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l. INTRODUCTION

Step-by-step time integration is widely used in structural dynamics problems, wave propagation
problems, and even in Al recurrent neural network (RNN), which is a type of Al neural network that is designed
to handle time-series data. Time integration methods can be categorized into two groups: explicit methods [1-4]
and implicit methods [5]. An explicit method doesn’t use an unknow derivative, i.e., the instantaneous rate of
change of the status at the current time step to determine the current status, while an implicit method does.
Consequently, it is not necessary for an explicit method to solve a system of linear equations at each time step,
but small steps and thus a large number of steps may be needed for stability. In contrast, an implicit method
needs to solve a system of linear equations once or more times at each time step, but large steps can be chosen.
In general, each type of integration has its own advantages and disadvantages. Explicit algorithms are efficient
for wave propagation problems, while implicit algorithms are effective for structural dynamics problems.

In this paper, a novel method is presented to evaluating explicit integration which has certain recurrent
form. The proposed method re-writes the recurrent formula of integration to the form of product [] operator
with which closed-form solutions can be obtained.

1. RECURRENT FORM

The explicit integration which has a recurrent formula in the form of
Kisn = Qg + D Xy, k=1012.. (1)

can be written in the form of product [] operator by expanding the recurrent formula at each time step.

Xier1 = Qg + b Xy
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Thus, the explicit integration can be written as
s
N1 = Bk( :onﬂ_z_"' boXo) (2)
L
, Where
B!. = ;‘_zlbr £= 0,...,;‘: (3)

B; # 0 under the condition of b, # 0 or bi =0,r=1,2 ...k

T

1. PrRoDUCT H EQUATIONS
. . . [1%_. b .
Here is some product [] equations which can be used to evaluate 11r=1*r and find closed-

form solutions of the explicit integration.
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V. EXAMPLE

Consider the explicit integration which has a recurrent formula shown in formula (15)

dx 1 sin ax m—2 dx
J = = [—— m=2..
cos™ ax {m-1)a cos™ 1 ax m—1* cos™ 2gx
a) If mis an odd number, i.e., m=2k+1,k=1, 2, 3, ...
1
J- dx 1 sin ax + k_Ef dx
cos2R+l gy 2ka cos2¥ ax k cos2h—1 gy
To write the explicit integration in product form (2), let
1 sinax
Qp = Sk
2ka cos?" ax
1
k=3
bk =
k
dx 1 1+ sinax
Xy = =—log
cosax a cosax
1
B, = TI* r—;  (2r2
k r=l . T pzRpig
Thus, the close-form of this explicit integration is
dax 2k 1 1+sinax . k 225—12':(!'— 1)
= - + sinax }," , ——
f cos2K+l gy 228EIRla [ cosax Z!_ L (21} cos?i ax]

b) If mis an even number, i.e., m=2k+2,k=0,1, 2, ...

- = - I
cos2¥*Z gy (2k+1)a cos?Ftlax ket

dx 1 sin ax k dx
.[ .[ cos2ik—1+z g4

, let
1 sinax tanax 1
U = (2k + Dacos®*1ax  ax (2k + 1)cosZ*ax
ot
k+

Then we have

B, — Tk " 22K
k r=1 r+i (2k+1)

Thus, the close-form of this explicit integration is

J- dx 2281kt tanax k (21

costh*t2ax  (2k+1)! ax =0 328j1i1 co52l ax

(15)

(16)

(17)

(18)

(19)
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In summary,
m-1 .
(m—-1)! 1 1+sinax . RrE 221 —-1)! _
dx am-1 By MLy g [fog cosax + sinax Z;‘:]_ (2i)! cos?i ax]’ m=35
.[ Mooy zm_z m m m (20)
cos™ax 2 (;_ 1]:':?_ 1)! tanax Z?_l (zi)t m=1246
(m+1)! ax =0 322ij1jl cos2iax’ e

V. CONCLUSION
A novel method is presented to evaluating explicit integration which has certain recurrent form. The

recurrent formula is written in the form of product [] operator with which closed-form solutions can be
obtained. Some useful product [] equations are listed. The given example illustrates that the method is an
efficient way to find the closed-form solutions of this type of explicit integration.
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