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ABSTRACT: Derivative-free optimization techniques are widely used for solving optimization problems. The
focus in this work is given to some variants of Nelder-Mead and particle swarm methods to tackle two
unconstrained optimization problems originated from optimal control, namely the pole assignment problem for
discrete and continuous-time positive systems. we present the Nelder-Mead and Particle Swarm optimization
methods to solve problems. Moreover comparing our results with benchmarks in the literature.
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l. INTRODUCTION

The pole assignment problem (PAP) has been of great importance in many application areas. The
problem in its simplest form was first addressed by Wonham [1] in 1967. Since then, huge number of
publications have been proposed to tackle this problem. In 1976 Moore [2] identified the freedom available in
pole assignment for the case of distinct eigenvalues. One of the first to address PAP by output feedback was
Davison [3] and was extended by Davison and Chatterjee [4] and Sridhar and Lindhor [5]. Optimization
techniques have been used for pole assignment via output feedback as demonstrated in Sobel and Shapiro [6]
formulated an objective function to minimize the sum of the squares of the eigenvalue condition numbers
subject to exact pole assignment. Mostafa et al. [7, 8, 9] tackled the PAP by gradient-based optimization
methods. In optimal control literature there are various forms of the PAP for discrete and continuous—time
systems that attract a lot of modern research among them [10-13].

Derivative-free methods have been appear since the 1950s (see [14]), where derivative-free methods
were based on simplicity. Attractive thinking is often drawn from examples drawn in two dimensions. Has been
a techniques used in scientific and engineering fields where it is best used to avoid calculating gradients.
Derivative—free methods remain an effective option for several types of difficult optimization problems.

The importance of the research lies in the use of numerical methods in the solution that do not depend
on the use of the derivative to obtain the stability state of the system as well as obtaining an initial point to be
used in solving static output feedback design problems [9] .

This article is organized as follows. The next section introduces the formulations of the PAP problem
for discrete and continuous—time systems together. In Section 3 we give some basic definitions. In Section 4 we
give a brief description Algorithms Nelder-Mead (NM) simplex method and Particle Swarm Optimization
(PSO) method for tackling the considered two problems. In Section 5 we demonstrate the performance of the
methods on several test examples. Then we end with a conclusion.

Notations: The eigenvalues of a matrix M € R, are denoted by #;(M7).i = 1.....m. The Greek letter p(i)
denotes the spectral radius of a square matrix & .Sometimes and for the sake of simplicity we skip the
arguments of the considered functions, e.g., we use vto denote vec(i) that stretches a matrix & into long

column vector 1.
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1. PROBLEM FORMULATION
Consider the linear time-invariant control system with the following state space realization
{G’x = Ax + Bu,

y=~Cx 1)

where & is an operator indicating the time derivative d/de for continuous-time systems
and a forward unit time shift for discrete-time systems. The vectors x € R™ , u € B¥, and v € R are the state, the
control input, and the measured output vectors, respectively.
Moreover, 4 € By, & € Byypand € € R, are given constant matrices. The control law « = Ky is often used
to close the above control system yielding

fr = (A+ BECIx = A(K)x, 2]
where A(K) = A+ BKC is the closed-loop system matrix and K € R, is the output feedback gain matrix
which represents the unknown.
The pole assignment problem is to find an output feedback gain matrix & provided that the closed-loop system is
in satisfactory stage by shifting controllable eigenvalues to desirable locations in the complex plane. In
particular, for discrete-time systems the PAP requires the spectral radius of the closed-loop system matrix 4 (k)
to be strictly within the unit circle in the complex plane. In other words, let 4.8 and C be given constant
matrices. The PAP for discrete—time systems is to find & € R that solves the following optimization problem:

min f{K) = p{d + BKC)
stglk) =pld+BEC)—(1-1T)=0. (3
Where 1 € (0,1) is a given constant and f: & ... = R™ is generally nonconvex and non-smooth function and 5{-)
is the spectral radius of the matrix function 4 + BEC.
The inequality constraint of the problem {37 represents a cut to the objective function, where the major task is to
find a feasible point & to the problem (33. In fact this problem can be regarded as the following unconstrained
minimization problem:
min f(K) = p(d + BKC) 4
while we make sure of fulfilling the associated inequality constraint during the iterations of the proposed
method. Obviously we can stop the unconstrained minimization solver as soon as the objective function
becomes strictly less than one. However, we can run the method until it achieves a satisfactory stability margin
as indicated by the inequality constraint. From a computational point of view, the unconstrained minimization
solver when applied to the problem (47 it typically reduces the objective function where the imposed cut is
fulfilled after finite number of iterations. Therefore, the focus is given to approximately solve the unconstrained
minimization problem ¢43. On the other hand, the PAP for continuous-time control systems can be stated as
follows. Let 4,5, and ¢ be given constant matrices and let %,, %, Z;--.%,. €C, be given desired eigenvalues.
The PAP is to find a matrix variable & € R, such that

A4+ BEC) = 4,  i=1lZ..m

The PAP for continuous-time systems can be equivalently rewritten as: Find & € R,
that solves the following nonlinear least-squares problem; see [7, 18]

minf (£) =3 > (4(a8)= 1)) (4(atx)=1)) ()

where the superscript = denotes the complex conjugate.
Let us consider in the following some basic definitions of linear positive systems.

1. BASIC DEFINITIONS OF LINER POSITIVE SYSTEMS

Positive systems represent a class of control systems that have the property that its state variables are never
negative for a given positive initial state. These systems appear in practical applications such as communication
networks [15] and medical engineering [17] as these variables represent nonnegative physical quantities e.g.
levels, heights, concentrations, etc. It is well known that positivity imposes a specific sign pattern on the system
matrix A.

In particular, a discrete-time positive system of form (1) is fully characterized by having a positive matrix 4
while a continuous-time positive system is fully characterized by having a Metzler matrix 4. Hence, we will
concentrate on the eigenvalue regions of those kind of matrices only, see [17] and [19] for details.
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Definition 1 [17] The linear control system (17 for the discrete-time case is said to be positive if for any
nonnegative initial condition x, € BT and u(t) € RY , the corresponding trajectory x(tye RT for all ¢ = 0.
We refer to [19] for the proof of the following theorems.

Theorem 1 A discrete-time linear system (1} is positive if and only if 4,5 and ¢ have nonnegative elements,
i.e., ajj =0, bl:_i' = D,E[_i' =0 for all L. .

Lemma 1 The system (1) for the continuous-time case is positive if and only if A has nonnegative off-
diagonal elements, i.e., a;; = 0.i # j, and B has nonnegative elements, i.e., 5;; = 0 for all i, .

Definition 2 A square real matrix 4 is called a Metzler matrix if its off-diagonal elements are nonnegative,
i.e., a;; =0.0 F],

Consequence of definition 2 is that 4 is Metzler matrix if and only if there exists § =0 such that
A+ I, € Ry

Remark 1 The system 1) for the continuous-time case is positive if and only if 4 is Metzler matrix and 5 , €
have nonnegative elements.

Definition 3 The linear positive system (1} is said to be positively stabilizable if for all x;, = 0 there exists an
input u(t) such that for all t = o the state trajectories x(t) is such that x(t3 = 0 and x(t) = 0 ast — oo.

Definition 4 The spectral radius of a matrix 4 € €., With eigenvalues 3, i,...., %4, is defined as
pld) = max {|4]:i= 1.2, .., m)L

Definition 5 The spectral abscissa of matrix 4 € €., with the set of all eigenvalues ={47 is defined as
{Re(i): As oAl
wid) = e :{REH[ )i d; € 0 (A) )

Definition 6 For the continuous-time case, the control system (13 is asymptotically stable if and only if
wiA(EY) < 0 while the asymptotically stability for the discrete-time case requires pid (&) < 0.

In this work we will apply the Nelder-Mead (NM) simplex method [20], and The particle swarm optimization
(PSO) method [21] to tackle the two problems (47 and {5} in the case of the positive systems.

V. NELDER-MEAD SIMPLEX AND PARTICLE SWARM OPTIMIZATION METHODS
FOR PAP
In papers [22] and [23] we explained in detail the Nelder Mead (NM) simplex method as well as the The particle
swarm optimization (PSO) method to solve the PAP in discrete and continuous-time systems. Therefore, we will
suffice with setting the algorithms of the PAP for positive discrete and continuous-time systems.
How to handle positivity for the discrete and continuous-time system within Algorithms 3.1 and 4.1 in [22]?
« Initially, we choose the matrices 4.5 .C, have nonnegative elements in the case discrete-time system and
choose a matrix 4 is Metzler and B . ¢ have nonnegative elements in the case continuous-time.
» Within main loop for discrete-time system we require the corresponding state vector be such that
% () = A(Kj g, 720 = 0,
¥t = 0j=1...mi=0..n
Also in the main loop for continuous-time system we require the corresponding state vector be such that
% (th = EMI:RI.:\.:I: =0,
¥t = 0.j= lL...mi = 0...mn
To tackle problems (43 and (57 we will use the same Algorithms 3.1 and 4.1 in the paper [22] with a simple
change in begin, as well as adding a condition to the main loop in the two Algorithms ensures the positive.

Algorithm 1 (Nelder-Mead method for solving Problem ¢4} )
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1. Let 4.B.C be given constant matrices have nonnegative elements, and let = = 0, § = 1.0 = ¥ < 1and
0 = & = 1be given constants. Choose i € Ry and x; € Ry, SUCh that x; = 0. The vector 1, € R,
such that v, = wec(k, ) to be one of the initial simplex vertices, the matrices 4(k; ;) have nonnegative
elements and compute f(K; p).i = 0.....n. Arrange the n + 1 vertices so that

_ flHoi) = fKux) < = F(Kni),
hold. Identify +£, v} and compute f{&7 ). If f(&f) = Tolp, stop; otherwise set k « 0and go to next step.
2. While f (k) =Tolp and k < Kypupe 0O
i. Compute 7y, ,Set vk, = T,y + alfp., — vhe.).reshape vi5, as &75,and compute 5, = fikiL
such that 4{x7%,) has nonnegative elements.
ii. (Reflection step) If f(xZ, ) = fiI% = feEX ), setv¥,, :=vI%,; and go to step (vii)
iii. (Expansion step) If k7%, < f(&Z,,)then compute vi,, = Fy., + ﬁ[fhﬂ v¥, ), reshape v§,, as &g,
such thatA{K,;ﬂu has nonnegatlve eIements and compute fif,, = fiif, 0 IFfE, = fIEL set

vl i= vi,,, otherwise v¥,, := viZ, and go to step (vii)

iv. (Outside contractlon step) If f(&; hﬂ] = fann = fORE, % i=0,...m i =w, then compute
VS, = Fryq + ¥(v'F — Tp.y), reshape vES, as EF%, such that A(&£E, ) has nonnegative elements and
compute 75, = fiEfS ) I fE5 = FiELD, set v, , := viS, and go to step (vii) otherwise go to step
(vi) |

V. (Inside contraction step) If £5; = fi%y, then compute viiy = Fyey — ¥(¥'° —Fiyy) reshape Lh+1 as

K, such that 4(&%,) has nonnegative elements and compute fig, = FUEEL). I S, = FoEd,), set
Ui,y i= Lhﬂ and go to step (vu) otherwise go to step (vi).
vi. (Shrinking step) Set v,y =vh,4 + E(Vipes — VELq), reshape v;;. 4 as &; ., such that 4(&; ., ) has
nonnegative elements and compute f(&; ;.,) forall i = 0.....m i = b
vii. Arrange the n + 1 vertices so that f(ky ;) = f(Kyz) <...= f(k, ), holds and identify vE,, and ¥, ,.
viii. Reshape v2,, as k., and compute F(&2, ). If f(KHlj = Tolg, stop; otherwise set k — k+ 1 and go to

step (i).
End (do)

Algorithm 2 (Nelder-Mead method for solving Problem (5))

1. Let 4 is Metzler matrix and 5 .C have nonnegative elements. Let @ = 0,f§ =1, 0 <y <1and 0 =J =1 be
given constants. Choose K, € B and x ,& BR™" such that x, = 0. The vector v, € B" such that
v, = wvec(k,) to be one of the initial simplex vertices. Then generate the remaining n vertices such that
% (t) = e™Fel¥ 2 0,9t > 0,7 = L...mi = 0...n. Moreover choose the desired eigenvalue
i, Ep 0 i, e cocompute f(Kip ) i = Do
2. Arrange the n+1 vertices so that ' (Kpi) = f (Kyx) = .. = f (Kqy), holds and identify +2 and v
3. Reshapev;, as K vi=0.1..n and compute the objective function f7(&; ). If
mof (K o)/ (m + 1) = AverFun, stop; otherwise set k< 0 and go to next step.
4. Whlle FEAFESin+1) = AverFun and &k < MaxIte, do
i. Calculate the same steps from (i) to (vii) in Algorithm 1 after substitution j with f.
i, If x; () =e™Fel¥ = 0,we > 0,j= 1...m.i = 0,....n stop; otherwise go to next step.
iii. Reshape vy, as K x4, ¥i = 0,1,...,n and compute the objective function f(&; y.4i ).
o (K ger)/(n +1) = AverFun, stop; otherwise set k< k+1and go to (i).
End (do)

Algorithm 3 (Particle swarm optimization method for solving Problem {47)

1. (Initialization) Let 4.5, C be given constant matrices have nonnegative elements, and let @, € (0,1),
Wmin € (0,1), £ € (0,2) and ¢, € (0.2) be given constants. Choose &y € Ry, and x € Ry, Such that
1, = 0. The vector v, € &, such that 1, = vec(K;) to be one of the initial simplex vertices. Then generate the
remaining = vertices such that x;(t) = (&} Y%= 0, ¥t>0,j =1...m = 0,..,n Calculate fitness of
particles F;(0) = f(k;(0)): i= 0.....m. and find the index of the best particle b. Select (0} = v;(0);
wi and g®(0y = w70,
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2.

3.

Reshape g°(0) as K +(0) and compute the objective function Fge(0) = f(Ku(0)). If Fe(0) < Tolp, stop;
otherwise set k — 0 and go to next step.
While Fgu':':':' =Tolp and k < Maxlte, do
i. Compute w(k) using @(k) = @y - i (W — Wi
ii. Update the velocity ¥;(k + 17 and the position v;{k + 17 of particles using
Vijlk +1) = wV; (k) + ¢ rand, (vF; (k) — v (k) + cprandy(g7 (k) — vy (k). ¥ ij.
and P 1) = v (R) F ViR ALY L oonectively
iii. Reshape the positions v;(k + 17 into the matrices &;{k + 13and compute the
fitness F*** = f(k:(k +1)). i= 0.1.....n and identify the index of the best
particle v“*(k + 1).
iv. Update v°(k + 1) for all the population i = 0,1.....n: If Fy(k + 1) < F(kyset vi(k +1) = vk +1)
else set vf (k + 1) = v (k).
v. Update g°(k + 1) of the population:
If Fpy (k+ 1) = Fp(k) set g%k +1) = v™(k + and v’ (k +1) = v"(k+ 1) else
gk +1y = gk,
vi. Ifx(e) = A(KEE :lr:rn =0, vt=0j =1...m = 0....n Stop; otherwise go to next step.
vii. Reshape g°(k +1)as the matrix ¥s(k + 1) and compute the corresponding fitness function

Foul(k + 1) = f(Kgu[k + 1]]. If Foelk + 1) = Tolp. stop; otherwise set k < k + 1and go to step (i)
End (do)

Algorithm 4 (Particle swarm optimization method for solving Problem (57)

1. Let 4 is Metzler matrix and &, have nonnegative elements, Let . € (0,1, tipin € (0. 10, ¢, € (0,27 and
£, € (0.2) be given constants. Choose &, € BP* and x, € BR™** such that x, = 0. The vector 1, € R" such
that vy = vec(ky) to be one of the initial simplex vertices and
() = g(t4E)%) = g, vt = 0,j =1,....mi = O....n. Moreover  choose the desired eigenvalue
Ay 3s Ao dn €€ calculate fitness of particles FF = f(k7): vi and find the index of the best
particle b. Select B* =+?;wi and g°% =v}

2. Reshape g" as Kg and compute the objective function f7(Kge). If T f(k")/(n+ 1) = AverFun,
stop; otherwise set k< 0 and go to next step.

3. While TLF (&%) /(n+ 1) = AverFunand k < Maxlte, do
i. Calculate (i)—(v) in Algorithm 3 after change f to be replaced by the objective function .

i If % () = gtA(Eal = g wr = 0.j=1.....mi = 0.....n. stop; otherwise go to next step.
iii. Reshape vf**as K***and compute the ~ objective function f"(&***).
iv. If ZL f(&7™1/(n+ 1)< AverFun stop; otherwise set k — k+1 and go to

End (do)

V. NUMERICAL RESULTS
In this section, various test problems are provided to illustrate the performance NM and PSO methods.

The compared with respect to number of iterations and CPU time (sec.), the starting point is often generated
randomly. Sometimes we start with the zero matrix or a matrix with ones on its entries. The problem dimensions
are (m, p.r). The methods are implemented using MATLAB and all results are using a 1.0 Ghz Pentium 2z CPU
with 2045M5 RAM. Some of the considered test problems are for continuous-time systems. The MATLAB
function c2d from the control toolbox is employed to provide the corresponding discrete—time data matrices. In
our experiment, we used the following values for termination:

g =05  Maxfter =500, AverFun= 1075
Tolp = 098, eps = 1075

In the following we consider six examples to show the performance of the methods NM and PSO for the case of
positive control systems.
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Example 1 This test problem is borrowed from [6], the data matrices for the corresponding discrete-time

system are the following
_[04 067 5 _ [0.1] .7 _[0.2

4= [D.E 0.4]’5 - [D.z]’c - [D.S]'
The spectral radius of the system matrix 4 is 1.0000. The objective function values at starting matrix &, are
FratE, )™ = 1.0707 = FlA(K,:))™7 , the methods NM and PSO stabilizing output feedback controllers after
2 and 4 iterations and CPU times 0.3¢ and 0.23 respectively. The corresponding objective function values at
Kpn are f(A(Kpn))"" =7.6368¢— 01 and fiA(K,))"™" = 9.2222¢—01. The starting matrix and achieved
output feedback matrices are the following

E,=[ 0.6878]
KM = [-8.3125), KR = [ —0.7481]

Example 2 This test problem is borrowed from [26], the data matrices for the corresponding discrete-time
system are the following

0.9 0.1 0.9 10

4= [D.E D.E]’B - [D.B]’ €= [D 1]'
The spectral radius of the system matrix 4 is 1.0162. The objective function values at starting matrix &, are
FrAE, ™ = 19145 = FrA(K,;))™ 7, the methods NM and PSO stabilizing output feedback controllers after
2 and 3 iterations and CPU times 0.44 and 0.27 respectively. The corresponding objective function values at
Kpn are f{A(Kp,))"" = 7.5554e—0land f(A(Kp,))""" = 7.7672e —01. The starting matrix and achieved
output feedback matrices are the following

Ep=[1.0162 o0.0000].

NM
Kfn =L —04838  0.1250],

K% = [-0.2666 —0.0145].

Example 3 This test problem is borrowed from [6], the data matrices for the corresponding discrete-time

system are the following
_[0E 0.6 5 _ (017 o7 _ 0.2

4= [D.E D.4]’E - [0.2]’ £ = [D.E]
The spectral radius of the system matrix 4 is 1.1083. The objective function values at starting matrix &, are
Flated)™ = 11517 = f(a(&..))™ the methods NM and PSO stabilizing output feedback controllers after 2 and
& iterations and CPU times 0.33 and 0.27 respectively. The corresponding objective function values at &, are
flAKm )" =8.7162e— 01 and f(A(Kp,))"" = 9.5883e— 01 The starting matrix and achieved output
feedback matrices are the following i}

Ky = [0.4403), K =[-25597],  Kf;° =[-1.5781]

10

Uncontrolled state variables X

Figure 1: Uncontrolled state space variables for example 3
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controlled state variables X, under the method NM

o 5 10 15 20 25
Time t

Figure 2: Controlled state space variables under the method NM for example 3

controlled state variables X, under the method PSO

o 5 10 15 20 25
Time t

Figure 3: Controlled state space variables under the method PSO for example 3

Example 4 This test problem is borrowed from [24], which has the following data matrices are
-5 2 z 100
A:[Z -5 3],8:[!} i n],c:[l o o]
2 3 -6 oo 1 5
The system matrix 4 has the eigenvalues {—5.2475, —g.476%,—1.2757). The desired eigenvalues 4 such that the
shift is = = 0.3, Starting from the same &, where f(#;1 = 1.7179, the methods NM and PSO stabilizing output
feedback controllers for the unconstrained problem (5} after 43 and 115 iterations and CPU times 0.73 and 0.45.
respectively, to reach the least possible values of the objective function of the problem 57. The corresponding
objective function values are
FlA(Ksm) )" = 3.537% — 05,
fAKgn) )Y = 8.405% — 06,
The starting matrix & and the output feedback gain matrices &73" and K7, are the following
Ey=[1 1 -2
KR =[2.9306 18657 —0.5405]"
Efn®=128225 18605 —0.8447]

Example 5 This test problem is borrowed from [25], which has the following data matrices are

—-0e 01 0.z 0.1 0.8
A= .B=]0.5/.C=|0.B
0.4 0.1

0.2 -11 01
0,15 0.2 -0.5 .

The system matrix 4 has the eigenvalues (—0.3655,—0.8815,—1.15307 The desired eigenvalues 4 such that the

shift is = = 0.3, Starting from the same &, where f7(k,)= 26127, the methods NM and PSO stabilizing

output feedback controllers for the unconstrained problem (57 after 25 and 111 iterations and CPU times 0.52

and 0.27, respectively, to reach the least possible values of the objective function of the problem (573. The

corresponding objective function values are
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FlAKsm) )" = 7.397% — 03,
FlA(Ksn) 7Y = 7.4158e — 03,
The starting matrix i, and the output feedback gain matrices ;@:‘{f and fi:,'fﬁ" are the following
Ky = [2.0088]
KN = [0.0944]
Ef2° = [0.0890].
Example 6 This test problem is borrowed from [7], which has the following data matrices

are
a=[;y Hle=f gle=[5 il

The system matrix 4 has the eigenvalues (—2.1.0.13 The desired eigenvalues i such that the shift is = = 0.3,
Starting from the same &, where &, =5.3021, the methods NM and PSO stabilizing output feedback
controllers for the unconstrained problem (37 after 46 and 11 iterations and CPU times 0.65 and 0.16
respectively, to reach the least possible values of the objective function of the problem (53 The corresponding
objective function values are

FlA(Kf) )" = 45789 — 05,

FA(Efn) )Y = 6.33042— 06,
The starting matrix &, and the output feedback gain matrices &7a’ and K7~ are the following

_[2.[:[:00 2.0000
®~ o000 —0.000

K;m:[—u.slaa} 3.2687
I —0.8275 —0.278
K;:_soz[ —0.8034 Z.000
I —0.7621 0,000

N w

Uncontrolled state variables x(t)

0 1 2 3 4 5 6 7 8 9 10
Time t (sec)

Figure 4: Uncontrolled state space variables for example 6

o

O
o

»

«
o

w

[N)

o

-

=}
3

Controlled state variables x(t)under the method NM
N
(=} wn

0 5 10 15 20 25
Time t (sec)

Figure 5: Controlled state space variables under the method NM for example 6

*Corresponding Author: Fatma F.S. Omar 47 | Page



On the Solution of the Pole Assignment Problem for Positive Systems

o

»
o

»

w
5

(%)

N
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o
o

Controlled state variables x(t)under the method PSO
N
o (%))

0 5 10 15 20 25
Time t (sec)

Figure 6: Controlled state space variables under the method PSO for example 6

VI. CONCLUSION

The pole assignment problem for discrete-time and continuous-time positive linear systems formulated

as a semi-smooth unconstrained optimization, the derivative-free methods are proposed to find a local solution
of the minimization problem or at least achieve a stabilizing output feedback gain matrix. The performance of
the methods is demonstrated over wide range of test problems from the system and control literature. The two
methods are successful in tackling the considered problems. In particular, the Nelder-Mead simplex method
relatively outperforms the particle swarm optimization method.
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