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ABSTRACT: In this paper, using Oberhet-Tinger’s integral formula. We have obtained two integral formulae

involving the Bessel-Wright Function ](m)(x) introduced by Srivastava and Manocha in the year 1984. The
results are given in the form of two Theorems. Two integral formulae for the Tricomi functions defined by
Andrews have been obtained as special cases from our two main results.
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l. INTRODUCTION AND PRELIMINARIES

A remarkably large number of integral formulae involving a variety of Special functions have been developed
by many authors [2], [3], [4], [5] and [7].

The Bessel-Wright function is defined by Srivastava and Manocha, [10] as:

( 1)k k
)= Zk' (n + mk)! D

For m=1, the function J7*(x) given is (1.1) reduces to the nt*order Tricomi function C, (x) is defined by
Andrews, [1] as:

(1) x"

Cnx) = rl (n+71)!
=0

(1.2)

The Generalized Wright Hypergeometric function [9, Eq"no. 38, Pg. no. 21] ¥, is given as:

(a1, 41), ...,(ap,Ap) T, T(a; + Ajk)zK
Z (1.3)
]

(B1, B, ., (ﬁq,Bq) 9 T(B; + Bik)k!”
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where the coefficients Ay, ..., A,and By, ..., B, are real positive numbers such that:

q 14
14 Bj= ) 4,20 1.4
=1

=1

A special case of (1.3) is given by:

((X,l),..., oy, 1); ® P . Aq) ey Ap;
v, ' (1) 7| = - M) F, z (1.5)
l—[q F(ﬁ-) riq K
(Bl; 1)’ ey (Bq’ 1); =0 j:1 J Bl’ B Bq’
where ,F, is the Generalized Hypergeometric Function [11] defined by:
0y, een, Oy} )
. 1 p J (a)n, ...,(ap)nzn 06
p'q |
BIJ ’ Bq; n=0 (Bl)n' b (Bq)nn'
where (A),,, (A € C) is the Pochhammer symbol [8] defined:
@D = {/1(/1 +1) . (A4n+1) =L D=1 1.7)
_ Ir'A+n)
™

For our present investigation, we also need the following Oberhet-Tinger’s integral formula [6]:

a)” Fruwr@—w

bl A
pu—1 2 - A () Y T2
J; X (X+a+ X +2ax) dx=22Aa (2 T+ AT’

Provided(O <R < R(?\)). (1.8)

In the present note, we have established two Integral formulae for the Bessel-Wright function ],gm)(x) which are
represented in terms of the Generalized Wright Hypergeometric function ,¥, . We have also obtained two

integral formulae for Tricomi functions in terms of ,¥5 .

1. MAIN RESULTS

In this section, we will establish two generalized integral formulae for the Generalized Bessel-Wright function
]flm) (x), which are expressed in terms of the Generalized Wright Hypergeometric function ¥, :

Theorem I. The following result has been obtained:

4 )

© o y
x4+ a++x2+ 2ax ( )dx
fo ( ) V' \x+a+Vx?Z+ 2ax

= 21 kgTATVHET2y
A+v—u2),A1+21+v,2);
Y

X W —; , (2.1)
W+1,m),A+v,2),A1+21+v+pu2);
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where:
for(x > 0; 4, u, ve C with R(v) > —1land 0 < R(w) < R(A+v)).

Proof: Denoting the left-hand side of equation (2.1) by | and replacing A by (A + v + 2k) we get:

; foo i ( tat > T2 )—(A+V+2k)](m) ( y ) d

= X x+a x ax x

0 V' \x+a+VxZ+ 2ax
a\HT2uT(A+v + 2Kk — )

=2 2 —(A+v+2K) (=

@+v+2a (2) TA+A+v+2K+0)

had —1)kyk
X D'y {using (1.1) & (1.8)}

1
k=ok' rv+mk+1)

. —1)*T(A+v + 2k — T(A +v + 2K + 1 k
= Zl—ua—ﬂ.—vﬂtrzu Z (=D*I( 'u) ( ) (l) ,
OK! FTv+me+ DI+ A+v+ 2+ @I+ v+ 2k) \a?
K=
= 21 kg A-vHur2y
A+v—u,2),1+21+v,2);
X 53 —% , {using (1.3)}
W+1m),A+v,2),1+A1+v+pu2);
which is the right-hand side of (2.1), i.e. the desired result.

Theorem I1. The following result has been obtained:

) -2 xy
xF (x4 a++x? + 2ax (m)( )dx
fo ( ) V' \x+a+VxZ+ 2ax

= 217KV AT (A — )

Qu+2v,4),1+v+1,2);
X W, —%’ , 2.2)
+1m),A+u+2v,4),(A+v,2);
where:
for (x> 0; A, u,ve CwithR(v) >—-1and 0 <R() < RA+v)).

Proof: Denoting the left-hand side of equation (2.3) by I;and replacing A by (A + v + 2k) and
uby (u+ v+ 2k) we get:

o —(A+v+2K) X
I = f x (HFv+2I0—1 (x +a+x2+ 2ax) i ( 4 ) dx
0

x+a+ Vx%+ 2ax

a\HtVH2KT(2u + 2v + 4k )T (A —
=2 (A + v+ 2k) Wiz (—) (2 )T = 1)

2 TA+A+pu+2v+4k)
o (_1)Kyl€ '
X Z)K! T(v + mk + 1) {using (1.1) & (1.8)}
K=
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= 217K Vh=AT (A — )

D TQRu+2v+4K)TA+v+2k+1) (y)’f
0l"(1/+m1c+ DA+ 2+ 2v+4)TA+v + 2K) \4
K=

= 217KVl AT (A — )
Qu+2v,4),A+v+12);
X W, —% ,{using (1.3)}
v+1m),A+u+2v,4),A+v,2);
which is the right-hand side of (2.2), i.e. the desired result.

1. SPECIAL CASES

For m=1, Theorem I and Theorem Il reduce to the integrals for Tricomi functions C, (x) [1] given respectively
as:

x4+ a+x%+ 2ax C( )dx
fo ( ) "\x + a + Vx? + 2ax

=217kt~ AVT2y

A+v—u,2), 1+21+v,2);

y
X ¥, -= (3.1)
W+1,D),A4+2+v+u,2), (A+v,2);
Il.
ij"‘l (x+a+ x2+2ax)_/1(] ( a4 )dx
0 Y\x +a+VxZ+ 2ax

=217 H=Vah=A T () — p)
Qu+2v,4), A+21+v,2);
y
x W, -2 (3.2)
+1,1),A4+24+u+2v,4),(A+v,2);

Proof of (3.1): Denoting the left-hand side of equation (3.1) by I, and replacing A by (1 + v + 2k) we get:

; foo . 1( > 5 )—(A+v+2k)C ( y )d
= x*F x4+ a++/x%+ 2ax x
2 0 “\x +a+Vx? + 2ax
MRulf(A+v+ 2k —pw)
FrM+A+v+2k+p)

a\#
=2@A+v+2k) (E) q-(AHvize)
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(DR :

k=0

oo _ K _
_ piougu-i-vryy Z —DTA+v+2k+ DIrA+v+2k—p) (y )K
k=0

K' Tw+xk+ DA+ v+20)FA+A+v+2k+p) a?

= 217Kt AvT2p

A+v—u,2),A+21+4+v,2);
X W, — 2| {using (1.3)}
v+1,D),A+2+v+u2),A+v,2);

which is the right-hand side of (3.1), i.e. the desired result.

Proof of (3.2): Using (1.2) and (1.8) and replacing A by (1 + v + 2k) and u by (¢ + v + 2k), on the left-hand
side of (3.2) and then (1.3) and after simple calculation, as in the proof of (3.1) we get the right-hand side of
(3.2), i.e. the desired result.
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