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Abstract 
Centrality is a good idea to know the important vertices in a graph. Closeness is one of the oldest 

centralities used to measure important vertices in social networks, biological networks, transportation 

networks, etc. Closeness centrality detects the vertices that can spread information through graphs. The 

closeness centrality of a vertex is the average farness to all other vertices. It measures how fast 

information flow is done via a given vertex. i.e., closeness centrality measures how short the shortest paths 

are from a vertex to all other vertices.  This paper finds the closeness centrality of complete, fan and wheel 

graphs. 
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1. Introduction 

 
There are different centrality measures for network analysis. Closeness centrality is one of the oldest 

centrality measures. It is used to analyze the social networks [26, 27], biological networks [33], 

transportation networks [9] etc. It is also used in bibliometrics [21] and to select potential leads in 

customer data. 

Closeness centrality is the average shortest distance from each vertex to another vertex. It is the inverse 

of the average shortest distance between the vertex and all other vertices in the network. 

Mathematically, the closeness centrality 𝐶𝐶(𝑥) is defined by 𝐶𝐶 𝑥 =
1

 𝑑(𝑥,𝑦)𝑦∈𝑉
 where 𝑉 is the set of 

vertices in the network, 𝑑(𝑥, 𝑦) is the distance between the vertices 𝑥 and 𝑦. For normalization, closeness 

centrality 𝐶 ′
𝐶(𝑥) =

𝑛−1

 𝑑(𝑥,𝑦)𝑦∈𝑉
 where 𝑛 is the number of nodes in the network. This measure is more 

acceptable than degree centrality, as it counts indirect connections also. This measure aimed to recognize 

the nodes that could attain others more quickly. 

 

 The closeness centrality determines the location of the facility location problem and the indirect 

influence of a brain region on another brain region in the brain network. Closeness centrality represents the 

connectivity between a street and all other neighborhood streets in the network and measures their 

accessibility. 

 

1.1 Review of the related works 

 

In 1948, Bavelas [2] first introduced the concept of centrality and applied it to human communication. In 

1948, Bavelas [2] first gave the idea of closeness centrality, and in 1966, Sabidussi [31] defined closeness 

centrality as the inverse of the sum of distances between every pair of vertices in the network. In 1978, 

Freeman [16] gave the mathematical formula of closeness centrality. In 2001, Newman [24] generalized 

the closeness centrality on weighted graphs by Dijkstras shortest paths algorithm. In 2001, Brandes [7] 
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presented an 𝑂(𝑚𝑛) time algorithm to measure the closeness centrality of all vertices in a network. 

 

1.2 Result 

 

Here, I study the closeness centrality of the complete graph, fan and wheel graphs. 

 

1.3 Arrangement of the paper 

 

In the next section, I state and prove a theorem related to the closeness centrality of the vertices of the 

complete graph. In Section 3, I find the closeness centrality of fan the graph. Section 4 gives the closeness 

centrality of the wheel graph. The last section provides the paper’s conclusion. 

 

2. Closeness centrality of complete graph 

 
A simple graph G is called a complete graph if a unique edge joins every pair of distinct vertices in G.  

The complete graph of order 𝑛 is denoted by 𝐾𝑛 .  The number of edges of  𝐾𝑛   is  
𝑛(𝑛−1)

2
 . 

A complete graph 𝐾5 is shown in Figure 1. 

 

Theorem 1: The closeness centrality 𝐶𝐶 𝑣  of each vertex 𝑣 of 𝐾𝑛  is 
1

𝑛−1
. 

 

Proof.  Let 𝑉 =  {𝑣1 ,  𝑣2  ,· · · , 𝑣𝑛 } be the set of vertices of the complete graph 𝐾𝑛 . Again let, 𝑣 be 

any vertex of 𝐾𝑛 .   The shortest distance between 𝑣 and a vertex of 𝑉 −  𝑣 is 1.   There are  𝑛 − 1 

pairs of vertices. Therefore,  𝑑(𝑣, 𝑦)𝑦∈𝑉 = 1 + 1 + ⋯ + 1 = 𝑛 − 1. Hence the closeness centrality 𝐶𝐶 𝑣 =
1

 𝑑(𝑣,𝑦)𝑦∈𝑉
=

1

𝑛−1
. 

Note1: The normalized closeness centrality 𝐶 ′
𝐶(𝑣) of each vertex 𝑣 of 𝐾𝑛  is 𝐶 ′

𝐶 𝑣 =
𝑛−1

𝑛−1
= 1. 

 

 
 Figure 1: Complete graph K5 

 

3. Closeness centrality of fan graph 

 

A fan graph is a graph joining the empty graph and the path graph. The fan graph F (1, n) is defined by  

F (1, n) = 𝐾1
     +  𝑃𝑛   where n > 1,  𝐾1

      is the empty graph of 1 vertex and 𝑃𝑛   is the path graph of n 

vertices. Let {v1 , v2 , … , vn} be the vertices of the fan graph F (1, n). The total number of vertices and edges 

of the F (1, n) are, respectively, 1 + n and n + n − 1 = 2n − 1.  A fan graph F (1, 4) is shown in Figure 

2. 

 

 
Figure 2:  Fan graph F (1, n) 
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Theorem 2. The closeness centrality 𝐶𝐶(𝑣) of any vertex 𝑣 of 𝐹 (1, 𝑛) is 

 

                             𝐶𝐶 𝑣 =

 
 
 

 
 

1

𝑛
,   if v is the central vertex of fan graph,

1

2𝑛−2
, if v is an extrimity of path graph Pn ,

1

2𝑛−3
, if v is an intermediate vertex of  Pn .

 

   

Proof. Let {𝑣1 , 𝑣2,· · · , 𝑣𝑛 , 𝑣𝑛+1} be the set of vertices of the fan graph 𝐹 (1, 𝑛) where 𝑣1 is the vertex 

of empty graph 𝐾1
    and { 𝑣2 ,· · · , 𝑣𝑛 , 𝑣𝑛+1} is the set of vertices of the path graph  𝑃𝑛 . The vertex 𝑣1  is 

the central vertex of the fan graph 𝐹 (1, 𝑛).  If 𝑣 = 𝑣1  then the shortest distance between 𝑣 and a vertex of 

𝐹 (1, 𝑛) except 𝑣 is 1. There are 𝑛 pairs of vertices. Therefore, 

   𝑑(𝑣, 𝑦)𝑦∈𝑉 = 1 + 1 + ⋯ + 1 = 𝑛. Hence, the closeness centrality of 𝑣 is 𝐶𝐶 𝑣 =
1

 𝑑(𝑣,𝑦)𝑦∈𝑉
=

1

𝑛
. 

If 𝑣 =  𝑣2 then the shortest distance between 𝑣 and 𝑣1 and also between 𝑣 and 𝑣3 is 1. The shortest 

distance between 𝑣 and a vertex of { 𝑣4,· · · , 𝑣𝑛 , 𝑣𝑛+1} is 2. There are 𝑛 −  2 pairs of vertices.  Therefore,   

 𝑑(𝑣, 𝑦)𝑦∈𝑉 = 1 + 1 + 2 … + 2 + 2 = 1 + 1 + 2(n − 2) = 2n − 2.  Hence, the closeness centrality of 𝑣 is 

𝐶𝐶 𝑣 =
1

 𝑑(𝑣,𝑦)𝑦∈𝑉
=

1

2𝑛−2
. If v = vn+1 then similarly we can write 𝐶𝐶 𝑣 =

1

 𝑑(𝑣,𝑦)𝑦∈𝑉
=

1

2𝑛−2
. 

If 𝑣 =  𝑣𝑝 , 𝑝 = 3,4,… , 𝑛 then the shortest distance between 𝑣 and 𝑣1 and between 𝑣 and 𝑣𝑝−1  and 

also between 𝑣 and 𝑣𝑝+1 is 1. The shortest distance between 𝑣 and a vertex of 𝑉 − { 𝑣 , 𝑣1, 𝑣𝑝−1, 𝑣𝑝+1} is 2. 

There are 𝑛 −  3 pairs of vertices.  Therefore,    𝑑(𝑣, 𝑦)𝑦∈𝑉 = 1 + 1 + 1 + 2 … + 2 + 2 = 1 + 1 + 1+2(n 

− 3) = 2n − 3.  Hence, the closeness centrality of 𝑣 is 𝐶𝐶 𝑣 =
1

 𝑑(𝑣,𝑦)𝑦∈𝑉
=

1

2𝑛−3
.  

 

Note 2:  The normalized closeness centrality is  

 

 

𝐶 ′
𝐶 𝑣 =  

 
 
 

 
 

𝑛+1−1

𝑛
= 1,   if v is the central vertex of fan graph,

𝑛+1−1

2𝑛−2
=

𝑛

2𝑛−2
, if v is an extrimity of path graph Pn ,

𝑛+1−1

2𝑛−3
=

𝑛

2𝑛−3
, if v is an intermediate vertex of  Pn .

 

   

 

4. Closeness centrality of wheel graph 

 
A wheel graph 𝑊𝑛   is obtained by joining a vertex to each vertex of cycle graph 𝐶𝑛−1. The                        number 

of edges of 𝑊𝑛  is 2𝑛 −  2.  A complete graph 𝑊5  is shown in Figure 3. 

 

 
Figure 3:  wheel graph 𝑊5  

 

Theorem 3. The closeness centrality 𝐶𝐶(𝑣) of any vertex 𝑣 of 𝑊𝑛  is 

𝐶𝐶 𝑣 =
1

𝑛 − 1
, 𝑖𝑓 𝑣 𝑖𝑠 𝑐𝑒𝑛𝑡𝑟𝑎𝑙 𝑣𝑒𝑟𝑡𝑒𝑥 𝑜𝑓 𝑤𝑕𝑒𝑒𝑙 𝑔𝑟𝑎𝑝𝑕, 

=    
1

2𝑛 − 5
,                                𝑜𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒.      
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Proof.  Let {𝑣1 , 𝑣2,· · · , 𝑣𝑛 } be the set of vertices of the wheel graph 𝑊𝑛  where 𝑣𝑛  is the central vertex of wheel 

graph 𝑊𝑛 . If 𝑣 is the central vertex of 𝑊𝑛 , then the shortest distance between 𝑣 and a vertex of 𝑉 − {𝑣} is 1. 

There are 𝑛 − 1 pairs of vertices. Therefore,  𝑑(𝑣, 𝑦)𝑦∈𝑉 = 1 + 1 + ⋯ + 1 = 𝑛 − 1. Hence, the closeness 

centrality of 𝑣 is 𝐶𝐶 𝑣 =
1

 𝑑(𝑣,𝑦)𝑦∈𝑉
=

1

𝑛−1
. 

If 𝑣 is any vertex of 𝑊𝑛  except the central vertex, then the shortest distance between 𝑣 and the three 

vertices (central vertex and two adjacent vertices of 𝑣) of 𝑊𝑛  are separately 1, and the shortest distance 

between 𝑣 and others 𝑛 − 4 vertices is 2. So,  𝑑(𝑣, 𝑦)𝑦∈𝑉 = 1 + 1 + 1 + 2(𝑛 − 4) = 2𝑛 − 5. Hence, the 

closeness centrality of 𝑣 is 𝐶𝐶 𝑣 =
1

 𝑑(𝑣,𝑦)𝑦∈𝑉
=

1

2𝑛−5
. 

Note3:  The n or m al i z ed  closeness centrality 𝐶 ′
𝐶(𝑣) of any vertex 𝑣 of 𝑊𝑛  is 

𝐶 ′
𝐶(𝑣) =

𝑛 − 1

𝑛 − 1
= 1, 𝑖𝑓 𝑣 𝑖𝑠 𝑐𝑒𝑛𝑡𝑟𝑎𝑙 𝑣𝑒𝑟𝑡𝑒𝑥 𝑜𝑓 𝑤𝑕𝑒𝑒𝑙 𝑔𝑟𝑎𝑝𝑕, 

=    
𝑛 − 1

2𝑛 − 5
,                                         𝑜𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒.      

 

5. Conclusion 

 
To analyze network problems, closeness centrality has an important role. It is used in social networks, 

biological networks and transportation networks. In this paper, I state and prove three theorems related to 

the closeness centrality of the complete graph, fan graph and wheel graph and I also determine the 

normalized closeness centrality of these graphs. 
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