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ABSTRACT 

Bounding the order of finite primitive permutation groups were carried out through the construction of the base 

size of the socle of the groups. The idea of a better bounds for primitive groups provided themost essential 

background to determine the base size of the rank of these groups, which served as bounds to the groups. The 

bounds of the socle of the groups were used to determine the degreeof homogeneity of finite primitive 

permutation groups. 

Key words 1: Bounds of the socle of a primitive groups; Degree of homogeneiy of the groups. 

Key words 2: Transitive groups; Rank of the primitive groups. 

 

Received 12 Sep., 2022; Revised 25 Sep., 2022; Accepted 28 Sep., 2022 © The author(s) 2022. 

Published with open access at www.questjournals.org 

 

I. Background 
The idea of bounding primitive groups comes as a result of the work of Bochert, He first used the 

concept to bound finite primitive groups which was first described in [2]. It was estimated that the bound for 

|𝑆𝑛 : 𝐺| is
(𝑛−1)

2
  which was called a better bound. Wielandt in[17] extended the work where he proved that the 

order of a simply primitive group of degree k is at most c
n
for c=24.Further, Praeger and Saxl in [15] improved 

this bound to c
n
for c=4 and showed that it holds for all proper primitive groups of degree n. The bounds on finite 

primitive groups are widely known as Praeger –Saxl bounds. The most recent work on the bound of a primitive 

permutation groups is the work of Babai as captured in [9]  where he improve the bound to 𝐺 < 𝑛4 𝑛𝑙𝑜𝑔𝑛  

which is more better than the better bound. These vital contributions promted the quest to work on how to bound 

primitive permutation group based on the socle of the group. Further wetry to determine the degree of 

homogeneity of the k- transitive permutation groups using the concept of socle of the groups. We impose the 

idea of the base size of the primitive so as to bound thesocle of  the groups, with the view to determine the 

degree of homogeneity bearing in mind  the rank of the group in relation to the base size of the socle of the 

groups. 

 

II. Prelimiary results 
We provide basic definitions and theorems as essential tools for the attainment of our main results. 

1.1 Definition: Let𝛼 ∈ 𝐺, then the stabiliser of 𝛼 is given by 𝐺𝛼 = {𝑔 ∈ 𝐺|𝛼𝑔 = 𝛼}. 

1.2 Definition: Let  𝛼 ∈ 𝐺, orbit of G containing 𝛼 is given by 𝛼𝐺 = {𝛼𝑔|𝑔 ∈ 𝐺.  

= {𝑔−1𝛼𝑔|𝑔 ∈ 𝐺} 

 

1.3 Definition Let 𝐺 ≤ 𝑠𝑦𝑚(Ω). A subset Δ ⊆ Ω is a base for 𝐺 if 𝐺(Δ)= 1. 

We denote the base size of𝐺  by 𝜕 = 𝜕(𝐺) throughout, in order to bound finite primitive groups. 

To explore the relation between the stabilizer of a group and the socle of a group of finite primitive permutation 

groups, we take the following definitions. 

1.4  Definition: Let 𝐺 be a transitive group with a point stabilizer, then the rank of 𝐺 is said to be the size 

of the point stabilizer of 𝐺. 
Thus we clearly state that, if 𝐺 is transitive of size m and suppose the point stabilizer 𝐺𝛼  is of size t, then the 

rank for 𝐺 is t, which could be the bound for the point stabilizer. 
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1.5 Definition: The sub rank of a transitive group 𝐺 is the maximum rank of the transitive constituents of the 

point stabilizer. 

 
1.5 Definition; The socle of 𝐺 of a finite group is the subgroup generated by the minimal normal subgroups 

of 𝐺 denoted by 𝑠𝑜𝑐(𝐺). 

The next theorem gives condition on the existence of minimal order of an element in a finite primitive group.  

1.7 Theorem: Let G be a primitive permutation group of degree n and a minimal degree m. Then each element 

of G has order at most n
n/m

. 

Proof  

Let 𝑥𝜖𝐺  have order h. suppose that p is a prime and that p
e 

(e≥ 1)  is the largest power of p dividing h. Then  

x
h/p

is a product of p-cycles, and 𝛼 ∈supp(x
h/p

) if and only the cycle of the lengths of p-cycles of x whose length 

are divisible by p
e
 is at least m. Suppose we factor h=qi,…., qs where qi  are not trivial powers of distinct primes 

and let h1,….hi denote   the length of the  disjoint cycles for (i=1,2….s and j=1,….t,), then it implies qi/hj. and so 

we have m≤  𝑗𝑞𝑖/𝑗  for each i, and evidently we also have  log 𝑞𝑖  ≤ log 𝑖  for each j therefore, h≤ 𝑛𝑛/𝑚  as 

required. 

We now take two proposition which has the order of Sylow p-subgroups being defined, in such a way that the 

degree of transitivity  is determine.  

1.8 Proposition: Let 𝐺 𝑏e a primitive group of degree which is 𝑡 −transitive but not (𝑡 + 1) −transitive, with 

1 ≤ 𝑡 ≤ 𝑛 − 2. Let p be a prime number with𝑝2 ≤ 𝑛 and let Q be a p-subgroup of  𝐺 all whose orbit have length 

1 or p. If Q p-subgroups has order 𝑝𝑓  then 𝑓 ≤  
𝑡−1

𝑝
 +

𝑛

𝑝2 

1.9 Proposition: Let 𝐺 be primitive and p be a prime number with 𝑝2 ≤ 𝑛. If the Sylowp-subgroups have 

order𝑝𝑒 . Then 𝑒 ≤  
𝑡−1

𝑝
 +

𝑛

𝑝2 +
𝑛

𝑝(𝑝−1)
 

Further we will try to provide few results which will give us idea on the base size of primitive groups. 

 

1.10Theorem: Let G be a transitive group of degree n, and if 𝜕 = 𝜕 𝐺 . Then G has a base of size at most𝑠 <
𝑛 2 log 𝑛−log 2 

𝜕
   and is it s-transitive. 

Proof: 

 It is enough to show if s is an integer such that 0 < 𝑠 ≤ 𝑛 and no s-subset of Ω is a base for G, then  𝑠 <
𝑛 2 𝑙𝑜𝑔𝑛 − 𝑙𝑜𝑔2)/𝜕. If G is transitive on s-subset Ω𝑠  𝑎𝑛𝑑  𝑋𝛼𝛽  Σ = 1  𝑖𝑓 Σ ∩ Ψ = 0 𝑎𝑛𝑑 𝑋𝛼𝛽  Σ =

0  otherwise. Then for each 𝛼, 𝛽 ∈ Ω𝑠we have𝑋𝛼𝛽  Σ = 1  𝑖𝑓 Σ ∩ Ψ = 0 𝑎𝑛𝑑 𝑋𝛼𝛽  Σ = 0  otherwise. 

Now define   𝑚 = ΣΨ𝛼𝛽  Σ . Then sum over all Σ ∈ Ω𝑠  and all   𝛼, 𝛽 ∈ Ω2  Thus considering some condition for 

minimality we see that| G|≤ 𝑛(𝑛 − 1)  
𝑛 − 𝑑

𝑠
  .  By fixing 𝜀 and summing over (𝛼, 𝛽) ∈ Ω𝑠. Since 𝜀 is not a 

base for G we have  Σ ∩ Ψ𝛼𝛽 = 0. But for the case  𝛼, 𝛽 ∈ Ω2 we have  Ψ𝛼𝛽  Σ = Ψ𝛽𝛼  Σ = 1 and is also true 

for Σ ∈ Ω𝑠 in which 𝜀 is s-transitive, hence 

𝑚 ≥ 2 Ω𝑠 = 2  
𝑛
𝑠
 .  Thus if there is no base for G of size s then G is s- transitive. 

1.11Theorem: Let𝐺 be a primitive group of degree n not containing 𝐴𝑛 . Then the base is 𝜕(𝐺) ≤
𝑛

2
rem: Let 

1.12Theorem: Let 𝐺 be a primitive permutation group of degree n not containing𝐴𝑛 . 

i. If  

 

1.14Theorem:Let 𝐺 be a primitive group of degree n not containing𝐴𝑛 . Then either  

i. 𝜕(𝐺) < 9𝑙𝑜𝑔𝑛  or 

ii. 𝐺 ≀ 𝑆𝑘 is product- type group, where 𝐻 ≤ 𝑠𝑦𝑚(Γ) is a primitive group with socle 𝐴𝑛  and Γ is the set of t 

element subset of {1,2, … . . , 𝑚}. Thus in particular, 𝜕 𝐺 < 𝑐 𝑛 for some absolute constant c. 

We try to impose a referral condition and try to overlook the previous conditions in Theorem 1.11 and Theorem 

1.12 and Theorem 1.14 to give a wide range of view by stating the next theorem which further capture the 

assertion ofTheorem 1.8. 

1.15 Theorem: Let G be a group acting primitively on a finite set Ω of size n, and suppose that G has a Jordan 

complement of size m where 𝑚 ≥ 𝑛/2 then G is 3-transitive, more over if 𝑚 > 𝑛/2 then 𝐺 ≥ 𝐴𝑙𝑡(Ω).  

Next we state a lemma without a proof 

 

1.16 Lemma: If 𝐴𝑛  ≥ 7  then for any real number z, 𝜃8 >
𝑧

2
 for all 𝑧 > 11. 

1.17 Remark: 

In this case we let  𝜎 𝑝 𝑙𝑜𝑔𝑝 = 𝑚, where 𝜎 𝑝 =  {2𝑝

𝑝𝑖 𝑖 ≥ 1
0<𝑗<𝑛  

− 2[ 𝑛

𝑝𝑖]} to obtain the upper and the lower bound 

for𝐴𝑛  
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1.18 Theorem: Let 𝐺  be as in Theorem 1.14 such that 𝐴𝑛 ≥ 7 then 𝐴𝑛  contains an element of order greater than 

𝑒
 1

4𝑛𝑙𝑜𝑔𝑛
. 

 

MAIN RESULT 

2.1 Theorem  

Let 𝐺 ≤ 𝑠𝑦𝑚(Ω) be a primitive group of degree n ≥ 11. Then if𝐴𝑛  has a lower bound 2
2n

/2n and an upper 

bound 𝜎 𝑝 𝑙𝑜𝑔𝑝𝑝≤2𝑛 , itimply𝐴𝑛  is k-homogeneous. 

Proof: 

Suppose 𝐺is finite primitive group and 𝑛 ≥ 11 then by Theorem 1.15 implies that 𝐺 ≥ 𝐴𝑛   and so𝐴𝑛    is section 

isomorphic to  𝐴𝑘 . It follows that 𝐴𝑛  has a minimal degree by Theorem 1.7 and so by Theorem 1.12 𝐺 is not  

𝐴𝑛    but has a lower bound of 𝐺 is 2
2n

/2n, so we conclude that𝐺 is 3-transitive.Also since 𝐺  has complement of 

size greater than 
𝑛

2
 it follows from Theorem 1.14 that  𝐺 ≥ 𝐴𝑛  which is the socle of the group by Theorem 1.14. 

Moreover 𝐴𝑛  permutation isomorphic to 𝐴𝑛   where k positive integer acting on the k-elements subset ofΩ𝑘 . 

Hence  𝐴𝑛   has an upper bound   𝜎 𝑝 𝑙𝑜𝑔𝑝𝑝≤2𝑛  as defined in Remark 1.17, and consequently by Theorem 1.10 

we infer that𝐺 is𝑘 − homogeneous. 

2.2 Theorem: Let 𝐺 be a primitive group of degreen and 𝐻 a subgroup such that the rank of 𝐺 is r, then𝐺is 

𝑟 −homogeneous. 

Proof: 

Since 𝐺 is primitive of degree n, let 𝐻   be a subgroup of order 𝑟 by Theorem1.14,𝐺 is 3-transitive if ≥
𝑛

2
, or 𝐺 

contain 𝐴𝑛  for𝑟 >
𝑛

2
 . Suppose 𝐻 = 𝑠𝑜𝑐(𝐺) and that 𝐻 is maximal in 𝐺 such that 𝐺 has rank r, say, moreover if 

= 𝐺𝛼 , then by Definition 1.4 it imply  𝐻 = 𝑟 which is a bound for𝐻. Next, we invoke that 𝑟 < 𝑛 and conclude 

that 𝐺 is r-transitive if and only if 𝐺 has a base size as define in Theorem 1.10. Hence 𝐺 is 𝑟-transitive. 

2.3 Theorem: Let 𝐺 be a primitive group of degree 𝑛 of order 𝑝𝑎 , for 𝑎 ≥ 1 and 𝐻 a subgroup of𝐺 . Then 𝐺 is t-

transitive. 

Proof: 

Suppose that 𝑝 is prime as in Proposition 1.8 then 𝐺 has rank 𝑡. Let 𝐻be a maximal subgroup of 𝐺, if 𝐻 is a 

sylow 𝑝 −subgroup of 𝐺 then 𝑠𝑜𝑐 𝐺 = 𝐻 and so  𝐻 = 𝐺𝛼  of rank𝑡. Therefore by Theorem 1.10, it imply 𝐺 is t- 

homogeneous. 

Conversely, if 𝐺 is t-transitive then by Theorem 1.12 it shows that𝐺 has a base size𝜕 𝐺 < 4 𝑛𝑙𝑜𝑔𝑛 for 𝑘 = 2, 

for if  𝜕 𝐺 < 𝑐 𝑙𝑜𝑔𝑛 , for some constant 𝑐, then 𝐺 is not 2 −transitive and does not contain 𝐴𝑛 . However 𝐻 is a 

sylow p-subgroup of 𝐺 which is a direct consequence of Proposition 1.8, and so 𝐻 = 𝐺𝛼 . Also it follows from 

Theorem 1.13 (ii), and in line with Theorem 1.14that 𝐴𝑛  is the 𝑠𝑜𝑐(𝐻), thereforeby Theorem 1.10  𝐺 hasa base 

size of 𝑡 <
𝑛(2𝑙𝑜𝑔𝑛 −𝑙𝑜𝑔2)

𝜕
 . Thus we conclude that𝐺 is t-transitive. 

 

III. Conclusion 
The base size  of the stabilizer of finite primitive groupsplayed a pivotal role in 

determining the bounds of the socle of finite primitive groups, in order to determine the degree of homogeneiy 

of the groups. The case in which 𝐺 contains the alternating groups was considered, where the rank of the point 

stabilizer was used to determine the bounds of the socle of the groups, where𝐻 = 𝐺𝛼 . The idea of the bounds for 

the socle of a group is very useful in the determination of degree of homogeneity in a finite primitive 

permutation group. 

 

References 
[1]. Audu,M. S., &  Momoh, S.U (1990): On transitive Permutation groups. Abacus,19,( 2). 17-23. 
[2]. Bochert,A (1897). Ueber die clase der transitiven subsitustiven gruppen II Math Am .49,133-144. 

[3]. Cameron,P.J. (1981). Finite permutation groups and finite simple groups; transitive London Math. Soc: DOI 101112. 

[4]. Cameron, P.J. (1999). Permutation groups. Math .Soc, Cambridge University Press. 
[5]. Cameron,P.J. (2000). Aspect of infinite permutation groups: School of Mathematical Sciences, Queen Mary, University of London. 

[6]. Cameron, P.J. (2000). t-orbit homogenous permutations. London Math Soc. Subject Classification 20B10. 

[7]. Cameron,P.J. (2004). The encyclopaedia of design theory on primitive permutation groups.www.maths.qmul.ac.uk. Retrieved on 
12/07/2015. 

[8]. Cameron,P.J (2012). Permutation groups and regular semi groups. London Math Subject classification.1273-1285 

[9]. Dixion, J., & Mortimer, B (1996). Permutation groups Graduate texts in mathematics. Springer New York`. 
[10]. Jordan, C (1871). Theorems sur les groups primitifs. J Math Pures Appl.( 6) 383- 408. 

[11]. Liebeck, M.W., & Macpherson, D (2009). Primitive permutation groups of bounded orbital Diameter 

[12].  Liebeck M.W, (1984). On minimal degrees and Base size of primitive permutation groups. Arch. Math. (43) 11-15. 
[13]. Livingstone, D.,& Wagner, A. (1965).  Transitivity of finite permutation groups on unordered sets. Math  Z. 90 393-403. 

[14]. Martin, W.J., & Segan, B (2000). New notion of transitivity for groups and set of permutations. Journal of Math Soc. Math Subject 

Classification 20B20. 



Degree of Homogeneity of Primitive Permutation Groups Based On the Bounds of The .. 

*Corresponding Author: Danbaba Adamu                                                                                                  59 | Page 

[15]. O′Nan ,M.E., & Scott, L (1979). Finite groups. Santa Cruz conference. London Math Soc (2)32. 

[16]. Praeger ,C., & Saxl, J (1980). On orders of primitive permutation groups. London Math Soc. 12,303-307. 

[17]. Rotman ,J (1995) . An introduction to the theory of groups. Graduate text. Springer verlag. 
[18]. Wielandt, H. (1969). Permutation groups through the invariant relation and invariant functions. Columbus.399514. 

[19]. . 

 

 


