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I.  Introduction

Fixed point theory is an important tool in analysis. It plays an important role in solving the problems
based on computer optimization theory, boundary value problems, engineering science as well as medical
science. The first result in this direction is given by Banach [1] in 1922, it is known as Banach’s contraction
mapping theorem, which states as
Let (X, d) be a metric space. A mapping T : X — X is said to be a contractive mapping, if
d(Tx,Ty) < ad(x,y), forall x,y € X, where0 <a < 1.

If (X, d) is complete then the contractive mapping T has a unique fixed point, this is known as Banach
contraction mapping principle. It is regarded as one of the most important theorems in functional analysis. This
theorem establish the existence of solutions for nonlinear equations and integral equations. Since then, because
of simplicity and usefulness, it has become a very popular tool in solving a variety of problems such as control
theory, economic theory, nonlinear analysis and global analysis. Many mathematics problems requires one to
find a distance between two or more objects which is not easy to measure precisely in general. There exist
different approaches to obtaining the appropriate concept of a metric structure.

Over last few decades, a number of generalizations of metric spaces have thus appeared in several
papers, such as G-metric spaces, Partial metric spaces, D*- metric spaces and cone metric spaces. These
generalizations were then used to extend the scope of the study of fixed point theory. For more discussions of
such generalizations, we refer to [2, 3, 4, 9, 10, 12, 13,15, 17, 18, 22, 23, 24, 25]. Sedghi et al [20] have
introduced the notion of an S-metric space and proved that, this notion is a generalization of a G-metric and a
D*-metric space. Also, they have proved properties of S-metric spaces and some fixed point theorems for a self-
map on an S-metric space.

In metric fixed point theory, the concept of altering distance function has been used by many authors in
a number of works on fixed points. An altering distance function is actually a control function which alters the
distance between two points in a metric space. This concept was introduced by Khan et al. in 1984 in [16] in
which they addressed new category of metric fixed point problems by use of such functions. Altering distance
function have been generalized to functions of two variables [5] and three variables [6] and have been used in
fixed point theory. It have also been extended to fixed point problems of multivalued and fuzzy mappings [7]. It
has also been extended to probabilistic fixed point theory ([8] and [11]). In the present paper we make another
use of such concept in proving fixed point results in S-metric space.
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Definition 1.1 [20]
Let X be a non-empty set, an S-metric on X is a function d : X3 — [0, +c0) that satisfies the following
conditions, for each x,y,z,a € X,
1. d(x,y,z) =0,
2. d(x,y,z)=0ifandonlyifx =y =z,
3. dx,y,z) <d(x,x,a)+d(y,y,a)+d(zza),
forall x,y,z,a € X.

Definition 1.2 [19]

Let (X, d) be an S-metric space.

) A sequence {x,} € X converges to x € X if d(x,,x,, x) - 0 asn - +oo. That is, for each € > 0,
there exists n, € N such that for all n > n, we have d(x,, x,, x) <e.

(i) A sequence {x,} c X is a Cauchy sequence if d(x,, x,, ;) = 0asn,m — +oo. That is for each € >
0, there exists n, € N such that for all n,m > n, we have

d(x,, X5, Xy) < E.
(iii) S-metric space (X, S) is complete if every Cauchy sequence is a convergent sequence.

Lemma 1.3 [21] Let (X, d) be an S-metric space. If sequence {x,,} converges to x, then x is unique.

Lemma 1.4 [21] Let (X, d) be a S-metric space. If sequence {x,, } converges to x, then {x,,} is a Cauchy
sequence.

In 2011 Cai et al. gave the following definition of ¢, -weakly contractive mappings and obtained the
common fixed point theorems in metric space as follows:

Definition 1.5 [26] Let (X, d) be a complete metric space and P,Q : X — X two self-mappings such that for
allx,y € X,

o (2 at0) = v (51 g0~ (147 ), a5
Where M (x,y) = max{d(x,y), d(Px,x),d(Qy,y), d(y.Px)';d(x,Qy)}
and

(i) p : [0,00) — [0,00) is a Lebesgue-integrable mapping which is summable,
non-negative and such that
Jy @(®dt>0, foreache > 0.
(i) : [0,00) — [0, 00) isa continuous and non-decreasing function and ¢ : [0,00) — [0, o) is a lower semi-
continuous and non-decreasing function such that ¥ (t) = 0 = ¢@(t)ifandonlyift = 0.
Then there exists a unique pointu € X suchthatu = Pu = Qu.

Il.  Fixed Point Theorem for , ~Weakly Contractive Mapping
In this section, we shall prove some fixed point theorems for generalized 1 ,-weak contraction

in S-metric space
Theorem 2.1. Let (X, S) be a S-metric space and P,Q : X — X two self-mappings such that for all x,y € X,

w (7 pwadt) < w (" p0)dt) = 6 ([ p0)dt) (21)
Where M (x, x,y) = max{d(x,x,y),d(Px, Px,x),d(Qy, Qy,y), w}
and

(i) @ : [0,00) > [0,0)is a Lebesgue-integrable mapping which is summable,
non-negative and such that
fos @(t)dt >0, foreache > 0.
(if) Y : [0,00) = [0, o) is a continuous and non-decreasing function and ¢ : [0, ) — [0, o) is a lower semi-
continuous and non-decreasing function such that (t) = 0 = ¢(t)ifandonlyift = 0.
Then there exists a unique pointu € X suchthatu = Pu = Qu.
Proof.
For any x, € X, we construct the sequence {x,},n = 0 by
Xon+1 = QX2 Xopp1 = PXope,n = 0,1,2,. ..
We divide the proof into four steps:
Step 1.
We prove that Tlll_r)go S(Xn+1 Xn+1,%n) = 0.
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Suppose that n is an odd number. Taking x = x,, , ¥ = X, in (2.1), we have
lIJ (J‘Os(xn+1,xn+1:xn) (P(t)dt) < lIJ (J‘OM(xn,xn,rxn—l) (p(t)dt) _ ¢ (fOM(xn,xn,xn—l) (p(t)dt)

< l,b (fOM(xn,xn,‘xn—l) (p(t)dt)
Since ¥ is a monotone non-decreasing function, so

f(;s(xn+1,xn+1’xn)'(p(t)dt < fOM(xn,xn,xn—l) (p(t)dt (22)

and

M(xn,xn,xn—l) = max{S(xn, X xn—l)l CS‘(xn+1 Xn+1s xn)l CS‘(xn: Xns xn—l)l

S(*n—1.Xn-1Xn—-1) + S (XnXn.xn) }
2

S(*n-1.Xn-1%n) + S(XnXnXn+1) }
2

< max{ 5( Xn» X Xn_l),S(Xn+1 Xn+1r xn)!
If CS‘(x‘rl+1 ,xn+1' xn) > CS‘(xn' xnr xn—l)l
Then, we can write

M(xn,xn,xn—l) = S(xn+1 ,xn+1' xn)-

It follows from (2.1) that
$ n n “n S n n “n S n n “nl
Eb(fo (Xn+1 ,Xn+1.Xn) (p(t)dt) Sl/)(fo (Xn+1,Xn+1.%n) (p(t)dt) _ ¢(f0 (*n+1 Xn+1.% )go(t)dt)

<P (f(;S(an_an,xn) (p(t)dt),

a contradiction.
Hence, M(x,, X, Xpn_1) = S (Xp, Xp, Xp_1)-

Now by (2.2), we have

J‘(;S(xn+1,xn+1'xn) (.p(t) dt < fOM(xn,xn, Xn-1) (p(t)dt - J‘(;S(xn:xn:xn—l) @(t)dt

Set y, = fos(xn+1,xn+1rxn) p(t)dt,

then0 <y, <y,_, foralln > 1.

Therefore, the sequence {y,},n = 0 is monotone decreasing and has lower bound. So, there exists r = 0 such

that
. s S(*n+1 Xn+1Xn),
lim y,= lim [ @ (t)dt
n—-oo n—-oo
= lim fOM(x""‘"'x"‘l)(p(t)dt
n—-oo
=7.

By the lower semi-continuity of ¢, we have
() < lim inf ¢ (J;"m 2 p()a).
n—-oo

We show that r = 0.
In fact, taking lim sup on both side of the following inequality
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lIJ (fOS(xn+1 Xn+1.Xn) (P(t)dt) < lIJ (J‘OM(xn,xn,xn—l) (p(t) dt) _ ¢ (fOM(xn,xn,xn—l) (p(t)dt),
from here, we get

Y < Y@ - o)
which implies that ¢ () < 0.Thus ¢(r) = 0.

By the property of the function ¢, we find

lim f(;g(x”“'x"“'x")’w(t)dt =0.

n—-oo

We know that  lim §(xp,41 X541, %,) = 0. (2.3)
n—-oo

Step 2.

We show that {x,, } is a Cauchy sequence.

By step 1, we know lim S(x,41 Xn41,X,) = 0, 50 we will only prove that the subsequence {x,,} of {x,} is a
n—-oo

Cauchy sequence. Suppose that the subsequence is not a Cauchy sequence so there exists an ¢ > 0 and
Subsequences {X,m )} and {xp )} Of {x0}

such that n(k) is the smallest integer for which

n(k) > m(k) > k,

S (Xanto, X2n0o0 X2mao) 2 &

and
S (Xono)-2,X2nk)-2,X2m)) < &-
Then, we have
& < S(Xz2n@w), Xan() X2m(k))
< S(Xan(i), X2n (), X2n(k)-1) + S (Xan (), Xan(i) X2n@)-1) + S Xzng) -1+ Xan()-1:X2n(k)-2) +
S (X2nm)-11 X2n)-1.X2n(0-2 ) T S(Xank)-2» X2n)-2 » X2m(k))
= 28 (Xan @) X2n) X2n)-1) 2 8 (Xano)-1 X2n)-1: X2nk)—2 ) +
S(X2n(i)-10 Xan(-1.X2nk)-2) T S (Xzn-2» Xan() -2 Xam(x))
< €42 S(X2n@0), Xan(k), X2n()-1) T 28 Xan(k)-1, X2n0)-1, Xan(k)-2 )-
Thus, we obtained
0<8=J, p(t)dt

S
< fo (X2n(k), X2n (o), X2m(k) ) p(t)dt

&+28(Xom(k), X2n0k) X2n(k) -1 ) +28 Xan(k) -1, X2n(k)—-1X2n(k)-2 )
< fo 2n(k), *2n(k),*2n(k)—1 2n(k)—1 X2n(k)-1X2n(k)-2 (p(t)dt.

Taking Ilim and using (2.3), we obtain

lim [ 2nt0 2nt0X2mio) o (¢)ge = g, (2.4)

n-oo
By the triangle inequality, we have
S (X2m() Xam() Xan)) < S (Cam@e) Xamiy X2mo-1) + S (X2miey X2m(ie) Xam@y-1) +
S (X2mm)-10 X2m()-1 X2n(k))
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= 28 (X2m(k) X2m (k) Xamk)-1) T S (X2m)-1 Xamk)-1%2n(k))
S(Xamk)r Xam), Xan)) < 28 (X2mk) X2mk) X2m)-1) + S Xam)-1, X2mk)-1 X2n(k))-
S(X2m0)-1 X2m@) -1 X2nk)) = S (X2n(0)-1 X2n() -1 X2m@) T S Xan)-1, X2n() -1 X2m@)) +
S(X2nk) X2n) X2m(k))
= 28 (X201 X2n(0) -1 X2m ) T S (X2n (i) X2n () X2m(k))
< 28 (X2n0)-10 X2n0)-1 X2m) ¥ S X2mk)r X2m ) X2n(k))-

Therefore, we can write

28 (Xom(k) Xam(k)X2mk)-1) T S Xam(k)-1X2mk)-1 X2n(k))

p(t)dt < f p(t)dt

fs (x2m(k) X2m (k) X2n(k))
0 0

S (X2m(k)-1X2m(k)-1X2n(k)) 28 (Xan(k)-1%X2n(k)-1X2m (k) + S X2m(k) X2mk) ¥2n(k))
fo m m n (p(t)dt Sfo ni ni m m m n (p(t)dt

Taking k — oo in the above two inequalities, and using (2.3), (2.4), we get

lim j‘;(xzm(k)—1rx2m(k)—1rx2n(k)) (p(t)dt = . (2.5)

n-oo

Again by triangle inequality, we have

S (X2mk)r X2m), Xonk)+1) = S (Xam(k)r X2mi), X2n k)t S (X2m k) X2m k), X2n (k)
S (X2n)+1 X2n () +1,X2n(k))

= 28 (X2m@i) X2m(i0) X2n(k)) + S (Xan()+1 Xan)+1,X2n0k))
= 28 (Xom@e) X2m@o0, X2n)) T S (X2ni)r X2n (i) Xan(k)+1)-

S (X2m@iey X2m(0 Xant)) < S Camaoy Xam o) Xznto+1)* S Kam iy Xamio) X2n (k) +1)
8 (X2n(i)r X2n00), X2n(k)+1)

= 28 (Xamiy Xam@) X2n00+1) + S X2n iy Xane) Xan(i)+1)
< 28 (Xamey Xam@o X2ntoy+1) + S (Xan@o+1 X2n 00 +1,X2n0k) ) -
and

f(;S‘(me(k), xzm(k),xzn(k)+1) (p(t)dt < fOZS(me(k). sz(k),xzn(k))+ S(in(k).XZn(k),xzn(kHl) (p(t)dt,

J‘Os(xzm(k)rxzm(k),xzn(k))(p(t)dt < fOZS(sz(k)'sz(k).x2n(k)+1)+ SCan(i)+1X2n (k) +1,%2n(k) o(t)dt.

Let k — oo in the both sides of the above inequalities and notice (2.3), (2.4), we have

lim f(;g(xzm(k)erm(k)rxZn(k)+1)(p(t)dt =5. (2.6)

n—-oo

Moreover, we have

S (Xam@o) -1 X2m)—1,X2n (k) +1) < S (Xam)-1) X2m)-1,X2n(k)) + 8 (X2m) -1 X2mk)-1,%2n(k)) T
S (X2n)+1 X2n (k) +1,%2n(k))

= 28 (X2m) -1 X2mk)-1,%2nk)) T S Xano)+1 Xan)+1,X2n )

< 28 (am@o -1 X2am@o)-1,%X2n0)) T S Xonk)r X2n (), X2n(k)+1) -

*Corresponding Author: Manoj Kumar 59 | Page



Fixed point theorems for weakly contractive mappings in S-metric space

S (amiey X2m@) Xanty+1) < S (X2maie) Xamo Xam@)-1) + S (Xamiey Xam@o), X2mao-1) +
S(xZn(k)+1v x2n(k)+1,x2m(k)—1)

= 28 (%2m@) Xam@) Xam@)-1) + S Czn(iy+1, Xan(io)+1,Xam(k)-1)

< 28 (Xamey Xam@o) X2mo-1) + S Czm@e)-1» X2m()-1, X200 +1)-

s -1 _ 28 —1» _ +S ,
and fo (X2m(k)—1 X2m(k)—1,%2n (k) +1) q)(t)dt < fo (X2mk)-1X2m(k)-1,%X2n(k)) (X2n(k) xzn(k),xzn(k)+1)¢(t)dt‘

fOS(xzm(k),xzm(k),xzn(k)+1) p(D)dt < J‘OZS(xzm(k)rxzm(k),xzn(k)—l) +8(Xzmk)-1X2mk) -1, X2n(k)+1) p(t)dt.

Again let k — oo and by (2.3), (2.5) and (2.6), we get

lim f(;s(xzm(k)—pxzm(k)—pxzn(k)+1)(p(t)dt =5 2.7)

n—-oo

From the definition of M (x, x, y), we get

M (X2 (k)-1,X2m(k)-1,X2n () =

S (X2m(0 -1 Xam@)-1, X2n00))» S (Xamiey X2m i) X2mo)-1)» S (Xantiy+1- X2n()+1, X2no))»

max S (X2n 00y X2n00 X2mi)) + S K2m(o)-10 Xam()—1,X2n0e)+1)
2
By (2.4), (2.5) and (2.7), we get
. M(X2m(k)-1X2m(k)—1, X2n(k)) _
lim | p()dt=34. (2.8)

n-oo

Taking x = Xppm)-1, ¥ = Xz2n@) 1N (2.2), we have

S(Xom n(k)*2n M(X2m(k)- mik)= n
l/) (fo (x5 (k),X2n(k)X2 (k)+1)(p(t)dt) < l/) (J‘O (F2m(k)-1,X2m(k)-1,%2n(k)) (p(t)dt)

—¢ ( fOM(sz(m—Lsz(k)—Lin(k)) o(t) dt).
Letting k - oo, and by virtue of (2.6), (2.8) and also by using the property of i, ¢, we get
Y(8) < P(6) — ¢(6),
a contradiction as § > 0.
Then {x,} is a Cauchy sequence. Since X is a S-metric space, there exists v € X such that x,, » vasn — .
Step 3.
We prove that v is a common fixed point of P and Q.
We know that M (v, v, x,,) = S(v, v, Pv).

Putting v and x and x,,, for y in (2.1), we have

" (IOS(PV,Pv,xan) (p(t)dt) <y (fOM(v.v,xZn) (p(t)dt) — (fOM(v.v,in) (p(t)dt).

Lettingn — oo, we obtain

" (fos(Pv,Pv,v)(p(t)dt) <y (f(;s(Pu,Pv,v) (p(t)dt) —¢ (f(;s(Pv,Pu,u) (p(t)dt).
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This is a contradiction unless fog p(t)dt = 0.
Notice the condition of ¢, we know that §(Pv, Pv,v) =0,
Thatis, Pv = v.

Since S (v, v, Qv) = §(Pv, Pv, Qu), then we have
v (" p©de) =p (] p(od)
<y (' pwrde) - ¢ (' p(t)dt)

=y (2 p@dt) - ¢ (7 p(0)dt).
Hence, § (v, v, Qv) =0,
That is v = Pv = Qu.
Step 4.
We prove that v is a unique fixed point of Q and P.
Suppose that there exists another v’ € X such that v' = Pv' = Qv’

Then, we can write

" (fos(v,v,v’) (p(t)dt) = (f(;s(Pv,Pv.Qv') (p(t)dt)

IA

w (1 p@ar) — ¢ (J'" p(e)dt)

w (7 p@yde) - ¢ (7 o).

This is a contradiction unless fos("’"‘” ) p(t)dt = 0, and notice the condition of 1, we have S (v, v, v") = 0.

Hence v =v'.

This completes the proof of Theorem.

Corollary 2.2. Let (X,S) be a S-metric space and P,Q : X — X two self-mappings such that for all x,y € X,

fod(Px,Px,Qy)(p(t)dt < fOM(x'x'y)(p(t)dt —¢ (fOM(x'x'y)(p(t)dt) 2.9)
Where M(x, x,y) = max{d(x, x,y), d(Px, Px,x),d(Qy, Qy, y), S22 42y
and

@ : [0,00) — [0,00) is a Lebesgue-integrable mapping which is summable, non-negative and such that
Jy @(®dt>0, foreache> 0.

Then there exists a unique pointu € X suchthatu = Pu = Qu.
Proof. By taking y(t) = t in Theorem 2.1, one can obtain the proof easily.

Corollary 2.3. Let (X, S) be a S-metric space and P,Q : X — X two self-mappings such that for all x,y € X,
w (7T pwdt) < w ([ ot ) — ¢ (J; " p(0)dt) (2.10)

and
(i) ¢ : [0,00) — [0,00) is a Lebesgue-integrable mapping which is summable,
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non-negative and such that
Jy @(®dt >0, foreache > 0.
(i)Y : [0,0) — [0, ) is a continuous and non-decreasing function and ¢ : [0, ) — [0, %) is a lower semi-
continuous and non-decreasing function such that ¥ (t) = 0 = ¢@(t)ifandonly ift = 0.
Then there exists a unique pointu € X suchthatu = Pu = Qu.
Proof. By taking M (t) = d(t) in Theorem 2.1, one can obtain the proof easily.

Definition 2.4 [14] Let (X, d) be a complete b-metric space with parameter s > 1,and T: X — X be a self-
mapping satisfying the (y, £)-weakly contractive condition

P(sd(Tx,Ty)) < 9 (“22) - (d(x ) (211)

s2

for all x,y € X, where
P €W ={:[0,00)— [0,), Y is an altering distance function},
and

. (€:[0,00) - [0,00),is continuous, §(t) = 0 ifan only if t =10,
teY= { §(lim inf c,) < lim inf §(cy) }

Then P has a unique fixed point.

1. Fixed point theorem for (y, §)-weakly contractive mapping
In this section, we generalize the (), §)-weakly contractive mapping in S-metric space.

Theorem 3.1 Let (X,8) be a S-metric space and P: X — X be a self-mapping satisfying the (y, €)-weakly
contractive condition

Y(S(Px, Px, Py)) < l/)(é‘(x,x, y)) - E(S(x, X, y)), forall x,y € X, (3.1)
Y E®={Y:][0,0) = [0,),pis an altering distance function},
and

. & :[0,00) - [0,0),&is continuous, {(t) = O ifanonlyif t=0,
tEY= { §(lim inf ¢,) < lim inf §(cy) }

Then P has a unique fixed point.
Proof. Let x, € X be arbitrary. Consider the iterated sequence {x,}, where x,,,,=Tx,
forn=0,1,2,3,..We will prove that § (x,,, x,, Xp+1) = 0asn — oo,

Using (3.1), we can write

PY(S (ns X Xp41)) S P(S (Kn-1, Xn-1, Xn) = E(S (Xp-1, Xn-1, X)), 32
n=20,1,23..

Therefore,

(S (tny Xy Xni1) S PS (Xn-1) Xno1, Xn) n=0,1,23..

1 is strictly increasing, we have
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S(Xny X, Xpa1) < (S (Xp_1, Xn_1, Xn) n=20,123..

Therefore, {S (x,,, xn, Xn4+1)} IS @ non-increasing sequence and hence it is convergent. Let S (xy,, X5, Xpt1) = 9,
where g > 0.

Letting n — oo in (3.2) and using the continuity of § and iy, we obtain

Y(g) < ¥(g) — &)

This implies,

g = 0, thatis

S(Xp) Xy Xps1) =0 (3.3)

We claim that {x,} is a Cauchy sequence. Suppose that {x,} is not a Cauchy sequence. Then there exists € > 0

for which we can find subsequences {x,,)} and {x,u)} of {x,} such that n(k) is the smallestindex for
which n(k) > m(k) > k and

S (Xm(kyr Xmiy Xn(i)) = & (3.4
and
cs(xm(k)'xm(k);xn(k)—l) S (35)

Using (3.4) and (3.5), we obtain
e< S(xm(k), xm(k),xn(k))
< [S (mae)s Xmaor Xno-1) + S K@y Xmy Xnikr-1) + S Kngy-1 Xno-1 Xn(i)]
= 28 (Xm@)» Xm0y Xn(i)-1) S Xn)-1 Xn(k)-1, Xn(i))
< 2(8) + S(Xno-1 Xno-1 Xn(io))-
forall k > 1.
Therefore
e< 112‘1;10 SUp 8 (X k) Xm@e)» Xnk)) < 26, (3.6)
Moreover, for all k > 1, we have
e< S(xm(k), xm(k),xn(k))
< [8 Comiy Xmeey Xm@o)+1) + S Xmgey Xy Xm)+1) + S (Xni) Xn(iyr Xmi+1)]
= 28 (Xm@iy Xm(k)y Xm0 +1) T S Xm@o)+1 Xm0 +1 Xn(k))

< 28 (Xim@iys Xm@e)y Xmoy+1) + [S Cmiey+ 12 Xmioy+1» Xy +1) + S (Xim@iy+1: Xm@ioy+1, Xn+1) +
S (Xn(i) Xn(i) Xn(i+1)]

= 28 (%), Xm@) Xmoy+1) + [28 i)+ 1, Xmy+1 Xn(iy+1) + S (Xnk)+1> Xn(k)+1» Xn ()]

< 28 (Xmiy Xm@iey Xmao+1) + 28 Kmo+1 Xm0 +1 Xntoy+1) + S Kngioy+1: Xnio) +1 Xn i) |-
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Using (3.3), we obtain

€ < lim sup 2.8 (mew+1, Xm@i+1 ¥k +1)- (3.7)

Also letting k — oo and using (3.4) for all k > 1, we get

€< ]12120 inf 8 (Xmy Xm)r Xn(k))- (3.8)

Using (3.1) and (3.7), we have

Yl) <y (Ill_{g sup 28 (Xm@+1, xm(k)+1'xn(k)+1)) (3.9)
=1y (Pj& sup 28 (Pxmw), P Xm)» Pxn(k)))

< lim sup (lp(s(xm(k)'xm(k); xn(k)))) = (S (ot Xmr ¥n 1))

< lim sup (¢ (S Gomeer Xt xn(k)))) — lim inf 5 (S (om0 Xmatr Xnit0))
Using (3.6) and also using property of &,
Then, we obtained
(&) <Y — §(lim inf S Cmatgy Fmcer Xncin) )

Hence, we have

§(Jim inf S Comaoy ¥mar Xni)) = 0.

Since by property of &, we get

Jim inf (maiy Xmaayr Xnc0) = 0,

which contradict (3.8).

Hence {x,,} is a Cauchy sequence. The completeness of X implies that there exists x* € X such that x, — x™.

Using (3.1), we have

(S (P, Pxn, Px*) < (8, X, X7)) = §(S (i, X, X7))
< IIJ(S(xn, X, x*)), n=0,123...

Since v is strictly increasing, we have

S(Pxp, Pxp, Px™) < (8(xp, %5, X)), n=0,1273..

when limit n —» oo, we get

Px, = Px*.

Now we have
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x* = lim x,,= limP x, = Px", (3.10)
n—-oo n—-oo

That is, x* is a fixed point of P.

Now to see the uniqueness of the fixed point x*,

Assume to the contrary that Py* = y* and x™ # y™.

From (3.2), we have

P(S(Px", Px", Py") < P(S(x",x", ) — §(S(x",x", y).

Then, we can write

Y(S(x,x, y) <P(S(x%x%, y7) — §(S(x", x*, ¥7)). (3.11)

Hence &(S(x*,x*, y*)) =0

which implies that x* = y*.

This completes the proof of theorem.

Corollory 3.2 Let (X,S) be a S-metric space and P : X — X be a self-mapping satisfying the (i, §)-weakly
contractive condition and taking « € [0,1) satisfying

S(Px, Px,Py)) < aS(x,x,y) , forall x,y € X. Then P has a unique fixed point.
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