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ABSTRACT: Based on the results of Salem [1], in this paper we derive an equivalent of the Riemann
hypothesis (RH) using the theory of k-special functions.
KEYWORDS: k-special functions, k-gamma function, Salem’s criterion.

Received 01 Sep., 2022; Revised 10 Sep., 2022; Accepted 12 Sep., 2022 © The author(s) 2022.
Published with open access at www.questjournals.org

l. INTRODUCTION
Salem in his paper [1] proved that for RH to be true it is necessary and sufficient that for 0 < o <1, the
following integral, which is a function of X

Te7ely)

e e+l
among all possible bounded and measurable solutions has only the trivial solution gp(y)EO. This is now

dy=0

known as the Salem's criterion. Based on the above result, in this paper we are going to construct similar but
modified equivalence of RH from the theory of K — special functions. The theory of Kk — special functions was
first introduced by Diaz and Pariguan [3] when they saw the repeated appearance of expressions of the form

X(X+k)(X+2k)...(X+(n—1)k) in a variety of contexts, such as, the combinatorics of creation and
annihilation operators and perturbative computation of Feynman integrals [4]. Based on the above expression,
they constructed the corresponding Pochhammer symbol which they called Pochhammer K — symbol. And from
it, they constructed the corresponding gamma function which is now known as the k —gamma function. For
NRs >0 and k >0, the kK —gamma function is defined as

r.(s)= j x> e kdx. 1)
0

Xy (x
The k —gamma function is related to the ordinary gamma function as I, (X) =k* F(E]

1. EXTENDED SALEM’S CRITERION
Let o > 0. Using the integral representation of K —gamma function, for n >0 we have

Iu(s) = J. x*lg K dx o)
0

S

nk
xK 2x . nx* xK X

. N Tk n+l = e = .

Since 0<e * —e ¥ +..+(-1) e ¥ <e ¥ and X""e ¥ is Lebesgue integrable on (0,0) , we

have
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r, (s)[l—ZlEJg“(Ej 1, (s)g(‘lgm _ g(—l)m]jxs‘le i

_ ]O x*t {i(—l)”ﬂe_xkn de. 3)
0

Using Lebesgue's dominated convergence theorem, we get

s 0 s-1 o o-1,,it 0 Uo 4iut
1“k(s)(1—2l kjg(ijzj —dx =[x = [ S du @)
k)% ek +1  %ek 41 ek 41

where in the last step we have substituted X = e". Notice that the last integral is Fourier transform of the
function

W, (U)= —e?k ©)

ek +1
W, (U) is Lebesgue integrable on R .

Let c,AeR and f(x),he L (R) such that the holomorphic Fourier transform
Hf (u):= J' f(x)e™dx=0 (6)

and

ﬁh(u)::jh(x)e‘“‘dx:to. 7

Define the translate f,(X) = f (X+A) which implies I—Alf/1 (X) = e Hf (x) . Thus, for any fe LR for

~ N ~
the form f(X):Zanf (x+4,)for a, eR and 1<n<N we have Hg =0 with
=1

+f(f(x)—h(x))e“‘xdx =‘I:|h(u)‘20 ®)

which implies that ﬁf(u) isnotin L, (IR) closure of the sums of them from f . Thus, if f € L, (R) then

the linear span of the set translations of f (X) is dense in L (IR) if and only if the holomorphic Fourier
transform of f has no real zeros. This is also known as Wiener's theorem [5].

Fixing o in Eqgn. (5) and letting é’(a—!—it) # QW1 the Wiener's theorem implies that translates of (u)
are dense in L (IR) . Now let RH to be true and 3(X) be a bounded and measurable function,
J(X) <MVxeR,and e >0 be given. Assuming that for all bounded measurable ¢(y) we have

Iwa,k(X—Y)¢(Y)dy=0. 9)
Let Sg(x)::max(o,f(x))-;([_nvn] and Sg(x)::min(o,f(x))-;([_nyn] which implies that on

% (%),

combination of translates of y/_ (u) which would imply that 9(X) vanishes almost everywhere.

[-n,n] we have $(x)=9 (X)+ (X) and

197(X)‘S|\/| . We can write finite linear

n
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We know from Hahn-Banach theorem \cite{6} that for a normed space (N,||||) subspace N'c M and a

linear functional F : N — R bounded on N with norm ||F||N , the Fourier transform of v/, (X) vanishes
at t =y, there exists an another bounded linear functional G : N — R which agrees with F on N’ which

satisfies ||G||N =||F||N, . Using this result, we can state that if N'c N and pe N%\l Then there is a

bounded linear functional F on N such that F(f)=0Vf € N and F(¢p)=1. Note that the f defined
here is different from the f defined in previous paragraph. Now, let RH be false. Let o € C such that

. 1
S(p)=<¢(o+iy)=0 with o> 7 Since the Fourier transform of | (X) vanishes at t =y, the linear

span of the translates of _  (X) isnotdensein LR . Let C be the closure of this set and let p € LR /C,
then there exists a linear functional T : LR — R such that T (1) =0V1 € C and T (¢) =1. Using Radon—
Nikodym theorem [6], there isa m € L (IR) such that m is measurable and bounded almost everywhere such

that . Since T () =1, we must have m(X) non-zero on a set of positive measure. Hence
VX,

TU)=Tk@k(X—y)m(yﬁY=0 (10)

where m(x) = O almost everywhere. Thus, we can state that for RH to be true it is necessary and sufficient that
for 0 < o <1, the integral

+00 N—OY
jg—jllhyzo (11)

alxy)k
Te k41
among all possible bounded and measurable solutions has only the trivial solution m(y)=0. This is the
extended Salem's criterion.
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