Quest Journals

Journal of Research in Applied Mathematics
Volume 9 ~ Issue 2 (2023) pp: 01-15

ISSN(Online) : 2394-0743 1SSN (Print): 2394-0735
www.questjournals.org

Research Paper

Application of Residue Theorem in Evaluating Integrals of
Rational Trigonometric Functions of Order “3 & 4” in the
Denominator

'Atanyi Yusuf Emmanuel, “Utalor Kate Ifeoma
1. Department of Mathematics, Federal University of Lafia, PMB 146, Nigeria
2. National Mathematical centre, Abuja, Nigeria
Correspondence email: atanyiemmanuel@gmail.com

ABSTRACT

In this research work, integral of rational function of sine and cosine of order three (3) and four (4) in the
denominator are evaluated over the unit circle using the residue theorem. Transforming sine and cosine of these
orders (3 & 4) to the complex field usually give rise to polynomials of degree six and above. In this work, a
polynomial root-calculator was used to determine the poles inside the unit circle. The approximated roots were
used to calculate the residues inside the unit circle. This process is more complex than that of the lower orders
(1 and 2). It shows that the higher the order of sine and cosine, the more the approximation in the roots and the
weaker the accuracy of the final value of the integral.

Keywords: Application; Residue; Integrals of Rational; Trigonometric functions; Denominator

Received 25 Jan., 2023; Revised 07 Feb., 2023; Accepted 09 Feb., 2023 © The author(s) 2023.
Published with open access at www.questjournals.org

l. INTRODUCTION
Complex integration has been advanced by a reason of being evaluated by methods of it in many
complicated real and complex integrals in applications. The main methods are: Cauchy theorem, Cauchy
integral theorem and the residues theorem. The Cauchy theorem is applicable to the integral of a complex

function over a closed contour and states that f f (z)dz = 0 this theorem does not presuppose the likelihood of
C

1 f
existence of a singular point inside the region. The Cauchy integral formula f (X) = Z—Iﬁd(f was later
721 C —
developed to handle isolated singularity inside the region where the function fails to be analytic. However, the
big question is ‘what happens if there are more than one singular points within and on the contour’? This is
where the residues theorem comes to play. The residue theorem sometimes called Cauchy’s residue theorem,
named after Augustine Louis Cauchy (1789-1857) is a powerful tool for evaluating certain real and complex
integrals.
Residue Theorem has been used to evaluate integrals of analytic functions over closed curves. (Meerut,
2006); (Pk Mittal, 2008) and many other authors have used the theorem to evaluate integral of trigonometric
functions of order one and two over the unit circle. The theorem states that providedf (z)is analytic at all points
inside and on the simple closed contour C, apart from the isolated singularities at Zk(k=0, 1, ....... n) which is

interior to C, then §c f(2)dz = 27ziz Res where ZRes is the summation of the residues of the poles

inside the contour. This shows that the residue theorem extends the Cauchy integral formula to cases where the
contour contains a finite number of singularities. Some of the areas of application of residue in evaluating
integrals are Rational Trigonometric functions of the form F (cos &, sin &) over a unit circle.

Rational functions over a real line Rational and trigonometric functions over a real line.

Bending Round a Singularity.

Integrand with Branch points.
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Residue method is employed particularly when it is not possible to find indefinite integral explicitly. Even in
cases where ordinary methods of calculus can be applied, the use of residues often proves to be a labour saving
device.We usually want to integrate some real functions which can be extended to the complex domain. It must
be recognized that the techniques of complex integration apply to closed curves while a real integral is over an
interval. It then follows that we need a device to reduce our problem to one which concerns integration over
closed curves. The residue theorem is one such device which combines results from Cauchy theorem and
Cauchy integral formula to make our work easy. It is intended to illustrate in this work how residue theorem can
be used to evaluate integrals of rational trigonometric functions of order three and four.

Il.  Materials and Methods
In this chapter we shall restate and prove the residue theorem and examine some basic concepts involved in
evaluating integral by means of residue.

1. Residue Theorem
If f(z)be analytic in a simply connected domain D except at a finite number of singular points

Ly 7y eeereeeneenens Z.,and be continuous on the boundary of C which is a rectifiable Jordan curve, then

n
§ f(2)dz =270 ) Res(z)
i=1
1. Proof of the Residue Theorem
We enclose the singular points by positively oriented circles Cl C2 .............. Cn Such that the circles along

with their interior belong to D and do not overlap. Then f (Z) is analytic in the multiply-connected domain
D obtained by removing from D these circles and their interiors. The boundary D* obtained by removing from D

these circles and their interiors also consists of the curves C,—('_:1 e 7 R C,so that
1 1 1
— | f(2)dz+— f(z)dz+...cco...e. — f(z)dz=0
2 @] @ * ol @
1 1 1
— | f(@dz=—| f(@)dz+..cecirererrn.. — | f(2)dz
7 10 =] 1@ *oide, T
= Res(7) + v, +Res(z.)=> Res(z)
i=1

[ f(2)dz = ZMZ Res(z) D Res(z)

Theorem 3: If f has an isolated singularity at @ then f has Laurent series expansion near a (punctured

neighborhood of a ) or in some neighborhood of a (annuli).
Alternatively,

If a function f(z) is analytic throughout a doubly-connected domain D defined by I <| Z—a |< R, which is a
circular ring with centre ''@" then it can be represented by an expansion of f (z). This means that we can
write

f@)=Ya.(z-a)"

N=—o0

4. Computation of Residues:
Residue computation constitutes an important step in the application of the subject of residue. We shall
now see how the residue at a point can be computed.

z
Suppose that ¢(2) is any given function and that Z = @ is a zero of any order M of y/(z) but not a zero o

@(z). Thena is a pole of order M of the function. We first consider the case of a simple pole in which case
m =1. We then have w(z) = (z —a) f (z) where f (@) = 0.
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p(z) _ 1 9(2)
v(®) z-af(2)’
- F(2) (F)= 22,
zZ—a f(2)
Hence F(z) is analyticat a and F(a) =0
By Taylor’s theorem, we have in a neighborhood of @, F(z) =F(a)+(z—a)F'(a)+.......... so that we
have the Laurent series

M F(a) —+F'(a )+( )F"(a)+ .............

Thus

[f(a)=0]

w(z) (z-3a) 2!

Thus

R F(a) = 2@
es(a)=F(a) = @)

We now state this result in a form involving ¢(z) and y/(z) only as follows:
The residue of

9(2)

v (2)

At Z = awhich is a zero of order one of y/(z) but not a zero of ¢(z)is
. (2-23)p(2) | ¢(a)

lim

e Y(2) l// "(a)
Since

(z-a)p(z) _ (z-2)p(2)
v (z) (z-a)f(2)

=F(z),when z#a

Therefore,

IILn % = I|£n F(z) = F(a) = Res(a).
Also

w'(@2)=f@)+(@z-a)f'(2)

So that

y'(a)=f(a)

And

(@) _ (@)

l//'(Z) t(a) =F(a)=Res(a).

Suppose that a is a pole of any order M, we have then a neighborhood of a

w(2)=(2—a) f(2) where f(a)=0
Now
pz) 1 w@@»_ 1
v (z-a)" @ (z-a)
By Taylor’s theorem we have in some neighborhood of a
mt |:'“ @
F(z2)=F(@)+(z-a)F'(@)+.....+(z—a) —r
We see form (1) and (2) that the residue at @ of ¢(Z)/l//(2) is
_ F m—l(a)
(m-=1)!

[ € PO (@) where F(a) =0
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5. EVALUATION OF INTEGRAL
To evaluate integral of real- valued function using the residues, a number of steps are required

. . . 0. 1 1
Transform the real valued function into the complex plane using the relation z = eI , sinf@ = ? (z—-)
| z

and cosezl(z +1).
2 z

Find the singularities of the function F(z)
Calculate the residues at the poles inside and on the contour.
Multiply the sum of the residues by 2ri and simplify the result.

Numerical Experiments
We have seen the theorems related to residues theorem and their proofs. We shall proceed in this to look at the
application of residue theorem in evaluating integrals of rational trig functions within the unit circle.

Examples 1:

1
1. Find the residue for the function (24+1) 2_1(22_1) 2=0.

Solution:
‘41
Res(0) = |lim z.ZT =-1
720 Z(Z —1)
1 . . : . .
2. let f(z) =—5————find the residues of all isolated singularities of f .
7 (Z +1)

Solution:
Note that Zz+1: (z—1i)(z +1). thus T has three singularities, 0,1 and —i . 0 is a pole of order 2 and

+1 are poles of the first order.
The residue at 0 can be computed as shown

. d/( : . d 1 . -2z
Res(0)=llm5(z f(Z))=I|mE z . |=lim-———5=0.
720 720 Z +1 720 ( 2+1)
] . ] . 1 1 -1 i
Res(i) = z-1Nf(2)= = = =_
O=lim @=DT@=hm| .5 = "6 "2 2
) . ] . 1 1 1 —i
Res(-i) = z+)f(2)= = =—=—
C0=lm G=D1@ =hm| 20 =5 1= 565 "2 7%
Problem 1
7 1
Problem 1: EvaluateJ. —Zdt
=1+ 3(cost)
Solution 1:
Let z=¢"
Recall that COSt = 1(e“ +e‘“)= 1(2 +1j
2 2 Z
and %:iz,dtzz
dt iz

Taking c to be a unit circle, we substitute to get
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.
iz
“1+ 3(1(2 +1D
2 Z
_if — | _ldz

:if 3 — . dz=—if L dz
°z+z(22+22+2 z+z(z3+22+j
4 Z z
:—iif 3 ! dz =—i§;3dz
e R 3z2° +10z+ =
4 2 4 z
. 1 : z
:—4I§—dZ=—4I§ﬁdZ
i

dz

w

oSl o

B (z+\/§Xz—\/§fz+ij(z_ij §

1 1 1 1
The singularities to be considered are 321 and —3 21; let C; be 0 about 321 and C, be about —3 21i; then,

e —%i f z _ ——dz + z —dz
Cl(z+‘/ﬁxz_\/§(z+\/|§j[z+\/l§j °2(z+\/§in—\/§(z—\/|§j
| z+\/|§ _
:—gi 27 : - ‘ +2n : i ‘
oo ile- ) ||l )
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i
87 J3 J3

=— +
3 i - i i i - i - i -
i i
8z V3 N 3
E-ElE) [EE
B BlE) BB E
0 i
3 V3 . V3
(&S (5)E)E)
AW W e 3) V3 )43
Y S
8 B .\
3 4 2 2 2 4 2
(5515 (51E)E)
T
_8z| N3 ., 43
*(55) (55)
(3v3) |33
:8_”_i+i}
3116 16
2x do
Problem 2: Evaluate '[O m
Solution 2:
Using the transformation z =e'?,d6@ = (I:IZZ
cos @ = i -;Z , we transform the definite integral to a contour of unit circle
_ o dz :
'Io 5c039 13 §(z+z ) 13'd _§5[zz+1j13"2
2 22
i 2dz i 2dz _ 2dz
- §522 262+5 §522—252—z+5 - §52(z—5)—1(z—5)
B 2dz
&9 (52-1)z-5)
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1 1
The poles are Z = c andz=5, z= c is inside the circle while Z =5 is outside

1
.. Calculating residue at Z = g we have

S (=

_5z-1 2 2] 1
5 (52-1(z-5) 5 1 ¢
5
Res—2| L |_2(5)__1
" 5/1-25| 5(-24 12
5
dz
-'~_[2ﬂ do - iz
0 5c0s0—13 < 5z2°-26z+5
—|_[ 20z :ix27z1><(—i}
) (52-1)z-5) 2
{3
12
_r
6
Problem 3: Evaluate _[2” d(?
0 2+sin@
Solution 3:
" dz . A
z=¢",d0=—andsinfd = -
Using, 1z 21
J-Zzz‘ de _§ dZ
0 24sin@ k_ z-z7 .
2+ Y V4
21
—f dz _§ dz
z—-z7% . 47 +2% -1 .
2+ 4 — .z
21 271
B 2dz
¢ z° +4zi-1 taking the denominator
z+4z1=1

2% +4zi+(2i) =1+ (2 ) by completing the square
(z+2i) =1-4=-3

Z+2i=+/-3=%3i

sz=-2i+3i
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— 2i++/3i or —2i—+/3i

—2i+ /31 isinside the circle while — 2i — \/5 is outside the circle.

| . 2
.,Res(F, 2l \/5)_aszum@{((z+2i—x/ﬁxZJrZiJﬂ/ﬁ)J}

Res= |j (#j
aszjm@ Z+2i+\/§
2 2 1

T i Bi+2i443 243 3
) J-fo dé _§ 2dz
o 24sing °(z+2i—\/§Xz+2i+\/§)

2zt
J3i
2
V3
2z sin> o
Problem 4: Evaluate *° 9 —4C0S6
Solution 4:
Let,
. dZ ] ZZ -1
z=¢€",d0=—andsing ="
Iz 21z
So that,
2 2 2 2
sinfo=| =1 = (22 -1)
2iz —47?
2
z°+1
cosf =

22
Transforming into contour integral we have

(22 —1)2

2z sin®dé@ _47
-[0 5—4cosé §5 4(Z+l) Zdz
22
(2* -1
§ -4z dz = _if 2(22 _1)2
c10z—4(z2+1) . 4210z - 42° - 4)

_ _§ Z —1 dz
27%(42-2)z2-2)
the poles are

z=0,z=1and,z=2
2

Here, z = 2 is outside the circle
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~Res(f,0)= |lim {z 22((22_1)2 }

asz—0 42 - 2)(2 - 2)

~.Re s[ f %) = Ialsm {Z 222(22(5__1)1()22—2)}

(2 1) dz=4x2mx§

S NN w

c22°(22-1)z-2)
2rx3 3_7[
8 4
2z Cc0S364d6
Problem 5: integrate *° (5—3cos @)’
Solution 5:
Using the transformation
2 3 -3 6
z =e‘9,d0=$and cosO = +1, 0s39=2 12 _Z tl
iz 21 2 22
We transform from the real to contour integral as follows:
6
2’ +1
szr cos 3¢ _if 27° dz
0 _ 4 ) 4
(5-3cos6) (5_3( +1)j iz
217
_j: 2° +1 %
k _a2,2_a\' iz
223(10z 3z 3]
21
B if 2% +1 dz _ _§
5, 102 -32° -3J iz 07 (07322 —3)
16z*
The poles of
—3z° +10z -3
are
Z= 1or, z=3
3
1
z==
3

is a pole inside the circle
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Res(Féj :ﬁ%{(z‘@ (-3 j)j(lz—B)A}

_14d° (32—1}4. 2° +1
Adz* |\ 3 ~(32-1)*(z-3)"
__L1df el
6 81dz (z-3)

(62°){z° +1)(z-3) } (z-3f{6z°(z—3)-4(z° +1)}

(z-3f (z-3)
_(z-3)pz° -182° -42° -4} 2:°-182°-4
(Z 3)8 (z-3)
1 i d? 1825 4
6 8ldz’ z-3)
1 122 —-90z ) ( -18z2° 4)5 z—
~ 486 dz (z—3)°
B (z-3)"[(z-3)122° —90z*)-5(22° —182° — 4)|
486 dz (-3
(z—3)*[122° - 902° - 362° + 2702* —102° +902° + 20]
~ 486 dz (z—3)°
22° —362 + 2702 +20
486 dz
) (122° —1802* +10802° ) 6(z — 3)° (22° —362° + 2702* + 20)
486 (z-3)*
1 [(z-3)°(z-3)122° —180z* +10807° ) 6(22° —367° + 2702* +20)
- 486 (z-3)?
1 [122°-180z° +1080z° —367° +5402* —32407° —127° + 2167° —16202* —120
486 (z-3)
1 |1620z" -3240z° -120
486 (z-3)
1)’ 3240
~3240 = | -120 3240
1 (3) 1|7y 0 1 -3
= = — = — - 240)(
486 (1 3}7 486 ( 8J7 486 —8’
3 3

*Corresponding Author: Atanyi Yusuf Emmanuel 10 | Page



Application Of Residue Theorem In Evaluating Integrals Of Rational Trigonometric ..

486| 8 | 486x2097152
8 722 +1 8 . 240x2187
—§ 4dz:T><27z1><—
i (_ 372 1107 — 3) i 486 x 2097152

_ 87x2160 21607
2097152 262144

1 {24O><37} 240 x 2187

_ 1357
16,384
2r do
Problem 6: Evaluate 5—3COSA‘9
Solution 6:
z =ei9,d0:$,c030=£(z+ z_l)
Using the transformation 12 2 we move from the real contour integral as
follows:
J-Zir de _§ dZ
0 5_ 4 4
5-3cos ¢ ° 7241
iz| 5-3
22
J~ dz
= (80z2'-3(2+1
167"
if 167" dz
4 8 6 4 2
= 807 -d7'+47'+67 47"+
if 167" dz

80z'-3z'-127"-18z'-127"-3

8 6 4 2
, =3z -127 +62z -127 -3=0 _ ,
Solving the polynomial using polynomial

+0.596,+1.675,+0.377i,and,+2.649i
calculator gives the roots; out of which 0.377 and 0.596 are

inside the circle while the rest are lying outside the unit circle.
The residue at these points are :
Res(z,-0.596)=

3
i 0-596) 16z
as!lrﬂge{(z ’ (z+1-675)z—1-675)z+0-596)z —0-596)(z — 0-377i {z +0-377i )z — 2- 649i )z + 2 - 649i )

16(—0-596 )
- (~2-450)(-1-192)0-497)7-372)
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ﬂ =_0-3166
- 10-7000

Similarly, Res(z, 0.596) = -0.3166
Res(z, -0.377i)=

3
i 0-377i) 167
Zl'mﬁ -+ I’(z +1-675)z—1-675)z+0-596)z —0-596)z +0-377i)z —0-377i)(z + 2-649i )z — 2 - 649i)

16(-0-377i)
(-0-377i +1-675)—0-377i —1-675)—0-377i +0-596 - 0-377i — 0-596 - 0-377i — 0.377i |- 0.377i + 2.649i )

~ 0.8573i

(—2.9478)(— 0.4973)6.8751)— 0.754i)
_ 085731 _ 41108

~7.5992i
Similarly, Res(z, 0.377i) =0.1128
Therefore

167

-if Z dz = i.27i(0.1128 - 0.1128 — 0.3166 — 0.3166)

—3z -127'+62z'-127°-3
=27(0.1128-0.7460)
=-0.63327

2n do
Problem 7: Evaluate _[

* (2+cosO)

Solution 7:

04 dz q 1
Using the transformation 2 =€ 0= Ean cosf = E Z+ ; we move from the real integral to contour

integral as shown

Zj( do ):§ dz
o(2+cos@) * (- ,241)
ST
:—|§ dz :—if 822dz
Z(4z+22+17 (4z+22+1)7
8z
__gi szz
(22+4z+1f

2
Solving the equation Z 42 +1=0 (o obtain the singularities of the denominator we have

*Corresponding Author: Atanyi Yusuf Emmanuel 12 | Page



Application Of Residue Theorem In Evaluating Integrals Of Rational Trigonometric ..

7 +4z=-1
Zz+4z+22=—1+22=3
(z+2) =3
z+2=i\/§,z:—2+\/§,or—2—x/§

The pole — 2+ \/§ of order three lies inside the unit circle while — 2~ \/§ is outside the circle. The residue at
this pole is given by

Res(z 2+\/_) Dmf{(nll)'gnl (( ( 2+\/§) f(- 2+\/_)j}wheren 3

i 29 (21 3)) f
HIMEL 7 :(z ( 2+\/§))‘ (Z_(_2+\/§))>(z+(—2—\/§))7”

i dz) 7
im, 2]
. i_(z—2+\@)7(22)—322(z—2+\@)2
v 2| (z—2+\@)6

. i_(z—2+\@)z[(z—2+f)(22 -37] _ 7 - 2(4-243)
s @) (z—2+f f (z 2++/3 )4
[(z—244/3)C22-0-248)-a(z—2+ 3] (2 _2(4_2@))]
b2 i)
_2221628\/§z8x/§+14]

| (z—2+\@)g

_2(_2+\/§)2+16(—2+ J3) —8v3(=2 +/3) ~ 83 + 14
(—2+\/§—2+\/§j

27.7128-28 B 1(—0.2872
(—4+3.4641) ) 2\-00442

i &
2,55 d

1
2

16+/3 - 28 ]
(—4+2\/§j

J =3.2489
2
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§ (2)dz=27iy Res

c

2
dz
-8i Z _ _8ix 27i x 3.2489

(22+4z +1)
=167(3.2489 )=51.987

Discussion of Results and Conclusion

1. DISCUSSION OF RESULTS:
Problems 1, 2 and 3:
The standard method of evaluating integrals by residue theorem was applied to each of the questions. The real

i
valued functions are converted to contour integration by the usual parameterization of the unit circle Z =@
The poles existing inside the unit circle and on the contour are identified and the residues at those points are

calculated. The integrals are evaluated by multiplying the sum of the residues at the poles by 27 . These are of
the usual and more common type which does not pose much challenges to solve.

Problem 4: The power two of sine in the numerator makes it a little more complicated than the previous three.
However the solution is obtained through the application of the residue theorem. The higher power is responsible
for the number of singular points in line with the fundamental theorem of algebra.

Problem 5: The power four in the denominator is more challenging to handle. Calculating residue at the pole of
order four involves evaluating a third order derivative.

The residue theorem was then applied and the final solution followed.

Problem 6: The difference between problem five and that of six is noteworthy though their denominators are of
the same degree. The parameterization of the unit circle in this case gives rise to a polynomial of degree eight(8).
There is at the moment no established analytical method of solving polynomials of degree six and above. The

8 6 4 2

roots of the polynomial —32 _122 +622 _122 —3=0 ip the denominator was obtained using
‘polynomial root calculator’ accessed on the site www.mathportal.org/calculator/polynomial-roots-
calculator.php”. This means that the roots can only be approximated values. The final result which comes from a
combination of approximated imaginary and real roots also shows some unusual behavior (carrying a negative
sign).

Problem 7: The procedure involves working with the terms inside the bracket without first expanding with
respect to power three. This removes much complications of higher degree polynomial in the denominator as
seen in problem six.

V. CONCLUSION:

We have demonstrated through the solved problems that the residue theorem allows us to evaluate
integrals without actually physically integrating but by just knowing the residues contained inside a curve.

Our experiments show that the residue theorem is compliant to evaluating rational trigonometric
functions of order three and four. However as the order of the denominator increases above two, it becomes more
tasking to obtain exact roots of the resulting higher degree polynomial appearing from the parameterization of the
unit circle. This may partly suggest why these higher orders are not commonly found in researched works. The
greatest worry is therefore in the area of finding the singularities (poles). The higher the degree of the
denominator of the trigonometric function, the less the degree of accuracy of the evaluated integral which is now
a product of a series of approximations.

V. RECOMMENDATION FOR FURTHER STUDIES:

It is clear from our work that residue theorem can always be applied to evaluate integral as long as the
singularities can be calculated. | wish to recommend to any student that wishes to pick my project to look into the
analytic method of determining the zeros of higher degree polynomial to avoid much approximations in the final
value of the integrals involving them.
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