,(2) 2 12, (2.yX) A 2, (YX) = 12 (@Y%) A 22, (YX)
= ﬂA(Xay) N /JA(XY) and
9u(@) <9, (ayx) v G, (yx) = 9, (a.yx) v I, (¥X)
=g, (xay) v I, (xy)

Hence A is also an intuitionistic fuzzy inner unitary subset of S. Therefore A is an intuitionistic fuzzy inner
unitary sub semigroup of S.

Theorem: 3.5

Let S be a semigroup and A an intuitionistic fuzzy inner unitary sub semigroup of S. Then

(i) 1f e E(S) and a € S such that atke then ,uA(a) <, (e) and 8,(a) < 9,(e)
(i) If aeReg(S) and a'eV (a), then ,uA(a) <u,(aa'), ,uA(a) <u,(a'a) and HA(a) > 9,(aa'"),
4,(a)>9,(a'a).
Proof: (i) Since a%he,so a=e orthereare X,y €S suchthat e=ax and a=ey .
If a=e, then u,(a)=,(e) and &,(a)=9,(e).
1f 27€ then €= Xand A=Y where X,yeS
Thus we have yA(a) > 1, (ea) A p,(a)
= /JA(e-eY) A 1p(2)
S ACIOYACY
= /UA(a') App(@) =ua(a) and
9,(2) = 9, (ea) £ 9, (a)
= '9A(e-ey) NCY
= l9A(eY) A9, (a)
=3,() r 9, (a) =9,(a)
(ii) Here note that a®Raa’ therefore we have the following results exits on from (i) becomes
1a(2) < prp(ad’) | p1,(2) < prp(a'a) and 9,(a) = 9, (aa'), 9,(a) = 9, (a'a).

Theorem: 3.6
Let S be a semigroup with E(S) # ¢. Then an intuitionistic fuzzy subset A of S is an intuitionistic fuzzy

complete inner unitary sub semigroup of S if and if the (I, p) level subset A

<l,p>

of A'is a complete inner
unitary sub semigroup of S for any (I, p) €[0,1].

Proof: If subset A is an intuitionistic fuzzy complete inner unitary sub semigroup, then A

1, p> IS Inner unitary

sub semigroup of S for any (I, p) €[0,1], by Theorem 3.2 and for any € € E(S ) we have Ha(e) =121 and
group y p y y

J,(e)=0<p Hence A

<|,P>

,thatis e e A

| p> - is a complete inner unitary sub semigroup of S.

Conversely, A

. p» is @ complete inner unitary sub semigroup of S forany (I, p) €[01], then Ais an

intuitionistic fuzzy inner unitary sub semigroup of S by Theorem 3.3. Taking | =1 and p =0, we have that
ec A, forany ee E(S) since A ;. is complete inner unitary. So 14, (€) >1and 9, (e) < Oforces that
Un(€) =1 and 3,(e) =0. Therefore, A is an intuitionistic fuzzy complete inner unitary sub semigroup of S.
Theorem : 3.7

Let S be a regular semigroup and A an intuitionistic fuzzy inner unitary sub semigroup of S. Then A
intuitionistic fuzzy complete if and only if

(i) pn(ea)=p,(a)and 9 (ea)=9,(a) forany e E(S)and a€S
(i) Foreach ae S, thereisan X € S such that 1, (ax) =1 and 9, (ax) =0.
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Proof:

(i) Forany e e E(S)and a €S, since z,(ea) > u,(e) A u,(a) and 9, (ea) < 9, (e) v 4, (a)

and ,(e)=1and 9,(e) =0,s0 w,(ea) > p,(a)and 9,(ea) < 9,(a). on other hand,

Uy(8) > p,(ea) A p,(€) and 34 (a) < 9, (ea) v S, (€) by Theorem 3.4 and

Uy(€) =1and 9, (e) =0 0 we have p,(a) > u,(ea) and 9, (a) < 9,(ea).

Therefore 11, (€a) = u,(a) and 9, (ea) = 9, (). Here, we know the condition (i) holds here. Since S is
regular, so V(@) = ¢ forany a€S. Let x eV (), then ax € E(S) and so £, (ax) =1and 9, (ax) =0.

This shows that (ii) holds.
Conversely, we need only to show that £z, (€) =1and 9,(e) =0 forany e € E(S).

By Condition (ii) , there isan X € S such that £, (eX) =1and 3, (ex) =0, so we have

£4a(€) = 1, (8X) A 124 (X) = 12 (X) and 2, (X) 2 25 (€X) A 12 (€) = 25 (€)

H(€) £, (eX) v I (X) =34 (X) and 3, (X) < 3, (ex) v 3, (e) =, (e) by Theorem 3.4 and therefore
we obtain that £, (€) = £, (X)and 3, (€) = FA(X) . But 22, (eX) = £, (X) and 3, (€X) = 3, (X) by the
condition (i). Consequently £, (€) =1 and 3,(e) =0.

Theorem: 3.8

Let S be a regular semigroup and A an intuitionistic fuzzy complete inner unitary sub semigroup of S. Then

u,(@'b)=p,(@a*b) and 9,(a'b)=9,(a*b) for a,b e Sand a',a*eV (a).

Proof: Let a,beS,a',a*eV(a) and b'eV (b).

Then ,(a'b) > 1, (a.@'bb’) A u,(ab')
= u,(aa") A p, (bb'") A 2, (ab") by Theorem 3.3(iii)
=1A1A p,(ab")
> p1,(a*.ab'b) A 1, (a*b) = 1, (a*b)
And 4, (a'b) <9, (aa'bb’)v9,(ab")

=9,(aa") v 4,(bb") v 9,(ab") by Theorem 3.3(iii)
=0vO0v g, (ab’)
<4,(a*.ab'b)v 9, (a*b)=9,(a*b)

Similarly, we prove that u,(a*b) > 1, (a'b) and 9, (a*b) <9, (a'b).

Hence w,(a*b)=u,(a'b) and 3,(a*b) =9,(a'b).

V. CONCLUSION
It is obvious that if we introduced some operator on complete intuitionistic fuzzy of an inner unitary sub
semigroup in order to study the structure of intuitionistic fuzzy sets. As a continuation of this research
characterized some intuitionistic definitions and their theorem were proved in the intuitionistic fuzzy complete
inner unitary sub semigroup and intuitionistic fuzzy semigroup.
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