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ABSTRACT: In this article, a special type of limit relating to a real valued function f(ry, 75, -+,7,)  will
be studied which is defined as

limf(rl +e nrnte s, mte)—fl,r, 1)

-0 &
It will be called as marginal limit of f(ry, 7y, -, 7,) with respect to ry, 7, -+, 7, and it will be written
as f.(r,my, -+, 1,). Some applications of marginal limit will be given to find or approximate the perimeter of a
simple closed curve e.g. circle, ellipse etc. from the area enclosed by that curve in R? and to find or
approximate the surface area of a simple closed surface e.g. sphere, ellipsoid, right elliptic cylinder etc. from
the volume enclosed by that surface in R3. Substitutes of Ramanujan ’s formulas for finding the perimeter of an
ellipse will be given. Two suitable substitutes which are

(i) A.(a,b,c) = w [24(ab + ac + bc)
— ((31ab + 19ac + 18bc)(18ab + 31ac + 19bc)(19ab + 18ac + 31bc))”’]
(i) A.(a,b,c) = w [13(ab + ac + bc)

— ((17ab + 11ac + 7bc)(7ab + 17ac + 11bc)(11ab + 7ac + 17bc))1/3]
of Knud Thomsen’s formula for approximating the surface area A, (a, b, c) of an ellipsoid with semi-axes of
lengths a, b, ¢ will be given. General formula for finding the length of an elliptic arc will be given. Ellipsoidal
sector will also be studied.
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I. INTRODUCTION
Area of a circle with radius r in R? is rr?, volume of a sphere with radius 7 in R? is %nr3 and volume
of a circular cylinder with radius  and height / in R? is mr? /4, From this, we find that ;_r(wz) =2nr =
perimeter of the circle with radius r, :TGWS) = 4mr? = surface area of the sphere with radius r and
;—T (mr? /) = 2mr/, which is the curved surface area of the circular cylinder with radius r.These examples show

that there exists a relation between the perimeter of a simple closed curve and area of the region enclosed by it
in R%; area of a simple closed surface and volume of the region enclosed by it in R3.

Dorff and Hall in [2], attempted to establish the equations Z—f = P and ‘;—Z = A, where P, A, Vandr

represent perimeter, area, volume and radius. Cohen [1], studies the ratio of volume of inscribed sphere to
polyhedron. Emert and Nelson [3] describe the relation of area and volume of polyhedral and polytopes. Miller
[6] studies on the topic differentiating area and volume to get perimeter and area. Struss [8] describes the
relation between volume and surface area. Tong [9] studies the relation between area and perimeter, volume and
surface area.

In this paper, a method of marginal limit has been given which is the analogue of the derivative of a
function of one variable and it is applicable to the function of one or more than one variables. It will be used to
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evaluate or approximate the perimeter from area and area from volume if area and volume are the function of
one or more than one variables (radii). In case a function of one variable, marginal limit with respect to single
variable is equal to the derivative with respect to that single variable of that function.

For approximating the perimeter of the ellipse with semi-axes of lengths a, b; in 1609, Kepler gave the
formula 2mvab which is a lower bound for the perimeter of ellipse. In 1773, Euler gave the

formula m./2(a? + b2) which is an upper bound for the perimeter of an ellipse. In 1914, Ramanujan gave two

_ (a—b)? . .
formulas, (i) 7 [3(a +b)—JBa+b)a+ 3b)](u) n(a+ b) [1 + mﬂ] = &35+ which give almost
accurate value. In 1917, Hudson gave the formula "(a4+b) [3(1 +1L)+ E] ,where L = % = —( +b) In 2000,
Maertens gave the formula which is called “YNOT’ formula as P,(a, b) = 4(a” + b¥)'/Y, wherey = %

A formula %\/2(3a2 + 3b2 + 2ab) was also given. In this paper, substitutes of Ramanujan’s formulas will be
given.

For approximating the surface area of the ellipsoid with semi-axes of lengths a, b, c; in 2004, Knud Thomsen
aP bP +aP cP +bP P\ 1/P

/
gave the formula 47'[( 3 ) , p = 1.6075. In this paper, substitutes of Knud Thomsen formula

will be given.

I1. MARGINAL LIMIT
Let f(ry, 13, ..., 1) be areal valued function of variables r;, 1, ..., 1, then marginal limit of this function
f with respectto ry, 1y, ..., 7, is denoted by f, (11,73, ..., 1) and it is defined as follows
fn+en+e .. n+e)—fO,nr,...1%)
f(rl,rz,... ) —11

Marginal limit of a function of single varlable with respect to that variable is equal to the derivative of that
function with respect to that variable.
lustration: (i) If f(a, b) = kab, where k is a constant and a, b are variables, then
) f(a+£b+e)—f(ab)  k(a+¢&)(b+¢)—kab
fi(a,b) = ‘lglm = lim

-0

£
~ kab + (ka + kb)e +e?—ab (ka+ kb)e
= lim = lim - =ka+ kb = k(a + b)

-0 e-0
Therefore marginal limit of f(a b) = kab with respectto a, b is f,(a,b) = k(a + b);
(ii) If f(a, b, c) = kabc, where k is a constant and a, b, c are variables, then
f.(a,b,c) = k(ab + bc + ca)
(iii) If f(a) = ka™, where k is a constant and a is a variable, then

fla+e)—f(a) k(a+¢&)" —ka® af

=i =1 = n—1 = —= '
fl@) = ‘lsl—r% I3 ‘lgl—{% I3 kna da f@)
Here f (x) = kx", therefore % = f'(a) = lim,_, % = lim,_, % = kna™!

This shows that marginal limit of a function with respect to single variable is equal to the derivative of that
function with respect to that variable.

I1l. RESULTS RELATING TO MARGINAL LIMIT
Theorem-1: if f(ry,15,..,7,) is the area of a region enclosed by a simple closed continuous curve in R?,
wherer; > r, = --- = 1, > 0 are the distinct radii of the region; i.e., ry, 1, , ..., 7;, are distinct distances measured
from the centre of the region to some distinct points lying on its enclosing curve. Then marginal limit of the area
of the region is less than or equal to the length (perimeter) of its enclosing curve; i.e.
f(T1+S,rz+S,---,rn:f)—f(rl.rz»---»Tn) = f.(r, 1y,

lim,_, 1,) < perimeter of the curve enclosing the

area f(ry, 1y, ..., ).
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’

As

Figure-1 (a path of mean breadth ¢ — 0 formed along the given simple closed curve)

Proof: As shown in Figure-1, let O be the centre of the region of area A= f(rn,n,..,1n,) and
0A; =1,04, =1y, ..,04A, =, are the radii of the region enclosed by a simple closed continuous curve,
where A;,A4,,-, A, are the points on this enclosing curve. Let P is the perimeter of this curve.

Let each of radii 0A; =1,04, =1,,..,04, =1, are given increment ¢ - 0 so that they become
0A, =1 +&0A,=71,+¢-,04, =1, +¢& such that points 0,4,,4;;0,4;,,A;..;0,A,,A, are
collinear. Therefore A = f(r, + &1, +¢,...,1, + &) is the area of the region with centre 0 and radii
0A, =1 +&0A,=1,+¢-,04, =1, + e Let P'is the perimeter of the curve enclosing the region with
centre O andarea A' = f(r, + &,15 +¢&,...,1, + €),where P > P as ¢ - 0.

Then f(n+e&n+e,..,1n+e)—f(,n,..,1n,) = area of the path formed on increasing the radii
0A; =1,04; =1y,...,04, =n,bye¢.

Let ,, be the mean breadth of the path formed on increasing the radii 0A; = r,04;, =1y, ...,04, =1,by €.
Then P'e,, = area of the path formed on increasing the radii 04; = 1,04, =1,,..,04, =r,by s, and € > ¢,,
= Pe,=f(n+ten+es..,n+e)—f,1n,..,15)and € > &,
Now e>¢, = Pe>=Pse,=f(n+enr+e..,1+e)—fr,nr, .15
o fn+enrn+e ., n+e)—f,r, .. %)

> P
£
) , Cfntente . nte)—fLr,.an)
=3 limP = lim
270 -0 , &
Now P —>Pase—0;ie, lirr(}P =P,
ED

P = f.(r,13, ..., 1)
fri+ery+e, . rp+e)—f(ri,ry,...rn

" )=f*(r1,r2,...,rn) < perimeter of the curve enclosing the

ie. lim,_

area f(ry, 1y, ..., ).
Illustration (i) A rectangle of length a and breadth b represents a simple closed continuous curve enclosing

areaab = 4(%) (g) =4nr, = f(, 1), where r, = %,rz =% =>a=2n,b=2n.
ntenr,+e)—f(n,r
Therefore, perimeter of the rectangle = f,(ry, 1) = lirrgf( ! 2 - )~ fum)
E—
4 + &)y, + &) —4nr a b
= lim (n + &) 28 ) —4nn =4(r +1y) =4(E+E) =2(a+b)
E—>

(ii) A circle with radius r represents a simple closed continuous curve enclosing area nr? = f(r)

fr+e)—f()
&

Therefore, perimeter of the circle = f,(r) = f'(r) = lim
&

-0
r+e):—r?
= lim —( ) =2nr (see[2])
-0 &

Theorem-2: if f(ry, 1y, ..., 7,) is the volume of a region enclosed by a simple closed continuous surface in R3,
wherery = r, = -+ =1, > 0 are the distinct radii of the region; i.e., ry, 7, , ..., 1;, are distinct distances measured
from the centre of the region to some distinct points lying on its enclosing surface. Then marginal limit of the
volume of the region is less than or equal to the area of its enclosing surface; i.e.
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flri+ery e, rp+e)—f(rira,...ry

lim,_, )=f*(r1,r2,...,rn)S area of the surface enclosing the

&
volume f(ry, 1y, ..., 17,)-

Proof: As shown in Figure-2, let O be the centre of the region of volume V = f(r,1,..,7,)and
0A; =1,04A, =r1,,..,0A, =, are the radii of the region enclosed by a simple closed continuous surface,
where A, A,,-++, A, are the points on the enclosing surface . Let A be the area of the surface enclosing this
region.

Let each of radii 0A; =7,,04, =1y,...,0A, =1, are given increment € - 0 so that they become
0A; =1 +¢&0A,=r,+¢-,0A, =7, +¢& such that points 0,4,,41;0,4,A5;..;0,A,,A, are
collinear. Therefore V' =f(+er+e, ..,1m, +&) is the volume of the region with centre O and
radii 0A, = +¢&0A, =r, +¢,--,04", =1, + & Let A be the area of the surface enclosing the region
with centre 0 and volume V' = f(ry + &,13 + &, ..., 7, + &), Where A' > Aas € - 0.

Then f(ry +&nr+¢,...,1 +&)— f(ry,13,...,1,) = volume of the layer formed on increasing the radii
0A; =1,04, =15,..,04, =n,bye.

Let &,, be the mean thickness of the layer formed on increasing the radii 0A; = r;,04, =1, ...,0A, = r,by €.
Then A's,, = volume of the layer formed on increasing the radii 04; = 1;,04, =13, ...,04, =1, by ¢, and
EZ &y
= Ag, =f(n+en+e..,1+e)—f(,n,..,15)and € > ¢,

Now e>¢, = Ae=>Ae,=f(n+ten+se..,1n,+e)—f,m..1%)

s fn+enrn+e..,n+e)—f,n ... %)

= A
£
. , C fnt+ente .. n+e)—flynr,..1%)
> limA = lim
270 -0 . &
Now A —>Aas € 0;i.e, limA = A4,

-0

A = f.(r, 1, 1)

r1+Ero+e, .y +e)—f(1r1,72,...1; .
fiters nte)f rurztn) f.(ry, 1y, ..., 1) < area of the surface enclosing the

ie. lim,_
volume f(ry, 1y, .., 7).

&

—
Figure-2 (a layer of mean thickness € — 0 formed along the given simple closed surface)

Ilustration (i) A cuboid of length a, breadth b and height ¢ represents a simple closed continuous surface
enclosing volume

abc =8 (%) (g) (%) = 8nnry = f(ry,1y,13), Wherer; = %,rz = g, 3= % >a=2n,b=2r,c=2r.
fn+ern+ery+e)—fOn,n,r3)
€

Therefore, surface area of the cuboid = f,(ry,13,13) = lin(}
E—

8+ e te) iy t+e) -8

im

-0 &

= 8(7‘17’2 + 7”17”3 + T2T3)

*Corresponding Author: Jagjit Singh Patial 4| Page



A Study on Mensuration with Special Reference to Ellipse and Ellipsoid

—s(ab+ac+bc)—2( b +ac + be)
= 7 7 7 = a ac c

(i) A sphere with radius r represents a simple closed continuous surface enclosing volume %m‘3 =f(r)
, r+¢e)—f(r
Therefore, surface area of the sphere = f,(r) = f (r) = lir‘r&w
ED

%n(r +&)3 — %nr3

= lim . = 4mr?  (also see [2])
E—
(iii) A right circular cylinder with radius r and height h represents a simple closed continuous surface enclosing
volume mr?h = 2(nr?) (%) = 2nr?r = f(r,1y), where r; = % = h = 2n.

Therefore, complete surface area of the right circular cylinder
fr+ern+e)—f(rmn) i 2e(r + €)%(ry + €) — 2nr’n
= lim

= f.(r,1) = lim
-0 -0

€ €
=2m(r? + 2rry) = 2n(r? + rh) = 2nr(r + h)

1IV. APPROXIMATING PERIMETER OF AN ELLIPSE

4.1 Approximation of the perimeter of the Ellipse by Marginal Limit

In Figure-3, an ellipse with centre O, semi major axis of length 0A = a and semi minor axis of length OB = b
has been shown, where a = b > 0. Therefore 0A = a and OB = b are the distances of the boundary of the
ellipse from its centre O in R?; i.e. 0A = a and OB = b are the radii of the ellipse. Area of the ellipse with semi
axes OA=aand OB = b in R?*ismab = f(a,b).

A
N | S

Figure-3 (a path of mean breadth £ — 0 formed along the boundary of the ellipse)

B

If semi axes OA and OB are given increment AA; = BB; = ¢ — 0, then we get a concentric ellipse with centre
O and semi axes of lengths OA; = 0A+ AA;, =a+¢, OB =0B+BB;=b+¢
Then area of ellipse with semi axes 04, =a+¢&,0B; =b+e¢e inR?ism(a+e)(b+e)=f(a+eb+e)
Let P, (a,b) denotes the perimeter of the ellipse with semi major axis of length a and semi minor axis of
Iength b. Then Pe (a’ b) > ﬂ(a, b) — lims_,o (area of ellipse with semi axes 0A1,0312—(area of ellipse with semi axes 0A,0B)
 fla+eb+e)-f(a,b) . mnla+e)b+e)—mab
= lim = lim

e=0

€ -0 €
ab + as + be + & — ab
=7 lirr(} : =mn(a+ b)
£
i.e. P,(a,b) = m(a+ b), ifthe condition b < a < 2b, then P,(a,b) = n(a + b)

4.2 Another Form of Ramanujan’s Formula for finding Perimeter P,(a, b) of Ellipse
We have P,(a, b) = n(a + b). For establishing P, (a, b) = mn(a + b), we find the approximate value of m.

By Ramanujan’s P,(a,b) ~ 7 [3(a + b) —/(3a + b)(a + 3b), then m = 3 — YA
Ramanujan’s formula can be changed into the following form

) ) g2 @
Rlab)~n(a+tb)(3-Vi=4), %=

r[3(a+b) — Gar DY@+ 3] = e+ )| 3 - Js«;bj_b;‘*b)

3(a+b)?+(a+b)?>—(a—Db)? 4(a+b)?> — (a — b)?
=mn(a+ b) 3—\/ (@ +b) =n(a+b) 3_\/ (a+b)? )
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(a—b) —
=7T(Cl+b) 3 - 4—m =n(a+b)(3— 4—/2)

¢ R@b)~n@+h)(3-VE=7) = m=3-Vi-7

4.3 Substitutes for Ramanujan’s Formula
Following are the substitutes of the Ramanujan’s Formula

(i) P.(a,b) ~ m[32(a + b) —/(27a + 35b)(35a + 27b) |
or P(a,b)=m(a+ b)(32 — \/W)

: n[32(a+b)—J(z7a+35b)(35a+27b)]=n(a+b) 32-]

945(a + b)? + 64ab
(a + b)?

945(a + b)? + 16(a + b)2 — 16(a — b)?
=mn(a+ b) 32—\/ @) )

961(a + b)? — 16(a — b)? (a — b)?
:r[(a+b) 32—\/ (a+b)2 ):n(a+b) 32—J961—16m>

=n(a+b)(32 — V961 —16/)
(i) P.(ab) ~ 7 [9(a +b) —/(10a + 6b)(6a + 10b)]
or P(a,b)=mn(a+ b)(9 — \/W)
(i) P.(a,b) ~ 0.57|7(a +b) —/(4a + b)(a + 4b) —/(3a + 2b)(2a + 3D)|
or P,(a,b) = 0.25n(a + b)(14 —V25-9/4 — 25— ﬁ)

Also we can find the approximate value of P, (a, b) by the following result

- > > ab
P(a,b) =4a?+b +a+b
For finding P, (a, b) more accurately, we can use the already available formula in integral calculus which is
P(@b) = 2ar|1 (1)2e2 (1-3)2e4 <1-3-5)2e6 (1-3-5-7>2e8 (1-3-5-7-9)2e1°
e\ D)= can 2) 1 \2-4) 37246/ 5 2468 7 \2-4-6-8-10) 9
1 3 5 25-7 49-9 441-11
=2 12— gt~ 6 _ 8 _ 0 _ """ - 12,
i e g e )
— 2 4 6 8 10 12 14 16
—Zan(l—?e —ﬁe —2—86 —276 _ZTe —ZTE - 222 e - 230 e
8690825 . 112285459 , 48841 x 7581 ,, 48841 x 406847 ,, )
——— e = e~ — e~ — et — .-
232 236 238 244
k 3k? 5k3 175k* 441k> 4851k® 14157k 2760615k® 8690825k°
=2am\ 1 - e T T ompp T e | omps |  pmp 0p T gmp
112285459k 48841 x 7581kt 48841 x 406847k )
- 236710 - 238711 - 244]12 -

Jk=a?—-b%l=a% a=bh.

where e =

la2—p2
a
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V. SURFACE AREA OF AN ELLIPSOID
5.1 Approximation of Surface Area of an Ellipsoid from its Volume by Marginal Limit

C

Figure-4 (Surface area of ellipsoid by limit)

In Figure-4, an ellipsoid with centre O, semi axes of lengths OA = a, OB = b,0C = ¢ has been shown,
where a>b >c > 0. Therefore 0A=a, OB=b, OC =c are the radii of ellipsoid with centre O in
space R3®. Volume of the ellipsoid with semi axes 0OA = a, OB = b, OC = c¢ in space

R3is %nabc = f(a,b,c). If semi axes OA, OB, OC are given increment AA; = BB; = (CC; = €-0,
then we get a concentric ellipsoid with centre O and semi axes of lengths
0A;, =0A+AA, =a+¢&0B =0B+BB, =b+¢0C, =0C+CC,=c+e¢
Then volume of the ellipsoid with semi axes OAi=a+¢0B;=b+¢0C =c+c¢ is
4
5n(a+£)(b+s)(c+s) =fla+eb+ec+e)
Let A, (a, b, ¢) denotes the surface area of an ellipsoid.
Then A.(a,b,c) = f.(a,b,c)
I (volume of ellipsoid with semi axes 0A;, OBy, 0C; )- (volume of ellipsoid with semi axes 04, OB, 0C)
= lim
e-0 €

4 4
. fla+eb+ec+e)-f(abc) i gn(a+e)(b+e)(c+e)— gmabe
m = lim

£-0 € e-0 €
4  abc+abe+ bce + cag + ag® + be? + ce? + €2 —abc 4
=§rt11rr(} . =§7T(ab+bc+ca)
£—

i.e. 4.(a,b,c) = %n(ab + ac + bc)
If the condition ¢ < a < 2c is satisfied, then A.(a,b,c) = %n(ab + bc + ca)

5.2 Substitutes for Knud Thomsen Formula
aP bP +aP cP +bP cP
3
2 2

surface area A, (a, b, ¢) of the ellipsoid given by the equation z—z + Z—Z + i—z = 1. Similar type of the formulas for
approximating the surface area A.(a,b,c) of an ellipsoid can be found by measuring  A.(a,b,c)
practically for at least two different ellipsoids and then we can create a formula which is a symmetric function of
a = b = ¢ > 0 which gives the two values which has been obtained practically of two different ellipsoids.

We can approximate the surface area of the ellipsoid by using any one of the following formulas because
values given by both formulas are almost close in measure.

(i) A.(a,b,c) =@ [24(ab + ac + bc)

— ((31ab + 19ac + 18bc)(18ab + 31ac + 19bc)(19ab + 18ac + 31bc))”’|
(ii) 4c(a, b, ¢) ~ m[13(ab + ac + bc)

— ((17ab + 11ac + 7bc)(7ab + 17ac + 11bc)(11ab + 7ac + 17bc))"’|

1/p
Knud Thomsen gave the formula 411( ) , p = 1.6075, for approximating the

These two formulas may be the suitable options for Knud Thomsen's formula for finding the surface area of
ellipsoid. For example: Ata = 73,b = 47,c = 5; formula (i) gives A,(a, b,c) = 22315.298655105; formula
(ii) gives A, (a, b, c) = 22306.087072404, and Knud Thomsen’s formula gives 4,(a, b, c) = 22315.2140111
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5.3 Approximation of Surface Area of an Ellipsoid by using Surface area of Octahedrons
7

4

!

YA
Figure-5 (octahedron associated with an ellipsoid)

Two other Forms of Heron Formula: First we find two other forms of Heron formula for finding the area of a
triangle given as follows:

If u, v, w are the lengths of sides of a triangle PQR and s = ;(u + v + w), then area of triangle PQR is
1 1
A= [s(s —w)(s —v)(s —w) = Z\/[(u +v)?2 —w?][w? — (u—v)?] = Z\/(Zuv)z — (u? +v?2—w?)?

Proof: By Heron formula, area of the triangle with sides of lengths u, v,w and s = %(u +v+w)is
1

A=\/s(s—u)(s—v)(s—w)=Z\/(u+v+W)(v+w—u)(w+u—v)(u+v—w)

= %\/[(u +v)2 —w?][w? - (u—-v)? = %\/(uz + v2 4+ 2uv — w2)(W?2 — u2 — v2 + 2uv)

= %\/(Zuv)z — (U2 + v? — w?)2

Octahedron ABCA'B'C' has been shown in Figure-5. Suppose that the line x = y = z determines the
octahedron A, B; C; A; B; C; which has not been shown in Figure-5 such that plane faces of A,B,;C;A;B;C; are
parallel to the corresponding plane faces of ABCA'B'C . Therefore surface area 4, (a, b, ¢) of the ellipsoid can be
approximated by 0.5(surface area of octahedron ABCA'B'C’ + surface area of octahedron A, B; C;A;B;C;). Also
in Figure-5, X0X,Y0Y',Z0Z are co-ordinate axes and octahedron ABCA'B'C’ lie completely inside the

2 2 ZZ ror
ellipsoid represented by the equation z—2+Z—2+ == 1. Plane face ABC of octahedron ABCA B C makes
intercepts DA =a, OB =b, OC = conX-axis, Y-axis, Z-axis respectively, so the equation of the plane
ABC is§+ % +§ = 1. Octahedron ABCA'B'C'has 8 equal plane triangular faces each having sides of lengths

ut+v+w

u=+vVa?+b%,v=vVa%+c?2,w=vVb%+c% . Let s=—— then area of each plane face of

octahedron ABCA'B'C' = \/s(s —u)(s — v)(s — w) = A. Now by the explanation of the forms of Heron’s
formula given in the beginning of this section,

A= [s(s —w)(s —v)(s —w) = %\/(Zuv)2 — (u? 4+ v? —w?)?

1 1
= Z\/él-(a2 +b%)(a? +c2)— (a? + b2+ a?+c2—b%2—c?)2 = Z\/4(a4 + a?b? + a%c? + b%c?) — 4a*

= %\/azbz + a?c? + b?c? = %\/(ab)2 + (ac)? + (bc)? = %[(ab)2 + (ac)? + (bc)?1°3

~ J(ab)? + (ac)? + (bc)? = [(ab)? + (ac)? + (bc)?]°% = 2A and (ab)? + (ac)? + (bc)? = 4A*
So surface area of octahedron ABCA'B'C’ = 8,/s(s — u)(s — v)(s — w) = 8A = 4,/(ab)? + (ac)? + (bc)?

2 2 2
Line x =y =1z intersects the ellipsoid given by the equation Z—Z+Z—2+j—2= 1 in the
. abc abc abc _ 7 7 7
points (i J(ab)2+(ac)2+(bc)2’iJ(ab)2+(ac)2+(bc)2 'i\/(ab)2+(ac)2+(bc)2) - Let ¢ —\/(ab) +(a0)® + (bo)®.

Then equation of the plane through the point (%ﬂ %) and parallel to the plane §+ % +i=1

t c
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XYz ab +ac +bc — . i v i _
is =+ + - oo A . Intercepts made by this plane on X -axis, Y-axis, Z-axis are a; = a4,
by =bl, ¢ =cAThen uy =.a+b?=2a?>+b?=y, vy =.Ja? +c? = Wa? +c% = M,

wy = /b? + ¢ = WWbZ + cZ = Aw. So each triangular plane face of octahedron A, B, C;A;B;C; has sides of

lengths u; , v1, wy.

Let s =u1+v21+w1 =Au+’1:+’1w =1s , then area of each plane face of octahedron A;B;C;A}B;C;

= \/51(51 —u)(s1 —v)(sy —wy) = /12\/5(5 —w)(s —v)(s —w) = 22A
Therefore surface area of octahedron A, B, C;A}B;C; = 8/s1(s; — u))(s; — v;)(s; — wy) = 822A

ab + ac + bc 2 ab + ac + bc 21
Z 2 2 2
(J(ab)z (a0 + (bc)Z) (\/(ab)z T (@) + (bc)2> (@ + @+ o)

(ab + ac + bc)? (ab + ac + bc)?

= 4 =
J@)? + (@c)? + (bo)z2  [(ab)? + (ac)? + (bc)?]°3
LetAj=m (8\/5(5 —w)(s—v)(s—w)+ 8\/51(51 —u)(sy —v)(sy — Wl)) = 8m(A + 12A)
= 8mA(1 + 2%), where m > 0 is so determined that A;= A, (a, b, c) =Surface area of ellipsoid with semi-axes
of lengths a, b, ¢

5 5 (ab + ac + bc)?
Form = 0.5,let Hy = 8 X 0.5 x A(L + A2) = 4A(1 + A2) = 4A (1 +

(ab)? + (ac)? + (bc)?
(ab + ac + bc)?
[(ab)? + (ac)? + (bc)2]°-5>

=2 <[(ab)2 + (ac)? + (bc)?1%° +

a b ¢ . . x2 y2 z2 4 X Y, Z

\/—g,ﬁ,\/—g) t(? the ?Illp50|da—z+b—z+c—2— lis—+-+-= V3
Suppose that this plane determines the octahedron A,B,C,A,B,C, . Let the intercepts made by this plane on
X -axis, Y -axis, Z -axis respectively are 0A, = a, =+3a,0B, = b, =+/3b,0C, = c, =+v3c . Now

octahedron A,B,C,A,B,C, has 8 equal plane triangular faces each having sides of lengths

Uy = /a§+b22=\/§\/a2+b2=\/§u, v, = [a3+c?=V3v, w,= |b}+ci=+3w

ux+vy+wy — V3u+V/3v+/3w — \/§S
2 2

= V526 )G~ G W) = [VES(Vs — V3u) (Vs — V3u) (+3s — vEw) = 3A
Therefore surface area of octahedron A,B,C,A5B5Cy = 8y/s;,(s; — u3)(s; — v5) (5, — wy) = 24A
LetA,=m (8\/5(5 —wis—v)(s—w)+ 8\/52 (sy —uy)(sy —vy)(sy — Wz)) = m(8A + 24A) = 32mA,

where m > 0 is so determined that A,= A, (a, b, ¢) =Surface area of ellipsoid.
Form = 0.5,let H, =32 % 0.5 x A = 16A = 8y/(ab)? + (ac)? + (bc)? = 8[(ab)? + (ac)? + (bc)?]°°
We notice the following facts

(i) Marginal limit f,(a,b,c) = %n(ab +ac + bc) < A.(a,b,c) , equality holds only when a=b=rc,
otherwise fi(a,b,c) <A.(a,b,c).

1
(i) A (a, b, €) = 5 (Hy + Hp) = [(ab)® + (ac)* + (bc)*]"? <5 +

Again, the equation of tangent plane at the point (

Let s, = , then area of each plane face of octahedron A,B,C,A,B,C,

(ab + ac + bc)?

(ab)? + (ac)? + (bc)?
1 2

(iii) 4, (a, b, c) = E(f*(a, b,c) + H,) = §7r(ab + ac + bc) + 4[(ab)? + (ac)? + (bc)?]°>

Accuracy increases if the condition ¢ < a < 2c is satisfied, wherea > b = ¢ > 0.

An interesting result relating to the expression a?b? + b%c? + c?a? = (ab)? + (bc)? + (ca)? is as follows:

Theorem-3: If a + b = ¢, then (ab)? + (ac)? + (bc)? = (a® + bc)? = (b? + ac)?
Proof: (ab)? + (bc)? + (ca)? = a?b? + b%c? + c?a? = a®(b? + c?) + (bc)?

= a®[(c — b)? + 2bc] + (bc)? = a?(a® + 2bc) + (bc)? = a* + 2a%bc + (bc)? = (a? + bc)?
Similarly, we can prove (ab)? + (bc)? + (ca)? = (b? + ac)?
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V1. Approximating Surface Area of an Elliptic Cylinder from its Volume
Right elliptic cylinder is the analogue of the right circular cylinder because the circular base of right circular
cylinder has one radius of length ‘say’ r as semi major axis and semi minor axis whereas elliptic base of right
elliptic cylinder has two distinct radii of length ‘say’ a, b as semi major axis and semi minor axis. Therefore
volume of right elliptic cylinder with elliptic base of semi major axis of length a, semi minor axis of length b
and height /Z can be obtained by making the correspondence of a, b with radius r of the circular base of right
circular cylinder of height /.

By
Al rr 4 41
0 h

B

A H\A
B

Figure-6 (right elliptic cylinder)

Volume of a right circular cylinder of base radius of length r and height 2 = nr?/4 =nr.r. /2 = nry.1y. /2 .
Now put r, = a,r, = b, we get the volume of the right elliptic cylinder= mab/ .
As shown in the Figure-6, centre of the elliptic cylinder is O and base radii are: CA = a,CB = b and its
height from the base is CC' = /4. So the volume of the cylinder with base radii of lengths a, b and height /

ismab/ . Radii of the cylinder measured from its centre O, are of the lengths a, b, k =§ , then 2 = 2k.

Therefore volume the cylinder becomes 2rabk, let 2wabk = f(a, b, k).
Then complete surface area of the right elliptic cylinder
> fab k) = lirr(}f(a +eb+e,k+e)—f(abk) _ limZn(a +e)(b+¢e)(k + ¢) — 2rnabk

& -0 &
_ {ab+ (a+ b)e + £*}(k + €) — abk
=2 llrrol -
E—
~ (ak + bk +ab)e + (k +a + b)e? + &3
= 2mlim = 2n(ak + bk + ab)

-0 &
=mn(a+ b)2k + 2mab = n(a + b)/ + 2mab
i.e. complete surface area of the right elliptic cylinder = w(a + b)/ + 2mab and equality holds if
a=>b.If b <a < 2b, then complete surface area of the right elliptic cylinder = w(a + b) /4 + 2mab.
From this we conclude that curved surface area of the right elliptic cylinder > m(a + b)/, equality holds
if a = b, and its plane surface area = 2wab. If b < a < 2b, then curved surface area of the right elliptic cylinder
=mn(a+b)A.

VII. LENGTH OF AN ELLIPTIC ARC
7.1 Approximating Length of an Elliptic Arc by Marginal Limit

M
Figure-7 (Elliptic arc subtending angle 6, — 6; = « at the centre 0)

*Corresponding Author: Jagjit Singh Patial 10 | Page



A Study on Mensuration with Special Reference to Ellipse and Ellipsoid

In Figure-7, an ellipse with centre O, semi-major axis OL = OL = a and semi-minor axis OM = OM = b,

x2

where a = b > 0, This ellipse is represented by the equation =+ i—j = 1. We find the area of the sector COD
of the ellipse, where 2LOC = 6,,£L0D = 6,,2C0D =6, — 6, =«
Let A and A, denote the area of the ellipse represented by the equation z—§+ i—z =1, and area of the elliptic
sector COD with angle of a radians subtended at the centre O of the ellipse. Therefore A = wab,
A, = ab ffrdr d6 over the region {(r,0):0<r<1,0<60, <0 <6, <2n}
02 1

1 1
=abffr drd9=§(92—91)ab=§aab
61 0

If b<a<2b,andlet4,, = %aab = f(a, b) = area of the elliptic sector COD
Then, length of the arc €D of the ellipse

flateb+e)—flab) . %“(a"‘f)(b‘l‘f)—%aab
= lmm

= f.(a,b) = lim
-0

& -0 &
1  {ab+(a+b)e+e’}—ab 1 _ (a+b)e+e® 1
= Zalim = —alim—2""% o +h)
2 -0 £ 2 &-0 £ 2

i.e. length of the arc CD = %a(a + b) if the condition b < a < 2b is satisfied.

7.2 General Formula for finding the Length of Elliptic Arc
Length of anarc of an ellipse with semi axes of lengths a and b, where a = b > 0, eccentricity

2_p2
e=Y"2" p2=q2(1—e?),lyingbetweentheangles 6, and 6, = 6; + a, measured in the

a
anticlockwise direction from the major axis of the ellipse
0, 02

1
=J\/azsin29+bzcoszt9d9=aj(1—e200529)7d9
61 01

62 01

=aj(1_eZC0529)1/2d9—aJ(1—ezc0529)1/2d9

0 0
For evaluating it, we find the length of an arc of an ellipse with semi axes of lengths a and b lying between the
angles 0 and 8, where f is measured in radians.
B

= a f(l—e2 cos? 0)1/% do

0
B 1/1 1/1 1
_ 1 2 @_z 2 o2 7(7—1)(7—2)_2 ) s
=a 1+2(ecos 0) + T (—e“cos“6)” + 3 (—e“cos“6)° + -+ |dO
) ! !
p 1 1 1-3 1:3--(2n—=13)
_ _t 22 4 dpg_ 2 6 6pn_ .. > orrlen— 2 mop
_af[l 2e cos- 0 22_2!6 cos* 0 23.3!6 cos® @ TR e“" cos“™ @ dog

1 1 1 5 7
=a (1 —Eez cos?0 ——e*cos* @ —Ee6 cos®9 ———eBcos® 0 ———e'%cos’? g — -~~>d9

128 256

OR‘QC

Also cos?" 6 = 1 [(Zn) cos2né + (Zn) cos(2n — 2)6 + (Zn) cos(2n —4)6 + -+ % (2:)]

22?1—1 0 1 2
1 2n(2n — 1)
= anmt |€0S 2n6 + 2ncos(2n — 2)6 + Tcos(Zn —4)0
2n(2n —1)(2n — 2) 1,90 ]
123 cos(2n — 6)0 + o +§(n)

Therefore, general formula for finding the length of an arc of ellipse lying between the angles 0 and 8,n > 1 is

[ 1 2(sinZ[?_i_ ) 1 4(sin4ﬁ+2 in2 +3)
] A PR TE N N ) R T o TL sin2f +3p
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1- 32;1._.1('22!_ 3) Jon ((2(;1) sinzinﬂ N (zln) sin(zznn_—ZZ)ﬁ 4 (Zzn) sin(ZZnn_—44)/3 +otp (2:) %) - l

VIll. APPROXIMATING THE AREA OF THE BASE OF THE ELLIPSOIDAL SECTOR ON
THE SURFACE OF THE ELLIPSOID BY MARGINAL LIMIT
Study of the spherical sector has been done by Harris and Stocker [4], Kern and Bland [5], Smith [7],
Weisstein [10] etc. Here, ellipsoidal sector will be considered.
Z

A

L

Figure-8 (Ellipsoidal Sector)

As shown in Figure-8, 0OABCDEGH is an arbitrary ellipsoidal sector of the ellipsoid with angle ZAOE = 2«
subtended at the centre O of the ellipsoid, where ZAOL = £EOL = a (0 < a < m). Line segment OL is along
z-axis. This sector is generated by one complete revolution of a line passing through the centre O of the
ellipsoid and making constant angle of magnitude a with the fixed line OL passing through the centre O of the
ellipsoid. An ellipsoid is also an ellipsoidal sector with angle subtended at the centre of ellipsoid is of the
magnitude 2a = 2w which is bisected by z-axis (OZ) at O.

2 2 2
Let VV denotes the volume of the ellipsoid represented by the equation X—Z + y—z + Z—z =1, a=b=c>0.
a b c

2n w1

4
V=abcf ffrzsine drd9d¢=§7rabc

0 00
Let V,, denotes the volume of the ellipsoidal sector OABCDEFGH;

Vs = abc X volume of the region{(r,0,¢ ):0<r<1,0<06<a,0< ¢ <21}
2 a 1

2
> Ve = abcf ffrz sin@ dr do d¢ =§T[(1 — cosa)abc
000

LetV, = %n(l —cosa)abc = f(a, b, c) and the condition ¢ < a < 2c is satisfied.

Then, area of the base of the ellipsoidal sector OABCDEFGH on the surface of the ellipsoid
fla+eb+ec+e)—f(ab,c)

£
%n(l —cosa)(a+e)(b+¢e)(c+e)— %7‘[(1 — cosa)abc

= f.(a,b,c) = lim
-0

= lim
-0

£
abc + (ab + bc + ca)e + (a + b + c)e® + € — abc

2
=—m(1 —cosa)lim
3 -0 & ) 3

2 ab+bc+ca)e+(a+b+c)e” +¢

=§n(1—cosa)lirr6( ) g( ) =§T[(1—cosa)(ab+bc+ca)
E—

IX. CONCLUSION
Substitutes of Knud Thomsen’s formula for approximating the surface area of an ellipsoid may be
good options for approximating the surface area of ellipsoid. Substitutes of Ramanujan’s formulas for
approximating the perimeter of an ellipse can be used to approximate the perimeter of ellipse. The idea of the
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marginal limit may be beneficial for approximating the perimeter of an ellipse represented by the equation

2 2
Z—2+Z—2 =1, a=b >0 with condition b < a < 2b and approximating the surface area of an ellipsoid
2 2 2
represented by the equation = +75+%5 =1a>bh=c>0 with condition c <a<2c. Also further

advancement may be done in the method of marginal limit. We can approximate the length of an elliptic arc
with appropriate accuracy by using general formula for finding the length of an elliptic arc.

REFERENCES
[1]. Cohen, M. J,, Solution of elementary problems: E1671- Ratio of volume of inscribed sphere to polyhedron. Amer. Math.
Monthly, 1965. 72 (2): p. 183-184.
[2]. Dorff, M. and L. Hall, Solids in R™ whose area is the derivative of the volume. College Math. J., 2003. 34(5): p. 350-358.
[3]. Emert, J. and R. Nelson, Volume and surface area for polyhedra and polytopes. Math. Mag., 1997. 70 (5): p. 365-371.
[4]. Harries, J. W. and H. Stocker, Handbook of Mathematics and Computational Science. New York: Springer-Verlag, 1998, p.106-107.
[5]. Kern, W. F. and J. R. Bland, Solid Mensuration with Proofs. New York: Wiley, 1948, p.103-106.
[6]. Miller, J. I, Differentiating Area and Volume. Two-Year College Math. J., 1978. 9 (1): p. 47-48.
[7]. Smith, D. E., Essentials of Plane and Solid Geometry. Boston, MA: Ginn and Co., 1923, p. 542.
[8]. Struss, K. A., Exploring the volume-surface area relationship. College Math. J., 1990. 21 (1): p. 40-43.
[9]. Tong, J., Areaand perimeter, volume and surface area, College Math. J., 1997. 28 (1): p. 57.
[10]. Weisstein, Eric W., “Spherical sector” From MathWorld — A.  Wolfram Web Resource.

*Corresponding Author: Jagjit Singh Patial 13| Page



