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I.  INTRODUCTION

All graphs considered in this paper are undirected and simple (i.e., loops and multiple edges are not
allowed). Let G = (V(G), E(G)) be a graph with vertex set V(G) = {v,,v,,---,v.} and edge set E(G) ={e,,e,,

---,e.}, where |V(G)|=n is the order and | E(G)|=m| is the size of G. A spanning subgraph H is called a

matching of G, if every connected component of H is isolated edge or isolated vertex. k-matching of G is a
matching with k edges. In [1] E. J. Farrell denote the matching polynomial as

H(G,X) = (=1 p(Gk)x" ™,

k>0

where p(G,k) is the number of k-matchings of G.

Two graphs G and H are called matching-equivalent if (G, x) = x(H,X), and denoted by G ~ H . The
disjoint union of two graphs G and H, denoted by GUH , is the graph with vertex set V(G) UV (H) and edge
set E(G) UE(H). kG denotes the disjoint union of k copies of G. Let M(G) be the largest matching root of
(G, x) . We denote by P, (n>1), C, (n>3) a path and a cycle of order n, respectively. A graph D, (m=> 3,
n>1) is defined as the graph obtained by identifying one end of the path P,,, with a vertex of the cycle C, . By
T(a,b,c) denote the tree which has one 3-degree vertex u and three 1-degree vertices v,,Vv,,Vv, and the distance
between u and v,,v,,v, are a,b,c, respectively. Let P,_, be a path with vertices sequence 1, 2, ..., n =2,
I,(n>6) denotes the tree obtained by adding pendant edges at vertices 2 and n—3 of P,_, , respectively. For a

graph G, let G°be the complement of G. The classes of matching equivalent graphs determined by G under ~ is
denoted by [G]. For undefined terminology and notations we refer to references [2]. In this paper, we
Completely characterize the matching equivalent classes of R, UI, UT(@L1Ln).

II.  SYSTEM COORDINATES
k
Lemma 2.1 ([1]): Let G be a graph with k components G,,G,,....,G, . Then u(G,x) = Hﬂ(Gi . X) .

i=1

Lemma 2.2 ([1]): Let e=uv e E(G). Then u(G,x) = u(G—e,x) — u(G—{u,v}, Xx) .
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Lemma 2.3 ([1]): Let G be a connected graph and u eV (G), e € E(G) . Then M(G) is a single root of w(G, x)
and M(G) >M(G-u), M(G)>M(G-e).
Lemma 2.4 ([3]): Let G be a connected graph. Then
(H)M(G) <2 ifandonlyif GeQ, ={K,R,, C,, T(LLn),T(L2i)(2<i<4),D, };
(Q)M(G)=2 ifandonly if GeQ, ={K,,, T(2,2,2),T1,33),T(L25), I,,D,,,D,,}.
Lemma 2.5 ([4]): Let M(G) < 2. Then graph G is matching uniquely if and only if
G =kK,Um,R,U mPR, U[gzm” P2i]U[J_LZJ3nJ.CJ.]UdD3,l UeT(@2,3)UfT@24),

where kn, =mn,,, = md =m.d =ne=n,e=nnf =nn,f =0and k,m;,n;,d,e, f are non-negative integer.

Lemma 2.6 ([5]): (1) P, L P,UC,.(m>2) (2 TLLNn)U K UC,,, 3 T22)0PRUD,
(4) K, UC,ORUD,; (5 K,UC,LC,UT(@L23) (6) K,UC,L C,UC,UT(124)

Lemma 2.7 ([6]): (1) D,,0D,, (2) K,UD,,01l; (3) T(2220PUD,, (4 T(133)0RUD,,
(5) T@250PRUD,, (6) KUI,ORUK, (7)P,_UI,LP_,UIl,(mn=6)

@) lns L 1,UC, 5 (Mm=6)

Lemma 2.8 ([5]): G ~ H if and only if G® ~ HE.

1. MAINRESULTS

Theorem 3.1 Let [R, U1, UT(@1,n)] be The classes of matching equivalent graphs of B, U I, UT (1,1, n). Then
)1 n=x124713, [RUI,UTLLN)]={RUPUK_,UC,,, K UT@33)UT@LLn),2K UTL3,3)U
Cn+2’ P3 U IG U K1UCn+2’ PZ U I7 UT(lllln)! PZ U I7 UKl UCn+2' PS U I<l U D3,2 UT(l'l'n)’ PS U2K1 UDB,Z UCn+2'
PSUKIUD4,1 UT(lilvn)’P3U2K1UD4,lUcn+2};

) 1fn=1, [RUI,UTLLD]={R, UK ,UPUC,PRUK_ UR,PUI;UKUC, RUI,UT@L,PU
|7UK1UC3,|7UK1U|35,P3U|9UK1};

(3) Ifn=2, [P3U|6 UT(LLZ)]z{PsUK1,4UPZUC4lP2UK1,4UP71 P3UI6UK1UC4*|6UK1UP7’ P2UI7U
T(l,l,2), PZ U I7 U Kl UCA’ PZ U Ill U Kl’ P3 U Kl U D3,2 UT(:L]"Z)’ P3 U2Kl U D3,2 UC4'2K1 UD3,2 UP7' PS U Kl
ub,,UT (11 2),RU2K,UD,,UC,,2K,UD,, UP};

@ 1fn=4, [RUI,UTQLLAH]={TL33UK,UTLL4),T 13 3)U2K UC,T (L3 3JUK,URUD;,, R U
|6 U I<1LJC:6’2PS U IG U D3,l' PZ U I7 UT(:L:L4)’ PZ U I7 UKl UCG’ P2 U |7 UP% UD3,1’ P3 U I7 UT(].,Z, 2)' P3 U Kl
UDb,, UT(11,4),R,U2K, UD,, UC,,2P, UK, UD,,UD,,, LUK, UD,,UT(14),P,U2K, UD,, UC;, 2P,
UK1UD4,1U D3,1}:

G Ifn=7, [RUILUTALLN]={TX33)UK UTLL7)T(133)U2K UC, TL33JUK UCUTZ23),
RUIUK UG, RUI,UC,UT(12,3),R,UI, UTXL7),R, Ul UK UC,, P, UI, UC,UT(1,2,3), K, UR,
UDb,, UT(11,7).2K, UR,UD,, UC,,K,UR,UD,, UC,UT(1,2,3), K,UR,UD,,UT(11,7),2K, UR,UD,,
UC,,K,UR,UD,, UC,UT(12,3)}:

6)If n=13, [RUI,UT@113)]={K, UT(13,3)UT1113),2K, UT(3,3)UC,, K, UT(13,3)UC, UC,

Ur(112!4)' P3 U IB U Kl UClS’ P3 U IG UC3 UCS UT(:L214)’ P2 U I7 UT(].,].,lg), PZ UI7 UKl UClS' P2 U I7 U

C,UGUT(12,4),RUI,UCUT(1,2,4), K,URUD,, UT(1113),2K, UR UD,, UC,, K,URUD;,

UCs UCS UT(l, 214)1 Kl U Pz U D4,1 UT(:L:L13),2K1 U Ps U D4,1 UC15' Kl U P3 U D4,1 UCs ch UT(11 2'4)}-
Proof: Let H~R,UI,UT@Ln),then M(H)= M(RUI,UT(@Ln)), By Lemma 2.4, we obtain

M(H) = M(l;)=2. There must be a connected component H, in H belonging to the set Q,.Let H= H, U

H,. Thus, we distinguish with the following cases accordingto M(l,).

Case 1: If H =K,,,then PR,UI,UT@LLn)L K ,UH,.By K,,UH,L RUI;UT@LLn)L RUI;UK U
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C..U PRURUK_,UC,, wehave H,ll RLURUC,,,.

Subcase 1.1: If n=1, then H,L R,UR,UC,,,;

Subcase 1.2: If n=1, by Lemma 2.6, we have H, [l B,UR,UC, I B,UPR;;

Subcase 1.3: If n=2, by Lemma 2.6, we have H, ' P,UR,UC, [ P,UPR,.

Case 2: IfH, =T(2,2,2), then RUI,UT@Ln)[ T(2,2,2)UH,.By K URUI,UT@LLn)L K UT(22
2) UH, 0 K,UR,UD,,UH,0R,Ul;UH,, wehave P,UH, [ K,URUT@Ln)L 2K,URUC,,,.By
Lemma 2.5 and Lemma 2.6, this case does not exist.

Case 3: If H, =T(1,3,3), then R,UI, UT@LLN)L TA3,3)UH,.By K,URUI, UT@Ln) K, UT®33)U
H,U K,URUD,,UH,0PRUI;UH,, wehave H, [l K UT(@LLn)l 2K, UC
Subcase 3.1: If n=4,7,13, then H, [ K, UT@LLn)L 2K, UC,,,;

Subcase 3.2: If n=4, by Lemma 2.6, we have H, 0 K UT(1,1,4)0 2K, UC, 0 K, UR,UD;;,;

Subcase 3.3: If n=7, by Lemma 2.6, we have H, [ K, UT(117)[ 2K, UC, [ K,UC,UT(1,2,3);

Subcase 3.4: If n=13, by Lemma 2.6, we have H, [ K,UT(1113)[ 2K, UC, [ K,UC,UC,UT(L2,4).
Case 4: If H, =T(1,2,5), then P,UI,UT@Ln)L T(L25UH,.By K,URUI, UT@LLN)L K, UT(25)
UH, [ K,UP,UD,,UH, 0P, Ul,UH,, we have P, UH, [l K, UR,UT@Ln)[ 2K, UR,UC,,,.By
Lemma 2.5 and Lemma 2.6, this case does not exist.

Case5:If H,=1_,then RUI,UT@LNn)L I, UH,.

Subcase 5.1: If n=1,2,4,7,13, By Lemma 2.6 and Lemma 2.7, we have |, UH, L RUI;UT@LLN)C R UI,
UK,UC,,, U RULLUT@Ln)L B,UI, UK UC,,,.So,if m=6,wehave H, RUT@LLN)L B,UK, U
C,.,: ifm=7,wehave H, RLUT@LLn) P,UK UC,,,.

Subcase 5.2: If n=1, By Lemma 2.6 and Lemma 2.7, we have |, UH, [ R,UI,UT(L1)C RUI,UK U
C,U R,UKUl,.So,if m=6,wehave H, [ R,UT@LLY) [ PR,UK UC,:if m=9,H, K, UP,.
Subcase 5.3: If n=2, By Lemma 2.6 and Lemma 2.7, we have | /UH, [ RLUI;UT@112)C R UI U K U
C,. K,UPUI, L RUILUT@L2)L PUI, UK UC, L K, UP,UL,.So,if m=6,wehave H, [ P,U
TALL2)U RUKUC, LK UPR;if m=7,wehave H,_ P,UT@12)[ P,UK, UC,;if m=11, we have
H, [ K, UP,.

Subcase 5.4: If n=4, By Lemma 2.6 and Lemma 2.7, we have | U H, [ RUI,UT@LL14)C RUI, UK, U
C,L 2R Ul UD,, L RUI,UT@L4) L P,UI,UK UC, 0P URUIUD, " I,UPRUT22).So, if
m=6,wehave H,[l PLUT@@L4)C RLUK UC;L 2P, UD,,;if m=7,wehave H,[ P,UT(L14)L P,
UK UG, PRLUP,UD,, 0RUT(L22).

Subcase 5.5: If N=7, By Lemma 2.6 and Lemma 2.7, we have |, UH, U R,UI,UT@LL7)L RUI,UK U
C, U RUILUC, UT@L23)L RUILUTLL7)L RUILLUKUC, L P,UILUC,UT(1273).So,if m=6,
we have H, [l RUT@LL7) BUK UC, U RUC,UT(L23);if m=7,wehave H,[ PLUT@LL7)[ P,
UK, UC, [ R,UC,UT(L23).

Subcase 5.6: If n=13, By Lemma 2.6 and Lemma 2.7, we have |, UH, [ RUI,UT@113)L RUI,U
K,UC.L RUILUC,UC.UT®L24)0 PUILUTELLI3)L PUILUK UCL PUI,UC,UC.U
T@L24)L RUILUCUT@®24).So,if m=6,wehave H, ! BUT@LL113)l RUK UC,L RUC,U
C.UT(L24);if m=7,wehave H,[ P,UT(1113)L P,UK,UC,L P,UC,UC,UT(124) _RUC,
UT@249).

Case 6: If H, =D, ,, then P,UI;UT(@Ln) D,,U H,. By Lemma 2.7, we have K, UP,Ul;UT(L1n)

[ K, UD,, UH, 0 1,UH,.

Subcase 6.1: If n=2,4,7,13, By Lemma 2.6, we have H, [l K. UR,UT@LLn)[ 2K, URUC

n+2 "

n+2 "

n+2 1
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Subcase 6.2: If n=2, By Lemma 2.6, we have H, [ K, UR,UT(LL2)[ 2K,UR,UC, [ 2K,UP;
Subcase 6.3: If N =4, By Lemma 2.6, we have H, [ K, UR,UT(L,14)[ 2K, UR,UC, [ K U2P,UD,;;
Subcase 6.4: If n=7, By Lemma 2.6, we have H, [l K URUT@LL7)C 2K, URUC, K, URUC,U
TL23):

Subcase 6.5: If n=13, By Lemma 2.6, we have H, [l K, UR,UT(1,113)0 2K, UR,U C, [ K,URUC,U
C,UT(L24).

Case 7:If H =D,,.By D;, 0 D,, ,itissimilar to Case 6. The proof is omitted.

The proof of Theorem 3.1 is complete.

By Theorem 3.1 and Lemma 2.8, we have Theorem 3.2:

Theorem 3.2 Let [(P, U1, UT(L,1,n))°] be The classes of matching equivalent graphs of (P, U1, U T(L,1,n))°.
Then

(D n=124713, [(RUI,UT@LN)) 1={(R,UP,UK,,UC,.,)", (K, UT@33)UTELn)°, 2K UTE
33)UC,..) (RUI,UK UC, ), (RUILUT@LN), (RUI, UK UC,,)"  (RUK UD,, UT@LLn)",
(R,U2K,UD,,UC,,,)", (RUK,UD,, UT@Ln)°, (R U2K,UD,,UC,,,)};

2 1f n=1, [(RUI,UTALLD)]1={(R UK, ,URUGC,),(RUK_ ,UR),(RUI, UK UC,), (R UI,U
T@ELLD) (R U ILUK UC) (1, UK, UR)", (R Ul UK))} s

@) Ifn=2, [(RUI,UTALL2)]={(RUK ,URUC,),(RUK ,UPR), (RUI,UK UC,), (UK U
P), (RUILUT@LL2) (R UI,UK UC,) . (RUI,UK) " (RUK UD,,UT112), (RU2K U D;,
UC,)", (2K, UD,, UPR)*, (R,UK, UD,, UT(11,2))",(P,U2K, U D,, UC,)*, 2K, UD,, UP,)}:

@ 1fn=4, [RUI,UTLLA)T={TL3JUK UTLL4)), (T (L33)U2K UC,), (TEL33)UK URU
D)% (R U LUK UG, (2R Ul UD;,) (R UILL UT@L4) (PR UI UK UC), (R, UI,URUD,,)",
(RUILUT@272), (RUK,UD,,UT@14)°,(P,U2K, UD,,UC), (2P, UK, UD,, UD,,)*, (RUK,U
D,, UT(@14)), (R, U2K, UD,, UCs)", (2P, UK, UD,,UD;,)°};

G)Ifn=7, [([RUI,UTLL7)1={T @3 3)UK UTELL7)), (T ¢33)U2K UC, ) ,(TL33)UK UCU
T@2,3)", (RUILUK UC) , (RUI,UC,UT@L23)" (R UI,UTELL7) (RUI, UK UC), (RUI,U
C,UT(L273)", (K,URUD,,UT(117)° (2K,URUD,,UC,)" (K,URUD,,UC,UT(1273))" (K,UP,
Ub,, UT@17)%(2K, UR,UD,, UC) , (K,UR U D,,UC,UT(1273)}:

6)I1f n=13, [(RUI,UT@LL13) ]1={(K,UT@E33)HUTELL1LI))", (2K, UT(@L33)UC,), (K,UT(L3,3)
UC,UC, UT(L2,4))", (RUI, UK UC,)",(RUI,UC,UC,UT(12,4))", (P, UI,UT@113), (RUI, U
K,UCy)", (RUI,UC,UCUT(12,4))°,(RUI,UC,UT®24)°, (KURUD,,UT(1113)", 2K, UR,U
D,,UCs)", (K, URUD,, UC,UC,UT(%2,4))", (K,URUD,, UT(1113))*,(2K, UR,UD,; UC;)", (K, U
P,UD,; UC,UC,UT(L2,4))}.
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