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I.  Introduction:

The theory of fractional calculus (that is fractional order differential and integral equation) has newly
received a lot of attention and establishes a meaningful branch of nonlinear analysis [9,10,14,15] Number of
research monographs and research papers has appeared to contribute to integrals and differential equation of
fractional order which now constitutes a significant branch of nonlinear analysis [8, 10, 20, 3]. In the last few
decades, however fractional differentiation proved very useful in various fields of applied sciences and
engineering [11,17,22,25] and [5]. Fractional differential equation rise in the mathematical modelling of system
and process occurring scientific disciplines such as physics, chemistry, biology, economics, signal and image
processing, feedback amplifier and electric circuits [6.7.23,24]. Numerous research papers and monographs
devoted to differentialand integral equation of fractional order have.

In this chapter we study the existence of locally attractive solution and existence of extremal solution

of the following fractional order quadratic differential equation.

x(®)-Atx®)\ _
D? (W) = g(t,x(t)) a.e.t eR, Q)

x(0) =x, €ER,

wheret e R, =[0,0) and 0<¢é<1, R, XR->R, iR, XRXR->R and :R; X RXR - R are

functions which satisfy special assumptions.
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Il.  Preliminaries:
In this section we give the definitions, notation, hypothesis and preliminary tools, which will be needed in the
sequel.
Let X = AC(R,, R) be the space of absolutely continuous function on R, and S be a subset of X. Let

a mapping A: X — X be an operator and consider the following operator equation in X, namely,
x(t) = (Ax)(t), forallt € R, (2.1)

Below we give some different characterization of the solutions for operator equation (2.1) on R,. We

need the following definitions.

Definition2.1[12, 13, 22, 23, 25]: We say that solution of the equation (2.1) is locally attractive if there exists a

closed ball B,.(0) in the space AC(R,, R)for some x, € AC(R,, R)and for some real number » > 0 such that

for arbitrary solution x =x(t) and ¢ = ¢(t) of equation (2.1) belonging to B,(0)NS we have
that, limt_m(x(t) — y(t)) =0

Theorem?2.2: [4,16,18,23,25]: Let S be a non-empty, convex, closed and bounded subset of the Banach space X
and let A, C: X - X and B: § — X are two operators satisfying:

a) Aand C are Lipschitzian with lipschitz constants ¢, n respectively.
b) B is completely continuous, and

c) x=AxBy+CxeSforally €S

d) ¢M+n < 1where M = ||B(s)|| = sup{||Bx||: x € S}

Then the operator equation x = AxBx + Cx has a solution in S

I11.  Existence Theory
Definition 3.1[22, 23, 24]: A mapping o: R, X R X R — R is Caratheodory if:

i) t - o(t, x,4) is measurable for each x, ¢4 € R and
i) (x,4) — o(t, x,4)is continuous almost everywhere for t € R,.

Furthermore, a Caratheodary function o is £! —Caratheodary if:

iii) For each real number r > 0 there exists a function 4, € L1(R,,R) such that|o(t,x,4)| <
#,.(t) a.e. teR,forallx € Rwith|x|, <rand |yl <T.

Finally, a caratheodary function o is L —caratheodary if:

iv) There exists a function 4 € VL1(R,,R) such that |o(t,x,¢)| < A(t), a.e. te R, for all
x,9 €ER

For convenience, the function 4 is referred to as a bound function for o.

IV.  Main Result
4.1 Existence the solution of SNQDE (1)

Lemma 4.1: Suppose that ¢ € (0,1) and the function f, g satisfying SNQDE (1.1) then x is the solution of the
SNQDE (1.1) if and only if it is the solution of integral equation
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x2() = h(t,x(®)) + f(t, (1)) [Xof(f;()? ’;0) + fot(t - s)g(s,x(s))ds] ,tER,

(4.1)

Proof: Integrating equation (1.1) to second order, we get

o (X®) = (6, x(®)
1D (—f(t'x(t)) >_1 g(t.x(®))

x(©) = h(t,x®)]" [t [t
x(t) — h(t,x(®) x(0) — h(0,x(0))
f(tx(®) £(0,x(0))

t (t—s)"~

Since fotf(t)dt” = fo

= ftftg(s,x(s))ds ds

D f(s)ds Where n = 0,1,2,3, .

x(t) — h(t,x(t)) x(0) — h(0,x(0)) _

=z 1)'f (t—9s)g(s,x(s))ds

f(t,x®) £(0,x(0))
x(t) — h(t,x(0)) _ x9 — h(0,x) t B
f(t,x(t)) = 700, %0) +f0 (t s)g(s,x(s))ds
x(t) = h(t, x(®) + £(t,x(®)) <% j t - )g(s, x(s))ds)

Conversely differentiate (4.1) twice w.r.to t, we get,

— h(0, xo)

x(t) = h(t x(t)) + f(t (t))[ F0.x j (t - s)g(s x(s))ds]

Can be written as,

x() — h(t, x(t)) [ —h(0,x,)
£t %)) £(0,x,)

J (t— s)g(s x(s))ds]
Differentiating this equation

x(t) = h(t,x(©)] _ [ — h(0,x,) ]
D[ flex@®) 171 f0,x0) f f 9(s,x(s))ds

b [x(t) — h(t,x(®))

fltx®) ] B f 9(sx()ds

Again, differentiating above equation

D2 [x(t) — h(t,x(0))

£(6x(0) ] = g(s,%(1))

hence x is the solution of the SNQDE (1.1) if and only if it is the solution of integral equation x(t) =
h(t,x(6)) + f(&,x(D) [ + fot(t - s)g(s,x(s))ds] t € R,

x0—h(0,x9)
£(0,x0)

*Corresponding Author: Mr. Pravin M. More 25 | Page



Existence the locally attractive solution for second order nonlinear quadratic differential equation

We shall study the existence of solution for the (SNQDE) (1.1) under the following general assumptions:

(31)The function f:R, x R > R—{0} is continuous and bounded with bound F = sup(.|f(t, x(@®)]| ,
there exist a bounded function ¢: R, — R with bound |[{|| such that, If (6, x(®) - f(t, ()| <
§@Ix(®) -y, vr,y €R

(7€) The function h:R, X R — R is measurable in (t,s) forany x € R and continuous in x for almost all

(t,s) and H = sup(,.)|h(t, )|, there exist a bounded function n: R, — R with bound ||5|| such that,
|h(t, 2(®)) = h(t, y(©)| = n(®)|x() — y(©)|, Y=,y € R and it vanishes at infinity.

(#€3) The function g: R, X R - R continuous and Caratheodory then there exist a function p: R, X R, - R

with bound [|p|l such that |g(t, z())| < p(t,s) vt € R,.

(%€ 4) The function p,: R, — R, defined by the formula p,(t) = f;(t —5)g(s,x(s))ds bounded on R, and

lim;_,p(t) = 0 that is vanishing at infinity.

Remark (4.1): Note that the hypothesis (#£1)—(# ) hold then there exist a constant function ¥, > 0 such that
Ky = supesop2(t)

x0—h(0,x9)
f(0,x0)

then SNQDE (1.1) has locally attractive solution on the Banach space X = AC(R,, R).

Theorem (4.2): Assume that the hypothesis (#,)—(F,4) holds, further if IIZII(

+3G) + lInll < 1

Proof: Define a non- empty, convex, closed and bounded subset S of Banach space X = AC(R,,R) as

x0—h(0,%9)

S ={x € X:||x|| <7}, where r satisfies the inequality ||{|| ( F00)
0

+36,) + Il < 7.

Now we define the operators A: X — Xand B: S —» X and C: X — X by,

Bx(t) = %S{’SO) + fot(t —5)g(s,x(s))ds, t € Ry (4.3)
Cx(t) = h(t, (1)), t ER, (4.4)

The SNQDE is equivalent to the operator equation
x(t) = Ax(t)Bx(t) + Cx(t),Vt € R, (4.5)

Now, we will prove that, the operators A, B and C satisfy all the axioms of theorem (2.1).
Step I: To show that A and C are Lipschitzian on X.
For that, let x, y € X, then by hypothesis (#,), for t € R, we have,
|Az () = Ay®)] = |f(t,2(©®) - f(t,y®)|
< {®lx® —y®I

After taking supremum over t, we get
lAx — Ayll < lI<Illlx — vl for all x,y € R.
Therefore, the operator A is lipschitzian with lipschitz constant ||||.

Now to show C is Lipschitzian on X for any x,y € Xwe have
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ICx(t) — Cy(®)| = |r(t, 2(t)) — h(t, y(©D)|

n®x®) —y@®|

IN

Taking supremum over t, we obtain
ICx — Cyll < lInllllx —yll, forall x,y € R
Therefore, the operator C is lipschitzian with lipschitz constant ||n||.
Step 11: To show that B is completely continuous on X.
This can be achieved by showing that B is continuous, uniformly bounded and equicontinuous.

Let {x,.} be a sequence in S such that {x,,} — x.Then by dominated convergence theorem,

. . —h(O0, t
lim,,_,e B, (t) = lim,,_,¢, {xofT(x;O) NGRS $)g(s,x,(s)) ds}
__ x0—h(0,x9) te, _
= + fo (t—95)g(s,x(s)) ds = Bx(t), Vt € R,

This shows that Bx,, converges to Bx pointwise on S.
Next to show sequence {Bx,,} is a uniformly convergent in S.

Let t;,t, € R, be arbitrary with t; < t, then

|Bx,, (t2) — B, (t1)|

_ | =hOx) (=

| £(0,xp) +f0 (t; — )g(s,x,(s)) ds
Xo — h(O,xO) ty

_<W+ \ g(tl—s)(s.xn(s))ds>

ty ty
Bz, (t;) — Bz, (t,)] = f ¢ — $)g(s, xn(s)) ds — f (¢ — $)9(5, %a(s)) ds
0 0

|Bx,, (t;) — Bx, (t)| =

j (s~ 9)g(5,2a(s)) ds — j "ty — )9(5,%,(5)) ds
0 0

Bz, (t;) — Bz, (t1)] <

ty ty
f (t, - )lIpll ds - f (t: — )lIpll ds
0 0

ty t1

Bz, (t2) — Bz, (t)| < lpll || (2 =s)ds—|lpll [ (t; —s)ds
0 0

B, (t;) — B, (t)] < lipll (|f52(2 — ) ds = [ (2 — 5) ds])

22ty
B, () — B (t)] < IIpll (5= %) - 0as &, > b, ¥n €N

This shows that the sequence converges uniformly, and uniform convergence imply continuity by using this

property of uniform convergence we can conclude that B is continuous on S.
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Step I11: To show B is compact operator on S.
For proving this, it is enough to show that B is uniformly bounded and equicontinuous in S.

First, we will show that B is uniformly bounded. Let x € S be arbitrary then

x, — h(0, x, t
IBx(t)| = (X% %) +f (t—s)g(s,x(s)) ds
’xO) 0
x9—h(0,x9) h(0,xq) _
S +f |t — $)g(s,x(s))|ds
x0—h(0,%9)
~roxe) + p2 (1)
Taking supremum over t, we obtain
xo — h(0,x,) xo — h(0,x,)
Bx|| < |=———<—| + sup¢» t)=|—————|+XK,,VtEeR
IBx|| 700, x0) PezoP2(t) x0) 2 +
Hence B is uniformly bounded subset of S.
Now to show B is equicontinuous on S.
Let t;, t, € R, then,
|Bx(t,) — Bx(t)l
xo — h(0,x,) j'tl ( — h(0, xo) f )
=|l—+ t, —s)g(s,x(s))ds — | ————— t, —s)g(s,x(s))ds
Forg T = 99(x) Ox. (82 = )9(5,x(5))

|Bx(t,) — Bx(t)] <

tq ty
Ipl f (t, - 5) ds — |Ip f (t, — ) ds
0 0

<[iph(Z=-2) -oast -t
Implies that B(S) is equicontinuous.
Hence B is compact subset of S. Hence the conclusion, that B is completely continuous on S.
Step IV: Toshow x = Ax(t)By(t) + Cx(t) = x € S,Vy € S.
Letx € X,and y € S such that x = Ax(t)By(t) + Cx(t)
By assumptions (H1-H,)
l2(®)| = |Ax(£)By(t) + Cx(t)]
< [Ax(O]I1By(®)] + [Cx(D)]

— h(0, xo)

< ([ e

f |(t — s)g(s y(s))|ds) + |h(t x(t))|

x0—h(0.x0) h(0,x9)
£(0,x0)

< F ([t

+ 11t = 9)g(s,v(5)ds) + H
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x0—h(0,%9)
f(0,x0)

o

Taking supremum over t on R, we obtain ||x|| < [|£]| (

+ Pz(t)) + H

x0—h(0,x0)
£(0,x0)

+36,) +lInll, vx €S

That is, we have, ||z|| = [[Ax(t)By(t) + Cx(t)|| < r, Vx € S.

Hence assumption(c) of theorem (2.2.2) is proved.

+ ft(t — s)g(s,x(s))ds

= SUDxes {sumem+

}

< SUPxes {Supt€R+

xo — h(0,x,)
f(0,x0)
xo — h(0, %)

) Xo)

and therefore {Ml + n= (IIle (

Step V: Finally, we show that {M + n < 1 that is condition (d) of theorem (2.2.2) holds.
Since M = ||B(S)|| = supyes{super, |Bx()}
f(ov xO) }
xo — h(0,x,)
+ P2 (t)}
xo—h(0,xq)

xo — h(0, x0)
T | fo (t = 5)g(s,2(s))ds
f(0.x0)

+ p2 (1)

+36,) + Imll) < 1

Thus, all the conditions of theorem (2.2.2) are satisfied and hence the operator equation x = AxBx + Cx has a

solution in S.

Step VI: Now to show the solution is locally attractive on R,. Then we have

h(O, 0)

{[f(t #©)] <W j (= 9)9(5,%()) ds) ; h(t,x(t))} _

lz(t) —y(@®)] = N )
{[f(t,y(t))] (W j t—s)g(s y(s))ds)+h(t y(t))}

< |f(6x©) (g2 + [yt = $)g(s.x()) ds) + [h(t,#(0)]

+£(t,y(®)] (xof(z(;”;(’) + fot(t - 9)g(s,y(s)) ds) + |h(t,y(@®)|

< 21F<"°f("0—“”‘°)+ pz(t)) +2H, Vt € R,

Sincelim, 0, (t) = 0, lim,_,h(t, 2(t)) = 0

For e > 0, there is real number T' > 0, T" > 0 such that p, (t) < = — %—"0x0)

ey ¥ 2T and h(bx®)] <

Z, vt>T" if wechoose T* = max{T’, T"}
Then from above inequality it follows that |x(t) — y(t)| < € forall ¢t > T".
Hence SNQDE (1.1) has a locally attractive solution on R,.

This completes the proof.
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Existence the extremal solutions for SNQDE (2.1.2)
Following definitions are useful in the forthcoming analysis for proving the existence of extremal solution.
Definition 2.5.8[15, 16, 18, 22, 23]: A function a € AC(R,, R) is called lower solution of (2.1.2) if

h(0, x,)

a®) < h(t,a(®)) + f(t,al®)) [f(— J- 9(s,a(s)) ds] (2.5.5)

t € R,.

Definition 2.5.9[15, 16, 18,22,23,25]: A function b € AC(R,, R) is called upper solution of (2.1.2) if

Xo— h(o, Xo)

£(0,x0) + [, —5)g(s,x(s)) dS] (2.5.6)

b(t) = h(t,b(1)) + f(¢, b(t))[

Definition 2.5.10a[[15, 16, 18,22,23,25]: A solution x,, of the SNQDE (2.1.2) is said to be maximal if x is any
other solution of SNQDE (2.1.2) on R, then we have x(t) < x,(t) forallt € R,.

Definition 2.5.10 b [[15, 16, 18,22,23,25]: A solution x,,, of the SNQDE (2.1.2) is said to be minimal if x is any
other solution of SNQDE (2.1.2) on R, then we have x(t) = x,,,(t) forallt € R,.

We consider the following assumptions.

(8B 5)The function k(¢ x(t)), and function is monotone increasing in x almost every where for t € R, .

(B ) The function f(t,x(t)) be monotone increasing in x a.e. fort € R,

(B 7)The function g(t,x(t)) is monotone increasing in x a.e. for t € R,

(B g) The SNQDE (2.1.2) has a lower solution a and an upper solution b with a < b.

Remark (2.5.11): suppose that B s- B 4 is satisfied then 3 a function h,(¢) = |f0t(t —9)g(s,a(s))ds +
fot(t -9)g(s, b(s))ds| is Lesbegue measurable.

Theorem 2.5.12: Assume that the hypothesis #5 — Hg and (B 5)- (B ) holds then SNQDE (2.1.2) has a

minimal and a maximal solution.

Proof: Let X = AC(R,,R) and consider an ordered interval [a,b] in X which is well defined in view of
hypothesis (By). Let A, B: [a, b]: — ¥ and C: [a, b] — Xbe three operators as defined in (2.4.3) and (2.4.4) and
(2.4.5).

We will show that the operator A, B, and C are monotone increasing.
Letx,y € [a, b] be such that x < y,
Ax = f(t,x(t)) then by (B)

f(tx(®) < f(t,y®). f(t. y(®))

=Ay
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Ax < Ay

xO - h(ov xO)
f(o'xo)

Xo — h(O,xo)
Br() < = 70,x)

Bx(t) = + ft(t — s)g(s,x(s))ds

+f (t—s)g(s,y(s))ds
0

t

xo — h(0,x
Bx < =2 0. %) + g(s,y(s))ds
0

T fOx)
Bx < By
Cx(t) = h(t, x(t))
h(t, x(1)) < h(t, (D))
h(t,y(®) = Cy(®)
Cx(t) < Cy(t)
Hence the operators A, B and C are strictly monotone increasing.
It can be shown, as in the proof of theorem (2.4.7) that operator A and C are Lipschitz.

It can be shown, using remark (2.5.11) as in the poof of theorem (2.4.7) that B is completely continuous. And
aM + B <1,

Let x € [a, b] be any element then by (B,) we have,
a<Aa.Ba+Ca<Ax.Bx+Cx <Ab.Bb+Cbh<b
which shows that AxBx + Cx c [a, b].

Thus, the operators A, B and C satisfy all the conditions of theorem (2.5.2) which yields that the operator
inclusion x € AxBx + Cx and consequently the SNQDE (2.1.2) has maximal and minimal solution. This

completes the proof.

References

[1]. A. Bahkani, V.Dfatardar-Gejii, Existence of Positive Solutions for Nonlinear Fractional Differential Equation, Math., Appl., Vol.
278, pp. 443- 442, (2003).

[2]. Ahmad B., Alsaedi. A., Existence and uniqueness of solutions for coupled systems of higher order nonlinear fractional differential
equations, Fixed pointtheory Appl., Article ID 364560, (2010).

[3]. Almeida R. and Torres D.F.M, Calculus of Variations with Fractional derivatives and integrals, Appl. Math. Lett. 22 (12), pp. 1816-
1820, (2009).

[4]. B.C. Dhage, A Nonlinear alternative in Banach algebras with application to Fractional Differential Equations, Nonlinear Funct.
Anal. Appl., 8, pp. 563- 573, (2004).

[5]. B. C. Dhage, Attractivity and positivity results for nonlinear functional integralequation, Diff. Eqn, & Applicn,, Vol. 2(3), pp. 298-
318, (2010).

[6]. B.C. Dhage, on a condensing mapping in Banach algebras, The Mathematical Student, \VVol. 63(4), pp. 146-152, (1994).

[7]. B.C. Dhage, on existence of extremal solutions of nonlinear functional integral equations in Banach Algebras, Journal of applied
mathematics and stochastic Analysis, Vol. 3, pp. 272-282, (2004).

[8]. B.C. Dhage, on existence theorems for Nonlinear integral equations in Banachalgebras via fixed point technique, East Asian Math.
J., 17, pp. 33-45, (2001).

[9]. B.D. Karande and A.F. Siddiqui, Existence the Common Solution for a system of Fractional Order Integral Inclusions, GIS Science
Journal, VVol.8 (6), pp: 340-351, Sept 2021.

[10]. B.D. Karande, P.M. More, S.P. Shinde, Locally attractive of functionalquadratic volterra type integral equation of fractional order,
Doc., Reserachgatenet,http://dx.doi.org/10.13140/RG.2.1.1471.7205, (2016).

[11]. B.D.Karande, Pravin M.More, Existence and extremal solution of boundary value problem for nonlinear hybrid fractional

*Corresponding Author: Mr. Pravin M. More 31| Page


http://dx.doi.org/10.13140/RG.2.1.1471.7205,(2016)

Existence the locally attractive solution for second order nonlinear quadratic differential equation

[12].
[13].
[14].
[15].
[16].
[17].

[18].

[19].
[20].

[21].

[22).
[23].

[24].

[25].

differential equations in Banachalgebra, Nepal Journal of Mathematics (NJMS), Vol. 1, pp. 23-32, (2020).

B.D. Karande, P.M. More and S.N. Kondekar, Existence of Locally Attractive Solution to Fractional order Quadratic Functional
Integral Equation,International Journal Scientific and Innovative Mathematical Research, Vol. 3(1), PP. 328-336, (2015).

B. D. Karande, P.M. More and Sachin Kondekar, Existence of Locally Attractive Solution to Nonlinear Quadratic Volterra Integral
Equation, Indian Streams Research Journal, Vol. 6(6), PP. 1-12, (2017).

B.D. Karande, Some Studies in Nonlinear Differential and Integral Equation In Banach Space, Ph.D. Thesis, Swami Ramanand
Teerth Marathwada University, Nanded, April. (2007).

C. Corduneau, Integral Equations and applications, Cambridge University press, Cambridge, (1991).

Das S., Functional fractional calculus systems Identification and controls, Berlin, Heidelberg: Springer-Verlag (2008).
H.M.Srivastava, R.K.Saxsena, Operators of fractional integration and applications, Application of Mathematics and Computers,
Vol. 118, pp. 147- 156, (2006).

Hiller R., Application of fractional Calculus in Physics, World ScientificPublishing, River Edge, N. J. USA, (2000).

I. Podubny, Fractional Differential Equation, Academic Press, San Diego (1993).

I. Podubny, Fractional Differential equations Mathematics in Science and Engineering, Vol. (198), Academic press, New York
(1999).

M.M.EL. Borai, W.G.Sayed and M.I. Abbas, Monotonic Solution of class ofquadratic singular integral equations of Volterra type,
Int. J. contemn. Math. Sci., Vol. 2(2), pp. 89-102, (2007).

Mehdi Rahimy, Application of fractional differential equations, Applied mathematical sciences, Vol. 4(50), pp. 2453-2461, (2010).
MeralaF.C.,RoystonaT.J.,Margin R., Fractional calculus in viscoelasticity an experimental study, Common Nonlinear Sci., Number
Simul.,Vol.15, pp. 939-945, (2010).

Mohamad I. Abbas, on the existence of local attractive solution of nonlinear quadratic volterra integral equation of fractional order,
Advance in differentialequation, Article id. 127093, pp. 1-11, (2011).

Ortigueira M.D., Fractional Calculus for scientists and engineering, Springer,New York (1993).

*Corresponding Author: Mr. Pravin M. More 32 | Page



