
Quest Journals   

Journal of Research in Applied Mathematics                    

Volume 9 ~ Issue 5 (2023) pp: 51-57 

ISSN (Online): 2394-0743  ISSN (Print): 2394-0735 

www.questjournals.org        

 

 

 

*Corresponding Author:  Narinder Kumar                                                                                                  51 | Page 

Review Paper 

Fixed Point Results Using Rational Contraction in 

Modular Metric Spaces 
 

Narinder Kumar1,2, Manoj Kumar1, 
1, Department of Mathematics 

Baba Mastnath University 

AsthalBohar, Rohtak, Haryana, 124021, India 

                                      2, Govt.Post Graduate Nehru College Jhajjar 

narinderjaglan@gmail.com, manojantil18@gmail.com 

 

Abstract 
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I. Introduction 
 Banach in 1922 [1] proved his famous contraction mapping principle in a complete metric space. Since 

then this result of Banach has been characterized in different spaces such as those in multiplicative metric space, 

b-metric, G-metrics. On the other hand, in 2006, Chistyakov [4] introduced the notion of the metric modular on 

an arbitrary set and the corresponding modular space, which is more general than a metric space, and, based on 

this, he further studied Lipschitz continuity and a class of superposition operators on modular metric space (see 

also [8,5]). His purpose was to define the notion of a modular on an arbitrary set, develop the theory of metric 

spaces generated by modulars, called modular metric spaces in [6], [8],[9].This is a generalization of the 

classical modular spaces like Orlicz spaces (see [14]). 

For more details on modular metric fixed point theory, the reader may consult the books [14, 7]. 
Let 𝛺 be a nonempty set. Throughout this paper, for a function 

𝜕 : (0,∞)  ×  𝛺 ×  𝛺 → [0,∞), we write    

𝜕𝜅( 𝜁, 𝜂) = 𝜕(𝜅, 𝜁, 𝜂) for all 𝜅 >  0 and  𝜁, 𝜂 ∈  𝛺.              

Definition 1.1. [6] Let 𝛺 be a nonempty set. A function 𝜕: (0,∞) ×  𝛺 ×  𝛺 → [0,∞) is said to be a metric 

modular on 𝛺 if it satisfies, for all 𝜁, 𝜂, 𝑤 ∈  𝛺, the following conditions: 

1) 𝜕𝜅(𝜁, 𝜂)  = 0 for all 𝜅 >  0 if and only if  𝜁 =  𝜂, 

2) 𝜕𝜅(𝜁, 𝜂) = 𝜕𝜅 (𝜂, 𝜁)  for all λ > 0 , 

3) 𝜕𝜅 +μ  (𝜁, 𝜂)  ≤  𝜕𝜅(𝜁, 𝑤) + 𝜕μ (𝑤, 𝜂) for all 𝜅, 𝜇  >  0. 

If instead of (1) we have only the condition  

1') 𝜕𝜅(𝜁, 𝜁) =  0 for all 𝜁 ∈  𝜓 , 𝜅 >  0 then 𝜕 is said to be a pseudo modular (metric) on 𝛺. 

An important property of the (metric) pseudo modular on set 𝛺 is that the 

mapping  𝜅 ↦  𝜕𝜅( 𝜁, 𝜂)  is non increasing for all 𝜁, 𝜂 ∈  𝛺. 
Definition 1.2. [6] Let 𝜕 is a pseudo modular on  𝛺. Fixed 𝜁0 ∈ 𝛺. The set 

𝛺𝜕   = 𝛺𝜕(𝜁0) = { 𝜁 ∈ 𝛺  : 𝜕𝜅(𝜁,𝜁0) → 0 as 𝜅 → ∞} is said to be a modular metric space (around 𝜁0). 

Definition 1.3. [16] Let 𝛺𝜕 be a modular metric space. 

1) The sequence {𝜁𝜂}  in 𝛺𝜕   is said to be 𝜕-convergent to 𝜁 ∈ 𝛺𝜕 if and only if  there exists a number 𝜅 >  0, 

possibly depending on (𝜁𝜂) and 𝜁, such that lim
n→∞

𝜕𝜅(𝜁𝜂 , 𝜁)= 0.  

2) The sequence {𝜁𝜂}  in 𝛺𝜕   is said to be 𝜕-Cauchy if  there exists 𝜅 >  0, possibly depending on the sequence, 

such that 𝜕𝜅(𝜁𝑚, 𝜁𝜂) → 0 as 𝑚, 𝜂 →  ∞    

http://www.questjournals.org/
mailto:narinderjaglan@gmail.com
mailto:manojantil18@gmail.com


Fixed Point Results Using Rational Contraction in Modular Metric Spaces 

*Corresponding Author:  Narinder Kumar                                                                                                  52 | Page 

3) A subset 𝐶 of 𝛺𝜕   is said to be 𝜕 -complete if any 𝜕-Cauchy sequence in 𝐶 is a convergent sequence and its 

limit is in 𝐶. 

Definition 1.4. [3] Let 𝜕 be a metric modular on 𝛺 and 𝛺𝜕 be a modular metric space induced by 𝜕. If  𝛺𝜕 is a 

𝜕-complete modular metric space and 𝒯: 𝛺𝜕 → 𝛺𝜕 be an arbitrary mapping 𝒯 is called a contraction if for each 

𝜁 , 𝜂 ∈ 𝛺𝜕 and for all 𝜅 >  0 there exists  0 ≤  𝜎 < 1 such that 

                                                     𝜕𝜅(𝒯𝜁, 𝒯𝜂) ≤  𝜎 𝜕𝜅(𝜁, 𝜂)    

In 1975, Das and Gupta [10] derived some fixed point results for rational type contraction as follow: 

Let 𝛽 be a continuous self mapping on a complete metric space (𝛺, 𝑑). If 𝛽 is a rational type contraction, there 

exist α, β ∈ [0,1), where α + β < 1 such that  

𝑑(𝛽𝜁, 𝛽𝜂) ≤ 𝛼 𝑑(𝜁, 𝜂) + 𝛽
𝑑(𝜂,𝛽𝜂)[1+𝑑(𝜁,𝛽𝜁)}

1+𝑑(𝜁,𝜂)
 

for all 𝜁, 𝜂 ∈ 𝛺, then 𝛽 has a unique fixed point in 𝛺.  

On the other hand, in 1977 Jaggi [13] gave the fixed point results for rational type contraction as follows: 

Let 𝛽 be a continuous self mapping on a complete metric space (𝛺, 𝑑). If 𝛽 is a rational type contraction, there 

exist α, β ∈ [0, 1), where α + β < 1 such that  

𝑑(𝛽𝜁, 𝛽𝜂) ≤ 𝛼 𝑑(𝜁, 𝜂) + 𝛽
𝑑(𝜁,𝛽𝜁)𝑑(𝜂,𝛽𝜂)

𝑑(𝜁,𝜂)
 

for all 𝜁, 𝜂 ∈ 𝛺, 𝜁 ≠ 𝜂, then 𝛽 has a unique fixed point in 𝛺.  

Similarly, various results exist for self maps and pair of self mappings satisfying rational contraction in different 

spaces [11,2].    

 

II. Main Results 
In this section, we will prove the fixed point result for single map using rational type contraction in Modular 

Metric Space and then extend this for four maps in Modular Metric Space.  

Theorem 2.1 Let 𝛾 be self - mapping of a complete modular metric space (Ω𝜕 , 𝜕) such that 

𝜕𝜅(𝛾𝜁, 𝛾𝜂) ≤ 𝑘 max{𝜕𝜅(𝜁, 𝜂), 𝜕𝜅(𝜁, 𝛾𝜁), 𝜕𝜅(𝜂, 𝛾𝜂),
𝜕𝜅(𝜁,𝛾𝜁)𝜕𝜅(𝜂,𝛾𝜂)

1+𝜕𝜅(𝜁,𝜂)
,
𝜕𝜅(𝜁,𝛾𝜁)𝜕𝜅(𝜂,𝛾𝜂)

1+𝜕𝜅(𝛾𝜁,𝛾𝜂)
  }    (2.1) 

for all 𝜁, 𝜂 ∈ 𝐶(𝜁0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  and 

𝜕𝜅(𝑐0, 𝛾𝑐0) ≤ 𝜎(1 − 𝑘), where  𝑘 ∈ [0,1).                                            (2.2) 

Then 𝛾 has a unique fixed point. 

Proof. Suppose 𝑐0 ∈ Ω𝜕 and 𝑐1 ∈ Ω𝜕 such that 𝑐1 = 𝛾(𝑐0), 𝑐2 = 𝛾(𝑐1),…, 𝑐𝑛+1 = 𝛾(𝑐𝑛). Now, by inequality 

(2.2), we have      

 𝜕𝜅(𝑐0, 𝑐1) = 𝜕𝜅(𝑐0, 𝛾𝑐0) ≤ 𝜎(1 − 𝑘) ≤ 𝜎 

This implies that  𝑐1 ∈ 𝐶(𝑐0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . Suppose that 𝑐2, 𝑐3,…,𝑐𝑞 ∈ 𝐶(𝑐0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . 

Now, if  𝑞 = 2𝑝 + 1, 𝑝 = 1,2,3, … , 𝑝 =
𝑞−1

2
 

 𝜕𝜅(𝑐2𝑝+1,, 𝑐2𝑝+2) = 𝜕𝜅(𝛾𝑐2𝑝, 𝛾𝑐2𝑝+1) 

                                          ≤ 𝑘 max{

𝜕𝜅(𝑐2𝑝, 𝑐2𝑝+1), 𝜕𝜅(𝑐2𝑝, 𝛾𝑐2𝑝), 𝜕𝜅(𝑐2𝑝+1, 𝛾𝑐2𝑝+1),

𝜕𝜅(𝑐2𝑝, 𝛾𝑐2𝑝)𝜕𝜅(𝑐2𝑝+1, 𝛾𝑐2𝑝+1)

1 + 𝜕𝜅(𝑐2𝑝, 𝑐2𝑝+1)
,
𝜕𝜅(𝑐2𝑝, 𝛾𝑐2𝑝)𝜕𝜅(𝑐2𝑝+1, 𝛾𝑐2𝑝+1)

1 + 𝜕𝜅(𝛾𝑐2𝑝, 𝛾𝑐2𝑝+1)
  
} 

                                ≤  𝑘 max {
𝜕𝜅(𝑐2𝑝, 𝑐2𝑝+1), 𝜕𝜅(𝑐2𝑝, 𝑐2𝑝+1,), 𝜕𝜅(𝑐2𝑝+1, 𝑐2𝑝+2),

𝜕𝜅(𝑐2𝑝,𝑐2𝑝+1)𝜕𝜅(𝑐2𝑝+1,𝑐2𝑝+2)

1+𝜕𝜅(𝑐2𝑝,𝑐2𝑝+1)
,
𝜕𝜅(𝑐2𝑝,𝑐2𝑝+1)𝜕𝜅(𝑐2𝑝+1,𝑐2𝑝+2)

1+𝜕𝜅(𝑐2𝑝+1,𝑐2𝑝+2)
  
}       

                            ≤ 𝑘 max{𝜕𝜅(𝑐2𝑝,, 𝑐2𝑝+1), 𝜕𝜅(𝑐2𝑝+1, 𝑐2𝑝+2)}             

So, we have 

 𝜕𝜅(𝑐2𝑝+1,, 𝑐2𝑝+2) ≤ 𝑘𝜕𝜅(𝑐2𝑝, 𝑐2𝑝+1)                 (2.3) 

If  𝑞 = 2𝑝 + 1, 𝑝 = 1,2,3, … , 𝑝 =
𝑞−1

2
 

 𝜕𝜅(𝑐2𝑝,, 𝑐2𝑝+1) = 𝜕𝜅(𝛾𝑐2𝑝−1, 𝛾𝑐2𝑝) 

         ≤ 𝑘 max

{
  
 

  
 
𝜕𝜅(𝑐2𝑝−1, 𝑐2𝑝), 𝜕𝜅(𝑐2𝑝−1, 𝛾𝑐2𝑝−1), 𝜕𝜅(𝑐2𝑝, 𝛾𝑐2𝑝),

𝜕𝜅(𝑐2𝑝−1, 𝛾𝑐2𝑝−1)𝜕𝜅(𝑐2𝑝, 𝛾𝑐2𝑝)

1 + 𝜕𝜅(𝑐2𝑝−1, 𝑐2𝑝)
,

𝜕𝜅(𝑐2𝑝−1, 𝛾𝑐2𝑝−1)𝜕𝜅(𝑐2𝑝, 𝛾𝑐2𝑝)

1 + 𝜕𝜅(𝛾𝑐2𝑝−1, 𝛾𝑐2𝑝)
  

}
  
 

  
 

 



Fixed Point Results Using Rational Contraction in Modular Metric Spaces 

*Corresponding Author:  Narinder Kumar                                                                                                  53 | Page 

                                 ≤ 𝑘 max

{
  
 

  
 
𝜕𝜅(𝑐2𝑝−1, 𝑐2𝑝), 𝜕𝜅(𝑐2𝑝−1, 𝑐2𝑝,), 𝜕𝜅(𝑐2𝑝, 𝑐2𝑝+1),

𝜕𝜅(𝑐2𝑝−1, 𝑐2𝑝)𝜕𝜅(𝑐2𝑝, 𝑐2𝑝+1)

1 + 𝜕𝜅(𝑐2𝑝−1, 𝑐2𝑝)
,

𝜕𝜅(𝑐2𝑝−1, 𝑐2𝑝)𝜕𝜅(𝑐2𝑝, 𝑐2𝑝+1)

1 + 𝜕𝜅(𝑐2𝑝, 𝑐2𝑝+1)
  

}
  
 

  
 

                  

                                ≤ 𝑘 max{𝜕𝜅(𝑐2𝑝−1, 𝑐2𝑝), 𝜕𝜅(𝑐2𝑝, 𝑐2𝑝+1)} 

So, we have 

 𝜕𝜅(𝑐2𝑝, 𝑐2𝑝+1) ≤ 𝑘𝜕𝜅(𝑐2𝑝−1, 𝑐2𝑝)                                              (2.4) 

From (2.3), (2.4) and by induction, we have 

 𝜕𝜅(𝑐𝑞 , 𝑐𝑞+1) ≤ 𝑘
𝑞𝜕𝜅(𝑐0, 𝑐1)                                                   (2.5) 

 𝜕𝜅(𝑐0, 𝑐𝑞+1) ≤ 𝜕 𝜅

𝑞+1
(𝑐0, 𝑐1) + 𝜕 𝜅

𝑞+1
(𝑐1, 𝑐2) + 𝜕 𝜅

𝑞+1
(𝑐2, 𝑐3) +…+ 𝜕 𝜅

𝑞+1
(𝑐𝑞 , 𝑐𝑞+1) 

 𝜕𝜅(𝑐0, 𝑐𝑞+1) ≤ 𝜕 𝜅

𝑞+1
(𝑐0, 𝑐1) + 𝑘𝜕 𝜅

𝑞+1
(𝑐0, 𝑐1) + 𝑘2𝜕 𝜅

𝑞+1
(𝑐0, 𝑐1) +…+ 𝑘𝑞𝜕 𝜅

𝑞+1
(𝑐0, 𝑐1) 

 𝜕𝜅(𝑐0, 𝑐𝑞+1) ≤ (1+𝑘 + 𝑘2 +⋯+ 𝑘𝑞) 𝜕 𝜅

𝑞+1
(𝑐0, 𝑐1) 

 𝜕𝜅(𝑐0, 𝑐𝑞+1) ≤ (
1

1−𝑘
) 𝜕 𝜅

𝑞+1
(𝑐0, 𝑐1) 

Since 𝑐1 ∈ 𝐶(𝑐0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

 𝜕𝜅(𝑐0, 𝑐𝑞+1) ≤ (
1−𝑘

1
). (

1

1−𝑘
)𝜎 ≤ 𝜎. 

This implies that  𝑐𝑞+1 ∈ 𝐶(𝑐0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . By mathematical induction  𝑐𝑛 ∈ 𝐶(𝑐0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . 

 𝜕𝜅(𝑐𝑛 , 𝑐𝑛+1) ≤ 𝑘
𝑛𝜕𝜅(𝑐0, 𝑐1)                     (2.6) 

Next, we claim that {𝑐𝑛} is a Cauchy sequence for 𝑚 > 𝑛. 
𝜕𝜅(𝑐𝑛 , 𝑐𝑚) ≤ 𝜕 𝜅

𝑚−𝑛
(𝑐𝑛 , 𝑐𝑛+1) + 𝜕 𝜅

𝑚−𝑛
(𝑐𝑛+1, 𝑐𝑛+2) + 𝜕 𝜅

𝑚−𝑛
(𝑐𝑛+2, 𝑐𝑛+3) +…+ 𝜕 𝜅

𝑚−𝑛
(𝑐𝑚−1, 𝑐𝑚) 

                     ≤  𝑘𝑛𝜕 𝜅

𝑚−𝑛
(𝑐0, 𝑐1) + 𝑘𝑛+1𝜕 𝜅

𝑚−𝑛
(𝑐0, 𝑐1) + 𝑘𝑛+2𝜕 𝜅

𝑚−𝑛
(𝑐0, 𝑐1) + …                           + 𝑘𝑚−1𝜕 𝜅

𝑚−𝑛
(𝑐0, 𝑐1) 

                     < (𝑘𝑛 + 𝑘𝑛+1 +…)𝜕 𝜅

𝑚−𝑛
(𝑐0, 𝑐1) = 

𝑘𝑛

(1−𝑘)
𝜕 𝜅

𝑚−𝑛
(𝑐0, 𝑐1). 

Applying lim
𝑛→∞

, we get  𝜕𝜅(𝑐𝑛 , 𝑐𝑚) ≤ 0. We get that {𝑐𝑛} is a Modular Cauchy sequence in Ω𝜕. and because  Ω𝜕 

is complete so 𝑐𝑛 → 𝑐∗ ∈ Ω𝜕 . 
Now, 

 𝜕2𝜅(𝑐
∗, 𝛾𝑐∗) ≤  𝜕𝜅(𝑐

∗, 𝑐𝑛+1) +  𝜕𝜅(𝛾𝑐𝑛 , 𝛾𝑐
∗) 

 𝜕2𝜅(𝑐
∗, 𝛾𝑐∗) ≤  𝜕𝜅(𝑐

∗, 𝑐𝑛+1) + 𝑘 max {
𝜕𝜅(𝑐𝑛 , 𝑐

∗), 𝜕𝜅(𝑐𝑛, 𝑐𝑛+1), 𝜕𝜅(𝑐
∗, 𝛾𝑐∗),

𝜕𝜅(𝑐𝑛,𝑐𝑛+1)𝜕𝜅(𝑐
∗,𝛾𝑐∗)

1+𝜕𝜅(𝑐𝑛,𝑐
∗)

,
𝜕𝜅(𝑐𝑛,𝑐𝑛+1)𝜕𝜅(𝑐

∗,𝛾𝑐∗)

1+𝜕𝜅(𝛾𝑐𝑛,𝛾𝑐
∗)

  
} 

Taking  lim
𝑛→∞

, we get 

 𝜕2𝜅(𝑐
∗, 𝛾𝑐∗) ≤ 0 + 𝑘 max{0,0,  𝜕2𝜅(𝑐

∗, 𝛾𝑐∗), 0, 0} 
 𝜕2𝜅(𝑐

∗, 𝛾𝑐∗)  ≤ 𝑘 𝜕2𝜅(𝑐
∗, 𝛾𝑐∗) 

This implies that 

 𝜕2𝜅(𝑐
∗, 𝛾𝑐∗) ≤ 0.                                             (2.7) 

So 𝑐∗= 𝛾𝑐∗. Hence 𝑐∗ is a fixed point of  𝛾. Let 𝜂 be another fixed point of 𝛾 such that  𝛾𝜂 = 𝜂. 

 𝜕𝜅(𝑐
∗, 𝜂) =  𝜕𝜅(𝛾𝑐

∗, 𝛾𝜂) 

                   ≤ 𝑘 max {

𝜕𝜅(𝑐
∗, 𝜂), 𝜕𝜅(𝑐

∗, 𝛾𝑐∗), 𝜕𝜅(𝜂, 𝛾𝜂),

𝜕𝜅(𝑐
∗, 𝛾𝑐∗)𝜕𝜅(𝜂, 𝛾𝜂)

1 + 𝜕𝜅(𝑐
∗, 𝜂)

,
𝜕𝜅(𝑐

∗, 𝛾𝑐∗)𝜕𝜅(𝜂, 𝛾𝜂)

1 + 𝜕𝜅(𝛾𝑐
∗, 𝛾𝜂)

  
} 

                   ≤ 𝑘 max {𝜕𝜅(𝑐
∗, 𝜂), 0,0, 0, 0} 

(1- 𝑘)  𝜕𝜅(𝑐
∗, 𝜂) ≤ 0, 

So 𝑐∗= 𝜂. Hence 𝑐∗ is a unique fixed point of  𝛾. 

Corollary 2.2  Let (Ω𝜕 , 𝜕) be a complete modular metric space such that 

 𝜕𝜅(𝛾𝜁, 𝛾𝜂) ≤ 𝑘 𝜕𝜅(𝜁, 𝜂), 
for all 𝜁, 𝜂 ∈ 𝐶(𝜁0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  and 

 𝜕𝜅(𝑐0, 𝛾𝑐0) ≤ 𝜎(1 − 𝑘), 
where  𝑘 ∈ [0,1). Then 𝛾 has a unique common fixed point.   

   

Theorem 2.3 Let 𝛼, 𝛽, 𝛾 and 𝛿 be self- mappings of a complete modular metric space (Ω𝜕 , 𝜕) and (𝛾, 𝛼) and 

(𝛿, 𝛽) are weakly commutative with 𝛼Ω𝜕 ⊂ 𝛿Ω𝜕 , 𝛽Ω𝜕 ⊂ 𝛾Ω𝜕 and 𝛼, 𝛽, 𝛾 and 𝛿 are continuous. Let 𝑐0 ∈ Ω𝜕 and 

𝛼𝑐0 = 𝛿𝑐1 = 𝜂0. If there exists 𝑘 ∈ (0,
1

2
) such that 
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𝜕𝜅(𝛼𝜁, 𝛽𝜂) ≤ 𝑘(𝑀(𝜁, 𝜂)), for any 𝜁, 𝜂 ∈ 𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅              (2.8) 

holds, where    

𝑀(𝜁, 𝜂) = max {
𝜕𝜅(𝛾𝜁, 𝛿𝜂), 𝜕𝜅(𝛾𝜁, 𝛼𝜁), 𝜕𝜅(𝛿𝜂, 𝛽𝜂),
𝜕𝜅(𝛾𝜁,𝛼𝜁)𝜕𝜅(𝛿𝜂,𝛽𝜂)

1+𝜕𝜅(𝛾𝜁,𝛿𝜂)
,
𝜕𝜅(𝛾𝜁,𝛼𝜁)𝜕𝜅(𝛿𝜂,𝛽𝜂)

1+𝜕𝜅(𝛼𝜁,𝛽𝜂)
  
}                          (2.9)  

Then there exists a unique common fixed point of 𝛼, 𝛽, 𝛾 and 𝛿 in 𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅   provided that 

 𝜕𝜅(𝜂0, 𝛽𝑐1) ≤ (1 − ℎ)𝜎, where  ℎ =
𝑘

1−𝑘
 and ℎ < 1.                                  (2.10)  

Proof.  Let 𝑐0 be a given point in Ω𝜕. Since 𝛼Ω𝜕 ⊂ 𝛿Ω𝜕 , we can choose a point 𝑐1 in Ω𝜕 such that 𝛼𝑐0 = 𝛿𝑐1 = 

𝜂0. Similarly, there exists a point 𝑐2 in Ω𝜕 such that 𝛽𝑐1 = 𝛾𝑐2 = 𝜂1. Indeed, it follows from the assumption that 

𝛽Ω𝜕 ⊂ 𝛾Ω𝜕 . Thus we can construct sequences {𝑐𝑛} and {𝜂𝑛} in Ω𝜕 such that     

𝜂2𝑛 = 𝛼𝑐2𝑛 = 𝛿𝑐2𝑛+1,  𝜂2𝑛+1 = 𝛽𝑐2𝑛+1 = 𝛾𝑐2𝑛+2, 𝑛 = 0,1,2, … 

Now, we show that {𝜂𝑛} is a sequence in 𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ .  

By (2.10),  𝜕𝜅(𝜂0, 𝜂1) =  𝜕𝜅(𝜂0, 𝛽𝑐1) ≤ (1 − ℎ)𝜎 < 𝜎. Hence  𝜂1 ∈ 𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ .  

Assume 𝜂2, 𝜂3,…, 𝜂𝑞 ∈ 𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  for some 𝑞 ∈ ℕ. 

Then if  𝑞 = 2𝑘, it follows from conditions (2.8) and (2.9), that 

 𝜕𝜅(𝜂2𝑘, 𝜂2𝑘+1) =  𝜕𝜅(𝛼𝑐2𝑘 , 𝛽𝑐2𝑘+1) ≤ 𝑘(𝑀(𝑐2𝑘, 𝑐2𝑘+1)) 

                              ≤ 𝑘 max {
𝜕𝜅(𝛾𝑐2𝑘, 𝛿𝑐2𝑘+1), 𝜕𝜅(𝛾𝑐2𝑘, 𝛼𝑐2𝑘), 𝜕𝜅(𝛿𝑐2𝑘+1, 𝛽𝑐2𝑘+1),

𝜕𝜅(𝛾𝑐2𝑘,𝛼𝑐2𝑘)𝜕𝜅(𝛿𝑐2𝑘+1,𝛽𝑐2𝑘+1)

1+𝜕𝜅(𝛾𝑐2𝑘,𝛿𝑐2𝑘+1)
,
𝜕𝜅(𝛾𝑐2𝑘,𝛼𝑐2𝑘)𝜕𝜅(𝛿𝑐2𝑘+1,𝛽𝑐2𝑘+1)

1+𝜕𝜅(𝛼𝑐2𝑘,𝛽𝑐2𝑘+1)
  
} 

                              ≤ 𝑘 max {
𝜕𝜅(𝜂2𝑘−1, 𝜂2𝑘), 𝜕𝜅(𝜂2𝑘−1, 𝜂2𝑘), 𝜕𝜅(𝜂2𝑘, 𝜂2𝑘+1),

𝜕𝜅(𝜂2𝑘−1,𝜂2𝑘)𝜕𝜅(𝜂2𝑘,𝜂2𝑘+1)

1+𝜕𝜅(𝜂2𝑘−1,𝜂2𝑘)
,
𝜕𝜅(𝜂2𝑘−1,𝜂2𝑘)𝜕𝜅(𝜂2𝑘,𝜂2𝑘+1)

1+𝜕𝜅(𝜂2𝑘,𝜂2𝑘+1)
  
} 

                              ≤ 𝑘 max {𝜕𝜅(𝜂2𝑘−1, 𝜂2𝑘), 𝜕𝜅(𝜂2𝑘, 𝜂2𝑘+1)} 
That is,  𝜕𝜅(𝜂2𝑘, 𝜂2𝑘+1) ≤ 𝑘𝜕𝜅(𝜂2𝑘−1, 𝜂2𝑘)                                 (2.11)  

Thus Similarly, if 𝑞 = 2𝑘 + 1, then 

𝜕𝜅(𝜂2𝑘+1, 𝜂2𝑘+2) ≤ 𝑘𝜕𝜅(𝜂2𝑘, 𝜂2𝑘+1)                                           (2.12)  

Hence from (2.11) and (2.12) , we have 

𝜕𝜅(𝜂𝑘, 𝜂𝑘+1) ≤ 𝑘𝜕𝜅(𝜂𝑘−1, 𝜂𝑘)                                                              (2.13)  

From (2.11), (2.12) and (2.13), we have 

𝜕𝜅(𝜂𝑘, 𝜂𝑘+1) ≤ 𝑘𝜕𝜅(𝜂𝑘−1, 𝜂𝑘) ≤ 𝑘2𝜕𝜅(𝜂𝑘−2, 𝜂𝑘−1) ≤…≤ 𝑘𝑘𝜕𝜅(𝜂0, 𝜂1)   ∀ 𝑘 ∈  ℕ.      (2.14) 

Thus from (2.14), we have 

 𝜕𝜅(𝜂0, 𝜂𝑝+1) ≤ 𝜕 𝜅

𝑝+1
(𝜂0, 𝜂1) + 𝜕 𝜅

𝑝+1
(𝜂1, 𝜂2) + 𝜕 𝜅

𝑝+1
(𝜂2, 𝜂3) +…+ 𝜕 𝜅

𝑝+1
(𝜂𝑝, 𝜂𝑝+1) 

                          ≤  𝜕 𝜅

𝑝+1
(𝜂0, 𝜂1) + 𝑘𝜕 𝜅

𝑝+1
(𝜂0, 𝜂1) + 𝑘2𝜕 𝜅

𝑝+1
(𝜂0, 𝜂1) + …+ 𝑘𝑝𝜕 𝜅

𝑝+1
(𝜂0, 𝜂1) 

                          ≤ (1+ 𝑘 +𝑘2 +…+𝑘𝑝)𝜕 𝜅

𝑝+1
(𝜂0, 𝜂1)  

                       = 
(1−(𝑘)𝑝+1)

1−𝑘
𝜕 𝜅

𝑝+1
(𝜂0, 𝜂1). 

Since 𝜂1 ∈ 𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , we have 

𝜕𝜅(𝜂0, 𝜂𝑝+1) ≤ (1 − 𝑘)
(1 − (𝑘)𝑝+1)

1 − 𝑘
(𝜎) 

                         ≤ (1 − (𝑘)𝑝+1)𝜎 ≤ 𝜎 

𝜕𝜅(𝜂0, 𝜂𝑝+1) ≤ 𝜎 for all 𝑝 ∈  ℕ.                          (2.15)  

Hence 𝜂𝑝+1 ∈ 𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . By induction on 𝑛, we conclude that {𝜂𝑛} ∈ 𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  for all 𝑛 ∈  ℕ.  

Now we claim that the sequence {𝜂𝑛} satisfies modular Cauchy criterion for convergence in (𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ,  𝜕𝜅). To 

show this let 𝑚, 𝑛 ∈  ℕ be such that 𝑚 > 𝑛 and let 𝑚 = 𝑛 + 𝑝, then  

𝜕𝜅(𝜂𝑛, 𝜂𝑛+𝑝) ≤ 𝜕𝜅
𝑝
(𝜂𝑛, 𝜂𝑛+1) + 𝜕𝜅

𝑝
(𝜂𝑛+1, 𝜂𝑛+2) +…+ 𝜕𝜅

𝑝
(𝜂𝑛+𝑝−1, 𝜂𝑛+𝑝) 

                          ≤  𝑘𝑛𝜕𝜅
𝑝
(𝜂0, 𝜂1) + 𝑘𝑛+1𝜕𝜅

𝑝
(𝜂0, 𝜂1)  + …+ 𝑘𝑛+𝑝−1𝜕𝜅

𝑝
(𝜂0, 𝜂1) 

                          ≤ (𝑘𝑛+ 𝑘𝑛+1 +…+𝑘𝑛+𝑝−1)𝜕𝜅
𝑝
(𝜂0, 𝜂1)  

                          = (1 − 𝑘). 
𝑘𝑛

1−𝑘
𝜎 = 𝑘𝑛𝜎 

Letting 𝑛 → ∞, we have  𝜕𝜅(𝜂𝑚, 𝜂𝑛) → 0, as 𝑚, 𝑛 → ∞. Hence the sequence {𝜂𝑛} is a modular Cauchy 

sequence.  

As (Ω𝜕 ,  𝜕𝜅) is complete, so (𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , 𝜕𝜅) is complete. Hence {𝜂𝑛} has a limit, say 𝜁 in 𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . The fact that 

{𝛼𝑐2𝑛} = {𝛿𝑐2𝑛+1} = {𝜂2𝑛} and {𝛽𝑐2𝑛+1} = {𝛾𝑐2𝑛+2} = {𝜂2𝑛+1} are subsequences of {𝜂𝑛} makes lim
𝑛→∞

𝛼𝑐2𝑛 = 

lim
𝑛→∞

𝛿𝑐2𝑛+1 = lim
𝑛→∞

𝛽𝑐2𝑛+1 = lim
𝑛→∞

𝛾𝑐2𝑛+2 = 𝜁. 
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Suppose 𝛾 is continuous, then  

lim
𝑛→∞

𝛾(𝛼𝑐2𝑛) = 𝛾( lim
𝑛→∞

𝛼𝑐2𝑛) = 𝛾( lim
𝑛→∞

𝛾𝑐2𝑛+2) = 𝛾𝜁             (2.16)  

By weak commutativity  of  a pair (𝛾, 𝛼), we have 

 𝜕𝜅(𝛾(𝛼𝑐2𝑛), 𝛼(𝛾𝑐2𝑛)) ≤  𝜕𝜅(𝛾𝑐2𝑛, 𝛼𝑐2𝑛)                                      (2.17)  

Taking limit as  𝑛 → ∞, on both sides of (2.17) and by (2.16), we get 

 𝜕𝜅 (𝛾(𝜁), lim
𝑛→∞

𝛼(𝛾𝑐2𝑛)) ≤  𝜕𝜅(𝜁, 𝜁)                                             (2.18)  

which further implies that lim
𝑛→∞

𝛼(𝛾𝑐2𝑛) = 𝛾(𝜁). 

Now, by conditions (2.8) and (2.9), we have 

 𝜕𝜅(𝛼(𝛾𝑐2𝑛), 𝛽𝑐2𝑛+1) 

                                       ≤  𝑘 max 

{
 
 

 
 
𝜕𝜅(𝛾𝛾𝑐2𝑛, 𝛿𝑐2𝑛+1), 𝜕𝜅(𝛾𝛾𝑐2𝑛 , 𝛼𝛾𝑐2𝑛),

𝜕𝜅(𝛿𝑐2𝑛+1, 𝛽𝑐2𝑛+1),
𝜕𝜅(𝛾𝛾𝑐2𝑛,𝛼𝛾𝑐2𝑛)𝜕𝜅(𝛿𝑐2𝑛+1,𝛽𝑐2𝑛+1)

1+𝜕𝜅(𝛾𝛾𝑐2𝑛,𝛿𝑐2𝑛+1)
,

𝜕𝜅(𝛾𝛾𝑐2𝑛,𝛼𝛾𝑐2𝑛)𝜕𝜅(𝛿𝑐2𝑛+1,𝛽𝑐2𝑛+1)

1+𝜕𝜅(𝛼𝛾𝑐2𝑛,𝛽𝑐2𝑛+1)
  }

 
 

 
 

              (2.19)  

 

Taking limit as 𝑛 → ∞, on both sides of (2.19),  we obtain 

 𝜕𝜅(𝛾𝜁, 𝜁) ≤ 𝑘 max {
𝜕𝜅(𝛾𝜁, 𝜁), 𝜕𝜅(𝛾𝜁, 𝛾𝜁), 𝜕𝜅(𝜁, 𝜁),
𝜕𝜅(𝛾𝜁,𝛾𝜁)𝜕𝜅(𝜁,𝜁)

1+𝜕𝜅(𝛾𝜁,𝜁)
,
𝜕𝜅(𝛾𝜁,𝛾𝜁)𝜕𝜅(𝜁,𝜁)

1+𝜕𝜅(𝛾𝜁,𝜁)
  
}                                              (2.20)  

 

that is  𝜕𝜅(𝛾𝜁, 𝜁) ≤ 𝑘 𝜕𝜅(𝛾𝜁, 𝜁). Hence  𝜕𝜅(𝛾𝜁, 𝜁) = 0 and 𝜁 is a fixed point of  𝛾 in 𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . In similar way, by 

conditions (2.8) and (2.9), we have 

 𝜕𝜅(𝛼(𝜁), 𝛽𝑐2𝑛+1) ≤ 𝑘 max {
𝜕𝜅(𝛾𝜁, 𝛿𝑐2𝑛+1), 𝜕𝜅(𝛾𝜁, 𝛼𝜁), 𝜕𝜅(𝛿𝑐2𝑛+1, 𝛽𝑐2𝑛+1),

𝜕𝜅(𝛾𝜁,𝛼𝜁)𝜕𝜅(𝛿𝑐2𝑛+1,𝛽𝑐2𝑛+1)

1+𝜕𝜅(𝛾𝜁,𝛿𝑐2𝑛+1)
,
𝜕𝜅(𝛾𝜁,𝛼𝜁)𝜕𝜅(𝛿𝑐2𝑛+1,𝛽𝑐2𝑛+1)

1+𝜕𝜅(𝛼𝜁,𝛽𝑐2𝑛+1)
  
}   (2.21)  

 

Taking limit as 𝑛 → ∞, on both sides of (2.21),  we obtain 

 𝜕𝜅(𝛼(𝜁), 𝜁) ≤ 𝑘 max {
𝜕𝜅(𝛾𝜁, 𝜁), 𝜕𝜅(𝛾𝜁, 𝛼𝜁), 𝜕𝜅(𝜁, 𝜁),
𝜕𝜅(𝛾𝜁,𝛼𝜁)𝜕𝜅(𝜁,𝜁)

1+𝜕𝜅(𝛾𝜁,𝜁)
,
𝜕𝜅(𝛾𝜁,𝛼𝜁)𝜕𝜅(𝜁,𝜁)

1+𝜕𝜅(𝛼𝜁,𝜁)
  
}                                  

 𝜕𝜅(𝛼𝜁, 𝜁) ≤ 0. 

Hence  𝜕𝜅(𝛼𝜁, 𝜁) = 0 and 𝜁 is a fixed point of  𝛼 in 𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ .  

Because of the fact that 𝜁 = 𝛼(𝜁) ∈ 𝛼𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  ⊆ 𝛿𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ .  

Let 𝜁∗ in  𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ be such that 𝜁 = 𝛿(𝜁∗). 

 𝜕𝜅(𝜁, 𝛽𝜁
∗) =  𝜕𝜅(𝛼(𝜁), 𝛽𝜁

∗)  ≤ 𝑘 max {
𝜕𝜅(𝛾𝜁, 𝛿𝜁

∗), 𝜕𝜅(𝛾𝜁, 𝛼𝜁), 𝜕𝜅(𝛿𝜁
∗, 𝛽𝜁∗),

𝜕𝜅(𝛾𝜁,𝛼𝜁)𝜕𝜅(𝛿𝜁
∗,𝛽𝜁∗)

1+𝜕𝜅(𝛾𝜁,𝛿𝜁
∗)

,
𝜕𝜅(𝛾𝜁,𝛼𝜁)𝜕𝜅(𝛿𝜁

∗,𝛽𝜁∗)

1+𝜕𝜅(𝛼𝜁,𝛽𝜁
∗)

  
} 

 𝜕𝜅(𝜁, 𝛽𝜁
∗) ≤ 0. 

This implies that 𝛽𝜁∗ =  𝜁. 

Since the pair (𝛿, 𝛽) is weakly commutative from our assumptions, thus 

 𝜕𝜅(𝛿𝜁, 𝛽𝜁) =  𝜕𝜅(𝛿𝛽(𝜁
∗), 𝛽𝛿𝜁∗) ≤  𝜕𝜅(𝛿𝜁

∗, 𝛽𝜁∗) =  𝜕𝜅(𝜁, 𝜁) = 0. 

Hence  𝛿𝜁 = 𝛽𝜁. By (2.8) and (2.9), we obtain 

 𝜕𝜅(𝜁, 𝛽𝜁) =  𝜕𝜅(𝛼(𝜁), 𝛽𝜁) 

                    ≤ 𝑘 max {
𝜕𝜅(𝛾𝜁, 𝛿𝜁), 𝜕𝜅(𝛾𝜁, 𝛼𝜁), 𝜕𝜅(𝛿𝜁, 𝛽𝜁),
𝜕𝜅(𝛾𝜁,𝛼𝜁)𝜕𝜅(𝛿𝜁,𝛽𝜁)

1+𝜕𝜅(𝛾𝜁,𝛿𝜁)
,
𝜕𝜅(𝛾𝜁,𝛼𝜁)𝜕𝜅(𝛿𝜁,𝛽𝜁)

1+𝜕𝜅(𝛼𝜁,𝛽𝜁)
  
} 

 

which implies 𝜁 = 𝛽(𝜁). Hence 𝜁 is a common fixed point of 𝛾, 𝛿, 𝛼 and 𝛽 in 𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ .  

If 𝛿 is continuous, then following arguments similar to those given above, we obtain that  𝜁 = 𝛼(𝜁) = 𝛾(𝜁) =
𝛽(𝜁) = 𝛿(𝜁).  
Now suppose that 𝛼 is continuous.  

Thus lim
𝑛→∞

𝛼(𝛾𝑐2𝑛) = 𝛼( lim
𝑛→∞

𝛾𝑐2𝑛) = 𝛼(𝜁)            (2.22)  

As the pair (𝛾, 𝛼) is weakly commuting, we have 

𝜕𝜅(𝛾(𝛼𝑐2𝑛), 𝛼(𝛾𝑐2𝑛)) ≤  𝜕𝜅(𝛾𝑐2𝑛 , 𝛼𝑐2𝑛)               (2.23)  

Taking limit as 𝑛 → ∞, on both sides of (2.23) ,  we obtain 

 𝜕𝜅(𝛾(𝛼𝑐2𝑛), 𝛼𝜁) ≤  𝜕𝜅(𝜁, 𝜁) = 0 and lim
𝑛→∞

𝛾(𝛼𝑐2𝑛) = 𝛼(𝜁). 
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By contractive condition (2.8) , we get 

𝜕𝜅(𝛼(𝛼𝑐2𝑛), 𝛽𝑐2𝑛+1)        

                                          ≤ 𝑘 max 

{
 
 

 
 
𝜕𝜅(𝛾𝛼𝑐2𝑛, 𝛿𝑐2𝑛+1), 𝜕𝜅(𝛾𝛼𝑐2𝑛, 𝛼𝛼𝑐2𝑛),

𝜕𝜅(𝛿𝑐2𝑛+1, 𝛽𝑐2𝑛+1),
𝜕𝜅(𝛾𝛼𝑐2𝑛,𝛼𝛼𝑐2𝑛)𝜕𝜅(𝛿𝑐2𝑛+1,𝛽𝑐2𝑛+1)

1+𝜕𝜅(𝛾𝛼𝑐2𝑛,𝛿𝑐2𝑛+1)
,

𝜕𝜅(𝛾𝛼𝑐2𝑛,𝛼𝛼𝑐2𝑛)𝜕𝜅(𝛿𝑐2𝑛+1,𝛽𝑐2𝑛+1)

1+𝜕𝜅(𝛼𝛼𝑐2𝑛,𝛽𝑐2𝑛+1)
  }

 
 

 
 

               (2.24) 

Taking limit as 𝑛 → ∞, on both sides of (2.24), implies that 

 𝜕𝜅(𝛼𝜁, 𝜁) ≤ 𝑘 𝜕𝜅(𝛼𝜁, 𝜁) 

Hence  𝜕𝜅(𝛼𝜁, 𝜁) = 0, and 𝜁 is a fixed point of 𝛼 in  𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. Since = 𝛼(𝜁) ∈ 𝛼(𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) ⊆ 𝛿𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . Let 𝜁∗ 
in  𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ be such that 𝜁 = 𝛿(𝜁∗). It follows from condition (2.8), that 

𝜕𝜅(𝛼(𝛼𝑐2𝑛), 𝛽𝜁
∗) ≤ 𝑘 max{

𝜕𝜅(𝛾𝛼𝑐2𝑛, 𝛿𝜁
∗), 𝜕𝜅(𝛾𝛼𝑐2𝑛 , 𝛼𝛼𝑐2𝑛), 𝜕𝜅(𝛿𝜁

∗, 𝛽𝜁∗),
𝜕𝜅(𝛾𝛼𝑐2𝑛,𝛼𝛼𝑐2𝑛)𝜕𝜅(𝛿𝜁

∗,𝛽𝜁∗)

1+𝜕𝜅(𝛾𝛼𝑐2𝑛,𝛿𝜁
∗)

,
𝜕𝜅(𝛾𝛼𝑐2𝑛,𝛼𝛼𝑐2𝑛)𝜕𝜅(𝛿𝜁

∗,𝛽𝜁∗)

1+𝜕𝜅(𝛼𝛼𝑐2𝑛,𝛽𝜁
∗)

  
}      (2.25)  

Taking limit as 𝑛 → ∞, on both sides of (2.25), implies that 

 𝜕𝜅(𝜁, 𝛽𝜁
∗) ≤ 𝑘 𝜕𝜅(𝜁, 𝛽𝜁

∗)                                                  (2.26 ) 

Thus 𝛽𝜁∗ = 𝜁. Since the pair (𝛽, 𝛿) is weakly commutative from our hypothesis, then 

 𝜕𝜅(𝛽𝜁, 𝛿𝜁) =  𝜕𝜅(𝛽𝛿𝜁
∗, 𝛿𝛽𝜁∗) ≤  𝜕𝜅(𝛽𝜁

∗, 𝛿𝜁∗) =  𝜕𝜅(𝜁, 𝜁) = 0,                                  (2.27) 

which implies that 𝛿𝜁 = 𝛽𝜁. From (2.8), we have 

𝜕𝜅(𝛼𝑐2𝑛, 𝛽𝜁) ≤ 𝑘 max {
𝜕𝜅(𝛾𝑐2𝑛, 𝛿𝜁), 𝜕𝜅(𝛾𝑐2𝑛, 𝛼𝑐2𝑛), 𝜕𝜅(𝛿𝜁, 𝛽𝜁),
𝜕𝜅(𝛾𝑐2𝑛,𝛼𝑐2𝑛)𝜕𝜅(𝛿𝜁,𝛽𝜁)

1+𝜕𝜅(𝛾𝑐2𝑛,𝛿𝜁)
,
𝜕𝜅(𝛾𝑐2𝑛,𝛼𝑐2𝑛)𝜕𝜅(𝛿𝜁,𝛽𝜁)

1+𝜕𝜅(𝛼𝑐2𝑛,𝛽𝜁)
  
}                      (2.28)  

Taking limit as 𝑛 → ∞, on both sides of (2.28), implies that 

 𝜕𝜅(𝜁, 𝛽𝜁) ≤ 𝑘 𝜕𝜅(𝜁, 𝛽𝜁) and 𝜁 = 𝛽(𝜁). 

However, 𝜁 = 𝛽(𝜁)  ∈ 𝛽(𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) ⊆ 𝛾(𝐶(𝜂0, 𝜎))̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , let 𝜂 ∈( 𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ) be such that 𝜁 = 𝛾(𝜂). It follows from 

condition (2.8) , that 

 𝜕𝜅(𝛼𝜂, 𝜁) =  𝜕𝜅(𝛼𝜂, 𝛽𝜁) 

                    ≤ 𝑘 max {
𝜕𝜅(𝛾𝜂, 𝛿𝜁), 𝜕𝜅(𝛾𝜂, 𝛼𝜂), 𝜕𝜅(𝛿𝜁, 𝛽𝜁),
𝜕𝜅(𝛾𝜂,𝛼𝜂)𝜕𝜅(𝛿𝜁,𝛽𝜁)

1+𝜕𝜅(𝛾𝜂,𝛿𝜁)
,
𝜕𝜅(𝛾𝜂,𝛼𝜂)𝜕𝜅(𝛿𝜁,𝛽𝜁)

1+𝜕𝜅(𝛼𝜂,𝛽𝜁)
  
} 

which implies that  𝜕𝜅(𝛼𝜂, 𝜁) ≤ 𝑘 𝜕𝜅(𝛼𝜂, 𝜁). 
Hence  𝛼𝜂 = 𝜁. Since 𝛼 and 𝛾 are weakly commutative, so 

 𝜕𝜅(𝛾𝜁, 𝛼𝜁) =  𝜕𝜅(𝛾𝛼𝜂, 𝛼𝛾𝜂) ≤  𝜕𝜅(𝛾𝜂, 𝛼𝜂) = 𝜕𝜅(𝜁, 𝜁) = 0.                                        (2.29)  

This gives  𝛾(𝜁) = 𝛼(𝜁). Applying condition (2.8), we obtain 

 𝜕𝜅(𝛼𝜁, 𝜁) =  𝜕𝜅(𝛼𝜁, 𝛽𝜁) 

                    ≤ 𝑘 max {
𝜕𝜅(𝛾𝜁, 𝛿𝜁), 𝜕𝜅(𝛾𝜁, 𝛼𝜁), 𝜕𝜅(𝛿𝜁, 𝛽𝜁),
𝜕𝜅(𝛾𝜁,𝛼𝜁)𝜕𝜅(𝛿𝜁,𝛽𝜁)

1+𝜕𝜅(𝛾𝜁,𝛿𝜁)
,
𝜕𝜅(𝛾𝜁,𝛼𝜁)𝜕𝜅(𝛿𝜁,𝛽𝜁)

1+𝜕𝜅(𝛼𝜁,𝛽𝜁)
  
} 

which implies that 𝜁 = 𝛼(𝜁). Hence 𝜁 is a common fixed point of 𝛾, 𝛼, 𝛽 and 𝛿 in  𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅.  
If 𝛽 is continuous, then by using arguments similar to those given above, we can easily obtain a common fixed 

point of 𝛾, 𝛼, 𝛽 and 𝛿 in  𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅.  
We proceed to show the uniqueness of the common fixed point of the mappings 𝛾, 𝛼, 𝛽 and 𝛿. So let 𝜂 ∈
 𝐶(𝜂0, 𝜎)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ be another common fixed point of 𝛾, 𝛼, 𝛽 and 𝛿. By (2.8), we have 

 𝜕𝜅(𝜁, 𝜂) =  𝜕𝜅(𝛼𝜁, 𝛽𝜂) 

                 ≤ 𝑘 max {
𝜕𝜅(𝛾𝜁, 𝛿𝜂), 𝜕𝜅(𝛾𝜁, 𝛼𝜁), 𝜕𝜅(𝛿𝜂, 𝛽𝜂),
𝜕𝜅(𝛾𝜁,𝛼𝜁)𝜕𝜅(𝛿𝜂,𝛽𝜂)

1+𝜕𝜅(𝛾𝜁,𝛿𝜂)
,
𝜕𝜅(𝛾𝜁,𝛼𝜁)𝜕𝜅(𝛿𝜂,𝛽𝜂)

1+𝜕𝜅(𝛼𝜁,𝛽𝜂)
  
} 

that is,  𝜕𝜅(𝜁, 𝜂) ≤ 𝑘 𝜕𝜅(𝜁, 𝜂). 
Hence 𝜁 = 𝜂 and this implies that the common fixed point of 𝛾, 𝛼, 𝛽 and 𝛿 is unique. 

Example 2.4 Let Ω𝜕 =  ℝ and  𝜕𝜅: Ω𝜕 × Ω𝜕 → [0,∞) be a modular metric defined by  𝜕𝜅(𝜁, 𝜂) =
1

𝜅
(|𝜁| + |𝜂|). 

Note that (Ω𝜕 , 𝜕) is a complete modular metric space, define mappings  𝛾, 𝛿, 𝛼, 𝛽 : Ω𝜕 → Ω𝜕  by 

 𝛾(𝜁) = {
𝜁       𝑖𝑓 𝜁 ≤ 2
30𝜁 𝑖𝑓 𝜁 > 2

 ,                        𝛿(𝜁) = {
3𝜁   𝑖𝑓 𝜁 ≤ 2
20𝜁 𝑖𝑓 𝜁 > 2

 

𝛼(𝜁) = {
2𝜁      𝑖𝑓 𝜁 ≤ 2
100𝜁 𝑖𝑓 𝜁 > 2

 ,                        𝛽(𝜁) = {
1

3
𝜁 𝑖𝑓 𝜁 ≤ 2

4𝜁 𝑖𝑓 𝜁 > 2
 

Obviously, Maps are continuous and (𝛾, 𝛼) and (𝛽, 𝛿) are weak commutative with 𝛼(Ω𝜕) ⊂ 𝛿(Ω𝜕) , and 𝛽(Ω𝜕) 

⊂ 𝛾(Ω𝜕). First we construct a closed ball such that 𝜁0 =
1

7
,  𝜀 = 16 and 𝜅 = 2 
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 𝐶(𝜁0, 𝜀)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  = {𝜂 ∈ Ω𝜕:  𝜕𝜅(𝜂,
1

7
) ≤ 16} 

               = {𝜂 ∈ Ω𝜕:
1

2
(|𝜂| + |

1

7
|) ≤ 16} 

               = {𝜂 ∈ Ω𝜕: (|𝜂| + |
1

7
|) ≤ 32} 

               = {𝜂 ∈ Ω𝜕: |𝜂| ≤
223

7
} =[−

223

7
,
223

7
]. 

Clearly, the mappings are weakly commutative. Now choose 𝜁0 =
1

7
, then there exist 

 𝜁1 ∈   𝐶(
1

7
, 𝜀)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅
, such that 𝛼(

1

7
) = 𝛿(𝜁1) = 𝜂0 = 

2

7
 and 𝜂0 = 𝛿(𝜁1) =3𝜁1.  

Now, 𝜂0 = 
2

7
 = 𝛿(𝜁1) =3𝜁1 ⇒ 𝜁1 = 

2

21
 

Also, 𝛽(𝜁1)=  𝛽(
2

21
) = 

2

63
 = 𝜂1 

Thus, 

 𝜕𝜅(𝜂0, 𝛽(𝜁1)) = 0.06349 

where 𝜀 = 16, 𝑘 = 
3

13
, 𝑘 < 1, then 

(1 − 𝑘) 𝜀 = (1 −
3

13
) 16 ≤ 16 

So  𝜕𝜅(𝜂0, 𝛽(𝜁0)) ≤ (1 − 𝑘) 𝜀, 

holds. 

Thus for 𝜁, 𝜂 ∈  𝐶(𝜁0, 𝜀)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  all the conditions of Theorem 2.3 hold. 

Hence 𝜁 = 0 is the unique common fixed point of 𝛾, 𝛽, 𝛼 and 𝛿.  

 

III. Conclusion 
The purpose of this paper is to prove some common fixed point theorems in Modular Metric Space for single 

map and four maps using rational type contraction mapping. 
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