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Abstract: 
The 1D compressible Navier-Stokes equations' solution exhibits complicated behavior in half space. On the 

solution to the 1D compressible isentropic Navier-Stokes equations with constant viscosity coefficient on(x, t), 

ϵ[0,+∞) ×R  ̟ , we discover an intriguing phenomenon, namely the splitting in half of the solutions to the 1D 

compressible Navier-Stokes equations' initial boundary value problem. 

 

Under some circumstances, the Riccati differential equation's solution can be converted into space. 
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I. Introduction 
We take into account the half-space 1D compressible Navier-Stokes equations in the following ways: 

 

𝜌t+ (𝜌𝑢)𝑥= 0,(𝑥, 𝑡 ) ∈ [ 0, +∞)×R ̟  ,                              (1) 

𝜌(𝑢t +𝑢𝑢𝑥) +𝜌𝑥= 𝜇𝑢𝑥𝑥 , (𝑥, 𝑡)𝜖[ 0,+∞)×R ̟  ,       (2) 

where𝜌(𝑥, 𝑡), 𝑢(𝑥, 𝑡) denote the compressible flow's density and velocity .The coefficient of constant viscosity 

isμ. The flow's pressure is indicated by 𝑃 = 𝑃(𝜌). We begin with the supposition that: 

 

                  (𝜌,𝑢) (𝑥,0) = (𝜌₀,𝑢₀)(𝑥)   ,                            (3) 

Moreover, the restriction: 

𝑢 0, 𝑡 = 𝑔(𝑡)  ,                                                                  (4) 

and allow 

𝜌  𝑥 > 0 and  𝜌₀ ( x ) ϵ C² ( 0,+∞) , 𝑔(𝑡)  ϵ  C¹|( 0,+∞),p(  ּ  ) ϵ  C¹|( 0,+∞)(5) 

 

  

There is a good amount information material on the topics of 1D compressible Navier-Stokes solution 

global existence and big time behavior. Since viscosityμ is a positive number as well as the initial density being 

different from vacuum,Kanel [1] addressed the issues when the data were sufficiently smooth,Serre [2, 3] and 

Hoff [4] also looked at the issues with discontinuous starting data. Because density and viscosity are both 

dependent on one other permanent lower bound,[5-8] provided the system without initial vacuum with global 

well-posedness and long-time behavior of solutions. However, many papers on compressible fluid dynamics are 

related when the initial data acknowledges the presence of vacuum [9–17]. When we see how someone is 

properly poised 

 

ways to fix the compressible equations of Navier-Stokes, the The presence of a vacuum is a significant 

challenge. Ding and associates got the widespread use of traditional techniques for 1D compressible 

Navier-Stokes equations on constrained domains, assuming  

μ ϵ C² [ 0,+∞) satisfies 0< μ̅ ≤ μ()≤ C (1+P(ρ)) . Ye [19] used the limitation  
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to find the global classical big solutions to the Cauchy problems (1) and (2). 

The one-dimensional Navier-Stokes equations for viscous compressible and heat-conducting fluids in a 

limited region with the Robin boundary condition were the subject of a worldwide existence of classical solution 

by Zhang and Zhu [20]. For the Cauchy problem with the external force, Li et al. [21] calculate the uniform 

upper bound of density as well as the global wellposedness of strong (classical) big solutions. When the first and 

second viscosity coefficients areμ andλ(ρ), respectively, for the two-dimensional case, global well-posedness of 

classical solutions to the Cauchy issue or periodic domain problem of compressible Navier-Stokes equations 

with vacuum was achieved in [22–24].Global well-posedness was determined by Li and Xin [25] and published 

in the Hindawi Journal of Function Spaces. 

Volume 2021, Article 6 pages, ID 6339203 https://doi.org/10.1155/2021/6339203 

 

asymptotic behavior of strong and classical systems, and large-time 

 

Navier-Stokes equations for viscous compressible barotropic flows provide solutions to the Cauchy problem in 

two or utilizing the vacuum's far field density in three spatial dimensions,  

if the smooth beginning data have a low total energy, and the viscosity coefficients consist of two constants. 

This work examines an intriguing occurrence involving the solutions of the 1D compressible Navier-Stokes 

equations (1) and (2) with constant viscosity coefficient. 

Half-space may be used to modify the issue (1) and (2) to In particular circumstances, the Riccati differential 

equation's resolutionfavorable circumstances Then, we first state the major findingsdenote 

 

𝑈(𝑡) =1 + 𝑔(𝑡) 

A1  𝑥, 𝑡 =μ(
𝜌₀″  𝑥+𝑡 

𝜌₀2  𝑥+𝑡 
−

2(𝜌₀′  𝑥+𝑡 )2

𝜌₀3  𝑥+𝑡 
), 

 

B1  𝑥, 𝑡  =
𝜌₀′   𝑥+𝑡 

𝜌₀2  𝑥+𝑡 
 

c1  𝑥, 𝑡  =P′(𝜌₀  𝑥 + 𝑡 )𝜌₀′   𝑥 + 𝑡  

A  𝑥, 𝑡 =
𝜌₀′  𝑡 

𝜌₀  𝑡 
 + A1  𝑥, 𝑡  

B  𝑥, 𝑡 =−𝜌₀  𝑡 B1  𝑥, 𝑡  

c1  𝑥, 𝑡 = −
c1  𝑥,𝑡 

𝜌₀  𝑡 
(6) 

 

First Theorem : The compressible Navier-Stokes equations (1) and (2) have a solution represented by the 

function,  𝜌, 𝑢   𝑥, 𝑡 = (𝜌₀  𝑥 + 𝑡 , (1 + 𝑔 𝑡 )(𝜌₀  𝑡 )/  (𝜌₀  𝑥 + 𝑡 )) − 1).using the preliminary data (3)  

and boundary condition (4), provided that𝑈 𝑡 − 1  =  𝑔(𝑡) 

 at all times. 

The differential equation of Riccati is satisfied by 𝑈 𝑡  : 
𝑈′ 𝑡  +𝑄 𝑡 𝑈 𝑡  + 𝑃 𝑡 𝑈2 𝑡  = 𝑅 𝑡                      (7) 

Where :  

𝜌  𝑥 > 0 and  𝜌₀  ( x ) ϵ C² ( 0,+∞) , 𝑔(𝑡)  ϵ  C¹|( 0,+∞),       p( ּ ) ϵ  C¹|( 0,+∞)                                               (8) 

 

And :   

Three functions𝑄 𝑡 , 𝑃 𝑡 , and 𝑅 𝑡  exist that solely rely on t in the sense that : 

𝑄 𝑡  = 
𝜌₀′  𝑡 

𝜌₀  𝑡 
+ 𝐴1  𝑥, 𝑡  , 𝑃 𝑡 =  −𝜌₀  𝑡  B1  𝑥, 𝑡  , 

𝑅 𝑡 = −
c1  𝑥,𝑡 

𝜌₀  𝑡 
 ,                                                   (9) 

If     𝑥, 𝑡 ϵ [ 0,+∞)× [ 0,+∞) 

 Second theorem : When 

2𝑄′ +𝑄2 −2𝑄
 𝑃′

𝑃
− 2

𝑃″

𝑃
 + 3(

 𝑃′

𝑃
)2+4𝑅 𝑡 > 0   ,    (10) 

then there is the presence of (7) 

Remark 3. Because the existence of a generic solution to the Ricatti equation is an unsolved issue, we do not 

know if the solution𝑈 𝑡  of First Theorem exists universally. The existence of (7) on a global scale may be 

shown if we add the conditions𝑃 𝑡 ,𝑄 𝑡 , and 𝑅 𝑡 such as (25) and (26).achieved, as Second theorem 

illustrates. 
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Remark 4. In Theorem 1, the starting value𝜌₀  𝑥 , 𝑢₀  𝑥 , can be limited in Environment that allows space or 

not, depending on the initial value's unique function, which is provided. 

 1. Boundary value case, Additionally, assuming that 

ǁ𝜌₀  𝑥 ǁ≤ C  , 𝜌₀ 0 =0 , 𝐿1([ 0, +∞) ,and 𝑔 𝑡 = 0, 
 

After that we have the starting energy𝜌₀  𝑥 𝑢₀2  𝑥 ϵ𝐿1([ 0, +∞). In actuality 

 

 𝜌₀  𝑥 𝑢₀2  𝑥 𝑑𝑥 
∞

0
= 𝜌₀  𝑥 (

∞

0

(1+𝑔 0 )𝜌₀ 0 

𝜌₀  𝑥 
 − 1)2𝑥𝑑𝑥 

= 𝜌₀  𝑥  𝑑𝑥 
∞

0
≤  C(11) 

Using a simple energy estimation, we can quickly determine 

 𝜌  𝑥, 𝑡 𝑢  𝑥, 𝑡 2𝑑𝑥 
∞

0
≤  C                               (13) 

 2. Boundless case. The boundary condition of velocity 𝑔 𝑡  ≠ 0  is apparent 

2.The main result's evidence  

 1st Theorem Proof ,If the analytical function is available: 

𝜌  𝑥, 𝑡 = 𝜌₀  𝑥 + 𝑡                                       (14) 

We will obtain 

𝑢  𝑥, 𝑡 = ( 1+𝑢  0, 𝑡 )𝑒𝑥𝑝  − 
𝜌₀′ 𝑦+ 𝑡 

𝜌₀ 𝑦+ 𝑡 
𝑑𝑦

𝑥

0
 −  1           

 = ( 1 + 𝑔(𝑡))
𝜌₀  𝑡 

𝜌₀  𝑥,𝑡 
− 1     ,                    (15) 

even with the equation 

 

𝜌₀′  𝑥 + 𝑡 + 𝑢𝜌₀′  𝑥 + 𝑡 +  𝜌₀  𝑥 + 𝑡 𝑢 𝑥(16) 

, as well as the border condition (4) 

Therefore,  𝑢  𝑥, 𝑡 derivatives  are 

𝑢t  𝑥, 𝑡 = 𝑔′ 𝑡 
𝜌₀  𝑡 

𝜌₀  𝑥+𝑡 
+ (1 + 𝑔(𝑡))

𝜌₀′  𝑡 𝜌₀  𝑥+𝑡 

𝜌₀2  𝑥+𝑡 
 ,    (17)     

𝑢𝑥  𝑥, 𝑡 = −(1 + 𝑔(𝑡))
𝜌₀′  𝑡 𝜌₀  𝑥+𝑡 

𝜌₀2  𝑥+𝑡 
                       ,      (18) 

𝑢𝑥𝑥  𝑥, 𝑡 = −(1 + 𝑔(𝑡))
 𝜌₀  𝑡  𝜌₀2  𝑥+𝑡  𝜌₀′′  𝑥+𝑡 −2𝜌₀  𝑡 𝜌₀  𝑥+𝑡 𝜌₀′ 𝑥+ 𝑡 )2

𝜌₀ 3  𝑥,𝑡 
 

 

,  (19) 

When (18) and (19) are substituted into the present equation, we get 

 

𝜌₀  𝑥 + 𝑡  𝑔′ 𝑡 
𝜌₀  𝑡 

𝜌₀  𝑥 + 𝑡 
+ (1 + 𝑔(𝑡)) 

𝜌₀′  𝑡 𝜌₀  𝑥 + 𝑡 − 𝜌₀ 𝑡 𝜌₀′ 𝑥 +  𝑡 

𝜌₀2  𝑥 + 𝑡 

−  (1 + 𝑔(𝑡))
𝜌₀  𝑡 

𝜌₀  𝑥 + 𝑡 
− 1 (1 + 𝑔(𝑡))

𝜌₀ 𝑡 𝜌₀′  𝑥 + 𝑡 

𝜌₀2  𝑥 + 𝑡 
  +  𝑃′(𝜌₀  𝑥 + 𝑡 𝜌₀′ 𝑥 +  𝑡  

= −𝜇(1 + 𝑔(𝑡))
 𝜌₀  𝑡  𝜌₀2  𝑥+𝑡  𝜌₀′′  𝑥+𝑡 −2𝜌₀  𝑡 𝜌₀  𝑥+𝑡 𝜌₀′ 𝑥+ 𝑡 )2

𝜌₀ 3  𝑥,𝑡 
            ,(20) 

 

i.e., 

𝑔′ 𝑡 + (1 + 𝑔(𝑡)) 
𝜌₀′  𝑡 

𝜌₀  𝑡 
+ 𝜇  

 𝜌₀′′  𝑥+𝑡 

𝜌₀2  𝑥+𝑡 
−

2 𝜌₀′ 𝑥+ 𝑡  
2

𝜌₀ 3  𝑥,𝑡 
  −  1 + 𝑔(𝑡) 2 𝜌₀  𝑡 

𝜌₀ 𝑥+ 𝑡 

𝜌₀′ 𝑥+ 𝑡 

𝜌₀ 𝑥+ 𝑡 
=

 𝑃′(𝜌₀  𝑥+𝑡 )

𝜌₀  𝑡 
𝜌₀′ 𝑥 +  𝑡     

, (21) 

 

𝑈(𝑡) is satisfied if 𝑈(𝑡)  =  1 + 𝑔(𝑡) 

 

𝑈′ 𝑡 + 𝑈(𝑡)  
𝜌₀′  𝑡 

𝜌₀  𝑡 
+ 𝜇  

 𝜌₀′′  𝑥+𝑡 

𝜌₀2  𝑥+𝑡 
−

2 𝜌₀′ 𝑥+ 𝑡  
2

𝜌₀ 3  𝑥,𝑡 
  −  𝑈(𝑡)  2 𝜌₀  𝑡 

𝜌₀ 𝑥+ 𝑡 

𝜌₀′ 𝑥+ 𝑡 

𝜌₀ 𝑥+ 𝑡 
=

 𝑃′(𝜌₀  𝑥+𝑡 )

𝜌₀  𝑡 
𝜌₀′ 𝑥 +  𝑡 ,  (22) 

also 
 𝜌₀′′  𝑥+𝑡 

𝜌₀2  𝑥+𝑡 
−

2 𝜌₀′ 𝑥+ 𝑡  
2

𝜌₀ 3  𝑥,𝑡 
  ,  

𝜌₀′ 𝑥+ 𝑡 

𝜌₀2 𝑥+ 𝑡 
  and 

 𝑃′(𝜌₀  𝑥 + 𝑡 ) 𝜌₀′ 𝑥 +  𝑡  
are independent of the positional variable 𝑥 .As a result, 𝑈(𝑡) is the answer to the Riccati differential equation 

(7) under the assumptions that (9). 
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𝑈(𝑡) meets condition (7) if 𝑔(𝑡) = 𝑈(𝑡) −1, and the other requirements are met. It is simple to obtain in (8) and 

(9) 

 𝜌₀  𝑥 + 𝑡  t + 𝜌₀  𝑥 + 𝑡  (1 + 𝑔(𝑡))
𝜌₀  𝑡 

𝜌₀ 𝑥+ 𝑡 
 − 1  𝑥 = 0 , 

𝜌₀  𝑥 + 𝑡   1 + 𝑔(𝑡)
𝜌₀  𝑡 

𝜌₀ 𝑥+ 𝑡 
 − 1 +  (1 + 𝑔(𝑡))

𝜌₀  𝑡 

𝜌₀ 𝑥+ 𝑡 
 − 1 ×  (1 + 𝑔(𝑡))

𝜌₀  𝑡 

𝜌₀ 𝑥+ 𝑡 
 − 1 𝑥  𝑃′(𝜌₀  𝑥 +

𝑡) 𝜌₀′𝑥+ 𝑡= 𝜇(1+𝑔(𝑡))𝜌₀ 𝑡𝜌₀𝑥+ 𝑡𝑥𝑥(23) 

So that,   𝑥, 𝑡   𝜌, 𝑢 = 𝜌₀ 𝑥 +  𝑡 , (1 + 𝑔 𝑡 )
𝜌₀  𝑡 

𝜌₀ 𝑥+ 𝑡 
− 1)is the result of compressible Navier-Stokes equations 

(1) and (2) given starting information (3) and operating conditions (4). 

The Riccati equation has not had a universal solution since Riccati proposed it in the seventeenth century. 

300 years or more. Despite the fact that there are several special solutions, none of them can inherently resolve 

this problem. 

Here, we state the existence of the Riccati equation globally (7) 

Given a certain set of 𝑃 𝑡 , 𝑄 𝑡 , and 𝑅 𝑡  conditions, 

 driven bythe outcomes shown in the source [26, 27]. 

Verification of Second theorem. Equation (7) changes when 𝑊 𝑡  = 𝑃 𝑡 𝑈(𝑡), is used. 

𝑊 ′ 𝑡 = − 𝑊 2 𝑡 − 𝑓 𝑡  𝑊 +  𝑅 𝑡                 (24) 

               Where 𝑓 𝑡 =  𝑄 𝑡 − (𝑃
′
 𝑡 /𝑃 𝑡 ) Because  𝜌₀ ( x ) ϵ C² ( 0,+∞)and (10)There are 

𝑓 𝑡 𝜖  𝐶¹|( 0, +∞)                                                  (25) 
1

2
𝑓 ′ 𝑡 +

1

4 
 𝑓 2 𝑡 +  𝑅 𝑡 > 0                            (26) 

According to [26, 27], we may determine the Riccati equation's global existence using (25) and (26). 

3. Example 

Here, we provide a few samples. It is simple to verify that first. 

Example 1. Assuming that the starting values 𝜌₀ and 𝑢0 are both constants and that the pressure is 𝑃 𝜌  =𝜌𝛾  for 

any𝛾> 0, we can determine that the solutions to the compressible Navier-Stokes equations (1) and (2) satisfy 

first Theorem 's conclusion. 

Particularly, if a certain nonphysical condition exists, we can infer the following fascinating example. 

Example 2. Assuming that 𝑃 𝜌 =−𝜌−𝛾 , and consider that 

𝜌₀  𝑥 =
1

𝑥+1
   , 𝑢₀ 𝑥 =

2𝑐₀+1

2𝑐₀−1
𝑥 +

2

2𝑐₀−1
 𝑐₀ ≠ 0              , (27) 

Following that, we may obtain the analytically nontrivial answer to the compressible Navier-Stokes equations 

(1) and (2) 

𝜌₀ 𝑥 +  𝑡 =
1

𝑥+𝑡+1
 , 𝑢 𝑥 +  𝑡 =

2𝑐₀𝑒2𝑡+1

2𝑐₀𝑒2𝑡−1
(𝑥 + 𝑡 + 1) − 1      (28) 

Additionally, we may obtain the compressible flow's particle path. 

𝑥(𝑡) =
𝑥(0)+1

 2𝑐₀−1 
 𝑒−𝑡  2𝑐₀𝑒2𝑡 − 1 − 𝑡 −1                       (29) 

where 𝑥(0) denotes the particle's original location 

Verification. We have the earliest data from (27) 

𝜌₀  𝑥, 0 = 𝜌₀  𝑥 =
1

𝑥+1
   , 𝑢₀ 𝑥 =

2𝑐₀+1

2𝑐₀−1
𝑥 +

2

2𝑐₀−1
    ,  (30) 

and the requirement for compatibility 

𝑔 𝑡 = 𝑢 0, 𝑡 |t=0    = 𝑢 0,0 = 𝑢₀(0) =
2

2𝑐₀−1
        ,(31) 

Using the preliminary data, we have 

A1  𝑥, 𝑡 = 𝜇  
𝜌₀″  𝑥+𝑡 

𝜌₀2  𝑥+𝑡 
−

2(𝜌₀′  𝑥+𝑡 )2

𝜌₀3  𝑥+𝑡 
 = 0 

B1  𝑥, 𝑡 =  
𝜌₀′   𝑥+𝑡 

𝜌₀2  𝑥+𝑡 
= −1 

c1  𝑥, 𝑡   =P′(𝜌₀  𝑥 + 𝑡 )𝜌₀′   𝑥 + 𝑡 = −1 

𝑄 𝑡 = −
1

1+𝑡 
 ,  𝑃 𝑡 =

1

1+𝑡 
 , 𝑅 𝑡 = 1 + 𝑡           (33) 

Because of the variable replacement 

𝑈(𝑡)  =  1 + 𝑔(𝑡)                                           (34) 

We get 

𝑈′ 𝑡 = −
1

1+𝑡 
 𝑈 𝑡 +

1

1+𝑡 
𝑈2 𝑡 = 1 + 𝑡               (35) 

𝑉 𝑡 = 𝑈 𝑡 − (𝑡 + 1)                                                  (36) 

Afterwards, we have that V t satisfies. 

𝑉′ 𝑡 =  
1

1+𝑡 
− 2  𝑉 𝑡 −

1

1+𝑡 
𝑉2(𝑡)                         (37) 
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When we divide the  equation (37) by  −
1

𝑉2  we obtain 

 
1

𝑉2 
′

=  2 −
1

1+𝑡 
  

1

𝑉2 +
1

1+𝑡 
 

1

𝑉2 
2

                      (38) 

Using the approach of constant variation and the compatibility requirement𝑔 0  =𝑢₀(0) =  
2

2𝑐₀−1
 

Then         

 𝑉 𝑡 =
2(1+𝑡) 

2𝑐₀𝑒2𝑡−1
                                                            (39) 

The result is obtained by combining the variant replacements (34) and (36). 

𝑔(𝑡) =
2(1+𝑡) 

2𝑐₀𝑒2𝑡−1
+ 𝑡                                                       (40) 

Finally, we derive from  first theorem  (28). 

Since the particle route meets the condition  

𝑥 ′ 𝑡 = 𝑢(𝑥, 𝑡) , we obtain, from (28), 

 

𝑥 ′ 𝑡 =
2𝑐₀𝑒2𝑡+1

2𝑐₀𝑒2𝑡−1
(𝑥 + 𝑡 + 1) − 1                            (41) 

𝑥 𝑡 =  𝑥 0 + 1 𝑒𝑥𝑝  𝑡 +  
 1

2𝑐₀𝑒𝑠−1
𝑑𝑠

2𝑡

0
 − 𝑡 − 1,          (42) 

Those are the results (29) 

Remark 5. We are able to obtain ∀P> 1 in The first theorem . 

 

 𝜌₀  𝑥  𝐿𝑃( 0, +∞ ) =  
1

 𝑥 + 1 𝑝

∞

0

𝑑𝑥 ≤ 1, 

 𝜌₀  𝑥  𝐿𝑃( 0, +∞ ) =  
1

 𝑥+𝑡+1 𝑝

∞

0
𝑑𝑥 ≤

1

 1+𝑡 
𝑝−1
𝑝

(43) 

However,  𝜌₀  𝑥  𝐿1( 0, +∞ ) is unbounded, and  𝜌₀𝑢₀2 𝐿1( 0, +∞ )and  𝜌𝑢2 𝐿1( 0, +∞ )boundedness are 

difficult to get. 

for the specified starting data circumstance (27) 

The initial velocity data for 𝑢₀(𝑥)  = − 1  , if𝑐₀ = −(
1

2
). 

The answer to the compressible Navier-Stokes equations (1) and (2) under the pressure 𝑃 𝜌 = −𝜌−1 is thus 

given by 

𝜌 𝑥 +  𝑡 =
1

𝑥+𝑡+1
   , 𝑢 𝑥 +  𝑡 =

𝑒2𝑡+1

𝑒2𝑡−1
(𝑥 + 𝑡 + 1) − 1     , (44) 

Additionally, the compressible flow's particle path is 

𝑥  𝑡 =
𝑥 0 +1

2
𝑒−𝑡 𝑒2𝑡 + 1 − 𝑡 − 1                                     (45) 

Remark 6. The solutions to the next Euler equations are the functions 𝜌 𝑥 +  𝑡 =
1

𝑥+𝑡+1
 and 𝑢 𝑥 +  𝑡 =

𝑒2𝑡+1

𝑒2𝑡−1
(𝑥 + 𝑡 + 1) − 1 

𝜌t + ( 𝜌𝑢)𝑥 = 0, (𝑥, 𝑡 ) ∈ [ 0, +∞) ×  R  ̟  ,          

𝜌 (𝑢t +𝑢𝑢𝑥 ) + 𝜌𝑥   = 𝜇𝑢𝑥𝑥   , (𝑥, 𝑡)𝜖  [ 0,+∞) ×  R  ̟  ,         (46) 

assuming the pressure and starting information    

𝑃 𝜌 =−𝜌−𝛾 ,  

𝜌₀  𝑥 =
1

𝑥+1
   , 𝑢₀ 𝑥 =

2𝑐₀+1

2𝑐₀−1
𝑥 +

2

2𝑐₀−1
 𝑐₀ ≠ 0     (47) 

With respect to the spatial variable 𝑥, the second order derivative of 𝑢 𝑥 +  𝑡  is equal to zero . 
Availability of Data 

This publication basically gets some fascinating theorems that need serious verification; there is no analysis of 

data in this study, and all of the references can be located upon that Web of Science. 
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