Quest Journals

Journal of Research in Applied Mathematics
Volume 9 ~ Issue 1 (2023) pp: 74-78

ISSN(Online) : 2394-0743 ISSN (Print): 2394-0735
www.questjournals.org

Research Paper

Existence Result for First Order Nonlinear Quadratic
Functional Differential Equation

S.N.Kondekar

Department of Mathematics, Degloor College Degloor

ABSTRACT: In this paper, we discuss the existence Result for Fractional Order Nonlinear Quadratic
Functional Differential Equation in R, by using hybrid fixed point theorem due to B.C.Dhage. For this we
consider the first order nonlinear quadratic functional differential equation.

KEYWORDS: Banach algebras, hybridfixed point theorem, Quadratic functional differential equation, and
existence result.

Received 06 Jan., 2023; Revised 17 Jan., 2023; Accepted 19 Jan., 2023 © The author(s) 2023.
Published with open access at www.questjournals.org

l. INTRODUCTION:

In Literature several authors for various aspects of the solutions are studying the nonlinear differential
and integral equations. Fractional order differential and integral equations play a very important role in many
applications of real word problem. The study of nonlinear fractional differential equations had been made
extensively in the literature by several authors all over the world and now it has become the core part of the
nonlinear analysis. The development of nonlinear fractional differential and integral equations though vast
growing topic in the subject of nonlinear differential and integral functions [20-25].

In this paper we will study the existence the solution of first order nonlinear quadratic functional
differential equation. The result has been obtained by using hybrid fixed point theorem for two operators in
Banach space due to Dhage. The main result is well illustrated with the help of example.

We consider the following first order nonlinear quadratic functional differential equations:

x(t)
p|—22 =gt x(u®)] te R%
f (t,x(a(t))) (21.1)
£(0) =0 )
Where,f(t,x): R, XR >R —{0}, g(t, x): R, xR ->Rand a, : R, > R
Here the solution of nonlinear differential equations (2.1.1) we mean a function x € BC(R,,R) such that:

Q) The function ¢t » |[—=2—| is bounded and continuous for each x € R.
f(t,x(a (t)))

(i) x satisfies (2.1.1)

2.2 PRELIMINARIES:

Let X = BC(R,,R) be the space of bounded real valued continuous function on R, and S be a subset
of X. Let a mapping A: X — X be an operator and consider the following operator equation in X, namely,
x(t) = (Ax)(t), forallt € R, (2.2.1)
We require the following definitions.
Definition 2.2.1[22]: Let X be a Banach space. A mapping A: X — X is called Lipschitz if there is a constant
a > 0 such that,||Ax — Ay|| < al|lx — y||forall x,y € X. Ifa < 1, then A is called a contraction on X with the
contraction constanta.
Definition 2.2.2[18]:.An operator U on a Banach space X into itself is called compact if for any bounded subset
Sof X, U(S) is relatively compact subset of X. If U is continuous and compact, then it is called completely
continuous on X.
Definition 2.2.3[18]: Let X be a Banach space with the norm ||-|| and let U: X — X be an operator (in general
nonlinear). Then U is called
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i. Compact if U(X) is relatively compact subset of X.
ii. Totally bounded if U(S) is totally bounded subset of X for any bounded subset S of X.
iii. Completely continuous if it is continuous and totally bounded operator on X
It is clear that every compact operator is totally bounded but the converse need not be true.
Theorem 2.2.1 [6] :(Arzela-Ascoli Theorem) If every uniformly bounded and equicontinuous sequence {f,.} of
functions in C(R,, R), then it has a convergent subsequence.
Theorem 2.2.2[6]: A metric space X is compact iff every sequence in X has a convergent subsequence.
Theorem 2.2.3[5, 6, and 17]: Let S be a non-empty, bounded and closed-convex subset of the Banach space X
and let A: X — X and B: S — X are two operators satisfying
a) A is Lipschitz with a lipschitz constant «,
b) B is completely continuous, and
c) AxBx e Sforall x €S, and
d) aM < 1,where M = ||B(S)||: sup]|Bx||: x € S}.
Then the operator equation AxBx = x has a solution in S.

2.3 EXISTENCE THEORY:

Now we want the solution of (2.2.1) in the space BC(R,,R)of bounded and continuous realvalued
functions defined on R, . Define a standard norm ||| and a multiplication “-” in BC(R,, R)by,|[x]| =
sup{lx(O)l:t € R}, (xy)(®) =x(Oy(@), tER,

Clearly, BC(R,,R) becomes a Banach space with respect to the above norm and the multiplication in it. By
L1(R,, R) we denote the space of Lebesgue-integrable function inR, with the norm ||-|| ;1 defined by

x|l = | lx(@®)]dt
|

2.4 MAIN RESULT:

We require the following hypothesis for existence of solution of FNFDE (2.1.1).

(# 1) The function @, u: R, — R are continuous.

(3€;) The function f(¢,x): Ry X R — R is continuous and bounded with bound F= sup( ez, xz|f (¢, x)|there
exist a bounded function I: R, — R with bound L satisfying

If(t,x) — f(t, )] < L®{x(t) —y(®)}a.e. t € R, forall x,y € R.

(#3) The function g(t,x) = g: R, X R —» R is satisfying caratheodory condition with continuous function
h(t):R, - Rsuchthat g(t,x) < h(t) Vt € R,and x,y € R.

(#4) The function v: R, — R defined by the formulas v(t) = fot (t_hs()sl)_p ds is bounded on R, and vanish at

infinity, that is lim,_,, v(t) = 0.
Remark 2.4.1: Note that the (Hj3)and(H4)hold, then there exists a constant K; > 0 such that K; =

up {m te R+}

Lemma 2.4.1: Suppose that ¢ € (0,1) and the function f, g satisfying FNFDE (2.1.1) then x is the solution of
the FNFDE (2.1.1) if and only if it is the solution of integral equation
x(t) = [f (&, x(a(®))] [fotg (s,x(u(s))) ds], teR,(2.4.1)

Proof: Integrating equation (2.1.1) of first order, we get

® T
[f(t z(a(t))) [9 (S'x(#(s)))]
10 = [/ 1@ O)) [y 9 (s.x(u)) ds], . te®,

Conversely differentiate (2.4.1) w.r.to t, we get,

x(t)
? [m] = Dlg (£, x(u(®))

x(t)
|| = o (6 40®)

Theorem 2.4.1: Assume that condition ( #1-H4) hold. Further if LK; < 1, where K; is defined in remark
(2.4.1). Then FNFDE (2.1.1) has a solution in the space BC(R,, R).

Proof: By a solution of FNFDE (2.1.1) we mean a continuous function x: R, — R that satisfies FNFDE (2.1.1)
onR,.LetX = BC(R,,R)

B,.[0]isthe closed ballin X centred at origin0 and radius r as

B,[0] = {x € X:||x|| < r}where r satisfies the inequality FK; < r.
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Let X = BC(R,,R) be Banach algebras of all absolutely continuous real-valued function on R, with the
norm,||x|| = sup|x(t)|,t € R.(2.4.2)
Now the FNFDE (2.1.1) is equivalent to the FNFIE

x(t) = [f (t,x(a(t)))] [fotg (s,x(,u(s))) ds](2.4.3)
Let us define the two mappingA: X — X and B: B,.[0] = X by

Ax(t) = f (t,x(a(t))),t € R,(2.4.4)

Bx(t) = fotg (s,x(u(s))) ds ,t € R,(2.45)

Thus from the FNDE (2.1.1), we obtain the operator equation as follows:

x(t) = Ax(t)Bx(t), t € R,(2.4.6)

If the operator A and B satisfy all the hypothesis of theorem (2.2.3), then the operator equation (2.4.6) has a

solution on B, [0].

Step I: Firstly we show that A is Lipschitz on X = BC(R,,R). Let x,y € X, then

lAx () = Ay ()] = |f (£ x(a(®)) - £ (£ y(a®))|

< l(t){|x(a(t)) — y(a(t))|}

< Llx(t) —y(@)|forallt € R,

Taking supremumover t we get,

[|Ax — Ayl < L||x — y|l[forall x,y € X.

Thus, A is Lipchitz on X with Lipschitz constant L.

Step I1:Now we show that B is completely continuous operator on B, [0]using standard argument such as those

in Granas at [18], it can be shown that B is continuous operator on B,.[0].To do this, let us fix arbitrary € > 0

and take x,y € B.[0]such that||x — y|| < e.
t t

122(0) - By = ||  (5.2(u(2)) s - [ g (53(us2)) s

0 0

fotg (S,x(H(S))) ds|+ Uotg (s,y(,u(g))) ds

< 2v()asv(t) <3

Therefore| Bx(t) — By(t)| < e

Thus B is continuous.

Step 111: Now we will show thatB is compact onB, [0]

a) First we prove that every sequence { Bx,} in B(B,[0]) has uniformly bounded sequence and { Bx,} is

equicontinuous set inB(B,.[0]) . Since g (t,x(u(t))) is L} — caratheodary, we have

J: g (s,x(u(s))) ds
< Lt |g (s,x(,u(s)))| ds
< fo h(s)ds

<v(t)

Taking supremum over t, we obtain

|Bx, || < Kiforall x € B,[0]where, K; = sup,ex, {v()}

This shows that { Bx,, } is uniformly bounded sequence in B(B,[0])

To show that { Bx, } is an equicontinuous sequence, let t;,t, € [0, T] be arbitrary. Then for any x € B,[0]
(2.4.5-2.4.6) implies

<

< Lth(s) ds + Joth(s) ds

|Bx, ()| =

[ (s o) s -
B, (82) ~ By (t)] = | &
9 (5% (u())) ds

0

tzh(s)ds - J-tlh(s)ds < |v(ty) — v(ty)|
0 0

The right hand side of the above inequality doesn’t depend on x and tends to zero ast; — t,.There
fore|Bx, (t;) — Bx,(t;)| = 0ast; — t,.
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If t1,t, = T then we have similar procedure.

If t1,t, € R, then we have

|Baxy, (t2) — Bx, (t1)] < |Bx, (¢2) — Bxn (T)| + |Bx,, (T) — Bx, ()|
If t; >t,,thent; >TandT - t,

Therefore |Bx, (t,) — Bx,(T)| -0 |Bx,(T) — Bx, (t;)| = 0
So |Bx, (t,) — Bx, (t;)| -0 as t; - t,

Hence, { Bx, } is an equicontinuous sequence of functions inB(B,[0]) so B(B.[0]) is relatively compact.
HenceB is compact.

so thatB is compact and continuous operator on B, [0]

Thus B is completely continuous on B,.[0]

Step IV: To showAxBy € B,[0]

Let x,y € B.[0] such that x = AxBx

By assumptions (H 1, H», H3)

lx(®)] = |Ax(£)Bx(0)]

< |Ax(O)IBx(0)]

< |f (t,x(a(t)))| U:g (s,x(u(s))) ds
< |f (t,x(a(t)))| fot |g (s,x(u(s)))l ds,

< Ffth(s)ds < Fv(t)

Taking supremum over ton R,, we obtain |[AxBx|| < FK;, Vx € B.[0]That is we have,||x|| = ||AxBx|| <
r,V x € B.[0].
Which gives AxBy € B,[0]
Hence assumption(c) of theorem (2.2.3) is proved.
Step V: Also we have
M = ||B(B, [0DIl = sup{lBx||: x € B,[0]}
t
SUPen, f g (s.x(u(s))) ds

0

\ . x € B,[0] )
< sup {Suptege+ U h(s)ds] !X € B, [0]}
0

< sup{sup.en, [v(®)]: x € B,[0]}

<K,

and there fore ML = LK; < 1. Thus the condition (d) of theorem (2.2.3) is satisfied.

Hence all the conditions of theorem (2.2.3) are satisfied and therefore the operator equation AxBx = x has a
solution in B, [0] .

= sup

REFERENCES:

[1]. A.AKilbas, Hari M. Srivastava and Juan J.Trujillo, Theory and Applications Fractional Differential equations , North-Holland
Mathematics Studies,204, Elsevier Science B.V., Amsterdam ,2006, MR2218073 (2007a:34002).Zbl 1092.45003.

[2]. A.AKilbas, J.J. Trujillo, Differential equations of fractional order: Methods, results, Problems, I.Appl.Anal. Vol.78 (2001), pp.153-
192.

[3].  A.Babakhani, V.Daftardar-Gejii, Existence of positive solutions of nonlinear fractional differential equations, J.Math.Appl. Vol.278
(2003), pp.434-442.

[4]. Ahmad B., Ntouyas S.K., Alsaedi A., Existence result for a system of coupled hybrid fractional differential equations: Sci. World J.
2013, Article ID 426438(2013).

[5]. B.C. Dhage, A Fixed point theorem in Banach algebras involving three operators with applications, Kyungpook Math J. Vol.44
(2004), pp.145-155.

[6]. B.C.Dhage , On Existence of extremal solutions of nonlinear functional integral equations in Banach Algebras, Journal of applied
mathematics and stochastic Analysis 2004:3(2004),pp.271-282

[7]. B.D.Karande, Existence of uniform global locally attractive solutions for fractional order nonlinear random integral equation,
Journal of Global Research in Mathematical Archives, Vol.1 (8) (2013), pp.34-43.

[8]. B.D.Karande, Fractional Order Functional Integro-Differential Equation in Banach Algebras, Malaysian Journal of Mathematical
Sciences, Volume 8(S),( 2014),pp. 1-16.

[9]. B.D.Karande, Global attractively of solutions for a nonlinear functional integral equation of fractional order in Banach Space, AIP
Conf.Proc. “10th international Conference on Mathematical Problems in Engineering, Aerospace and Sciences’1637 (2014),
pp.469-478.

*Corresponding Author: S.N.Kondekar 77 | Page



Existence Result for First Order Nonlinear Quadratic Functional Differential Equation

[10].

[11].
[12].
[13].

[14].
[15].

[16].
[17].

[18].
[19].

[20].
[21].
[22].

[23].
[24].
[25].

D.J.Guo and V. Lakshmikantham, Nonlinear problems in Abstract cones, Notes and Reports in Mathematics in Science and
engineering, vol.5, Academic press, Massachusetts, 1988.

Das S. Functional Fractional Calculus for System Identification and Controls, Berlin, Heidelberg: Springer-Verlag, 2008.

Das S., Functional Fractional Calculus. Berlin, Heidelberg: Springer-Verlag, 2011.

Dhage B.C., A Nonlinear alternative in Banach Algebras with applications to functional differential equations, Non-linear
functional Analysis Appl 8(2004),pp.563-575.

Dhage B.C. , Fixed Point theorems in ordered Banach Algebras and applications, Panam Math J 9(1999),pp. 93-102.

Dhage B.C., Basic results in the theory of hybrid differential equations with mixed perturbations of second type, Funct. Differ. Equ.
19(2012(2012).), pp.1-20.

Dhage B.C., Periodic boundary value problems of first order Caratheodory and discontinuous differential equation: Nonlinear,
Funct. Anal. Appl., 13(2), 323-352,

Dhage B.C., Quadratic perturbations of periodic boundary value problems of second order ordinary differential equations, Differ.
Equ. Appl. 2, 465-4869,(2010).

Dugungi, A.Granas, Fixed point Theory, Monographie Math., Warsaw, 1982.

H.M.Srivastava, R.K.Saxena, Operators of fractional integration and applications, Appl.Math.Computer Vol.118 (2006), pp.147-
156.

1.Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1993.

I.Podlubny, Fractional differential equations, Mathematics in science and engineering, volume 198.

J.Banas, B.C. Dhage, Globally Asymptotic Stability of solutions of a functional integral equations, Non-linear functional Analysis
69 (7)(2008) ,pp.1945-1952.

K.S.Miller, B.Ross, An Introduction to the Fractional Calculus and Differential Equations, John Wiley, New York, 1993.
Lakshmikantham and A.S.Vatsala, Basic theory of fractional differential equations, Nonlinear Analysis, 69(2008), pp.2677-2682.
Lakshmikantham V, Leela.S, VasundharaDevi, Theory of fractional dynamic systems,Cambridge Academic publishers, Cambridge
(2009).

*Corresponding Author: S.N.Kondekar 78 | Page



