Quest Journals

Journal of Research in Applied Mathematics
Volume 9 ~ Issue 6 (2023) pp: 01-13

ISSN (Online): 2394-0743 ISSN (Print): 2394-0735
www.questjournals.org

Review Paper

Applications of Fractional Order Biological Population
Model in Agriculture via Shehu Adomian Decomposition
Method

Pradip R.Bhadane

Assistant Professor, Department of Mathematics,
Arts, Science and Commerce College Ozar (Mig) Nasik-424008(MS) India.

Abstract

We proposed a solid mix of Adomian Decomposition Method and Shehu transform called as Shehu Adomian
Decomposition Method is intended to get an accurate solution for the Fractional order Biological Population
Model with limit conditions. Which are used to determine maximum harvest for agriculturists to understand the
dynamics of biological invasions, and for environmental conservation. The Fractional subsidiary is in Caputo
sense and the nonlinear terms in Fractional order BPM can be taken care of by utilizing ADM. The techniques
give an insightful arrangement of the Fractional order BPM in the form of a convergent series. The technique is
described and illustrated with numerical example. A few plots are shown to illustrate the simplicity and reliability
of the proposed method.
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L. Introduction

Fractional calculus is a piece of the investigation of mathematics and the Basic ideas of Fractional
calculus are not new [1], [2]. The possibility of F'C at first found by G. W. Leibniz in 1965 Later on, the
hypothesis of FC grew quickly. The utilizations of FC have productive applications can be discovered
these days in designing and science. Yet, some Fractional differential equations don’t have accurate
arrangements, so we require new strategies and Integral transforms [25-26]. Recently in 2019 [7,8,12],
Chinees mathematician shehu Maitama developed a new transform called as Shehu transform which
is a generalization of Laplace and Sumudu transform used for solving different differential equations.
The ADM was presented by Adomian in 1991[9,10, 11] and has been applied to a wide class of issues
in many fields. The strategy gives the solution in a rapid convergent series with calculable terms. The
basic thought of the technique is to expect an infinite solution of the structure § = 3>  #,,, then, at
that point, apply ST [3,4,5,6] to the differential equation. The nonlinear terms are then deteriorated
as far as Adomian polynomials and an iterative algorithm is developed for the determination of the
#,, in a recursive way. The proficient computational devices are needed for logical and mathematical
approximations of such models. The Shehu Adomian Decomposition Method is a blend of the ADM
and ST. This technique was effectively utilized for tackling various issues.

In 2021 S.Nubpetchploy, utilized the mixture of ST and ADM for Solving Fractional Integro-
Differential Equation [13]. Later on numerous analysts utilized this blend for addressing the linear
and non linear Integral and Integro differential equations [14] and afterward it is likewise utilized for
settling time fractional Schrdinger equation [15].Recently, in 2022, M.Liaqat and others, utilized the
mixture of ST and ADM for settling Newell Whitehead Segel Equations [16]. For most recent couple
of years numerous analysts have been giving their consideration on the presence of arrangement of the
Fractional order BPM [17-24].

*Corresponding Author: Pradip R.Bhadane 1| Page


http://www.questjournals.org/

Applications of Fractional Order Biological Population Model in Agriculture via ..

In this article, we consider the nonlinear time fractional order Biological Population Model in the
strueture
oy 9% dgﬁ
atn B:r2
with the initial condition #(x,¥,0) = fo(x, ¥, 0}.
Where # signifies the population density and f addresses the population supply because of birth
and death. This model considered concerning model in the number of inhabitants in ereatures. The
developments are made by and large either by mature creatures driven out by trespassers or by youthful
creatures simply arriving at development moving out of their parental domain to build up their very own
rearing arca. In both cases, it is significantly more eonceivable to assume that they will be eoordinated
towards an adjacent empty area. In this model, therefore, development will occur only "down” the
population thickness inclination, and will be considerably faster at high population densities than at
low ones. While trying to display the present circumstance, they thought about a walk through a
rectangular grid, in which at each stage a creature may either remain at its eurrent area or may move
toward most minimal population thickness.
The point of this article is to concentrate on the utilization of SADM, to acquire estimated ar-
rangement of time fractional order BPM with initial conditions of the structure by taking
f(0) = h#° (1 —r6®), Where a , b, h are real constants, as

5z @), 0<p<l (1)

Do = (6°),, + (6%),, + 16" (1—16");0 <p < L. (2)

and the outcome is presented.

2  Fundamental Facts of the Fractional Calculus

Definition 1 A new transform called the Shehu transform defined for function of exponential order,
we Consider funections in the set A defined by

A= {t.-(t)\aN, A e > 0, |u(t)] < Ne¥a,if te(<1) — X[0, oc.)}

In the set A, the constant N is finite number and Ay, Ay are finite or infinite The Shehu transform
denoted by the operator S(.)& defined by the integral equation.

S[o(t)) = V(s,u) = /0 e ( :t) ()t

The inverse Shehu transform is given by
STV (s,t)] = v(t), fort = 0

where s and u are the Shehu transform variables.
Shehu Transform for Simple Functions

We have S[u(t)] = V(s,u) = [ u(t) (e = )df,

L. If v(t) = 1, then S[1] = V(s,u) = [;°(1) (e_

2. Tf v(t)=t, then S[t] = V(s,u) = [;°() ( ) t =2
More generally S[t™] = V(s,u) = [~ (t") (e =

S—au

3. I v(t) = exp(at), then 8 [e] = V(s,u) = [ (¢*) (5 ) dt = 2
Theorem 1 Let V(s,u) is Shehu transform of v(t)& S[v(t)] = V(s,u), Then

L S[GE)] =S =[5~ (1) (e =
Integrating by parts, we find S[v'(t)] = V(s,u) — v(0)

2

_\ft) dt then S[v*(1)] = =5V (s,u) — v(0) — v'(0)

2. S[—y[t(t)] S ()] = f;7 (v"() (e
3. 8 [ (w)] =S (1] = J;~ (1) (e

_:L) dt, then

n—1

n n—(k+1)
Spr(H] = V(s -3 (57

u
k=0
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Definition 2 The Riemann-Liouville fractional integral operator of order pu = 0, of a function f €
Cy,pp = -1, s defined as

TEf(2) = wi Jo (@ =01 f(t)dt, p > 0,2 > 0,
JOf(x) = f(z).

Properties of the operator J# can be found, we mention only the following

feCup=-1,0,20, and vy > -1

JOIPf () = JoTP f(x)

JoJBf(x) = JoIPf(x)

v T(y+1)

JoxT = r-(alw-+1)xa+ﬂ'
The Riemann-Liouville derivative has certain disadvantage, when trying to model real world phe-
nomenon with fractional differential equations. Therefore, we shall introduce a modified fractional
differential operator D}’ proposed by Caputo in his work.

Definition 3 The fractional derivative of f(x) in the Caputo sense is defined as

m— m A — 1 “ m—u—1 pm
D!f(z) = J™"*D f(a.)_mfo (z — )™ L () dt,

form—1< p < mm € N,x > 0, For the Riemann-Liouville fractional integral and the Caputo
fractional derivative, we have the following relation:

m—1 &
IEDET@) = 1)~ 32 100 e >0,

Definition 4 The Shehu transform of the Caputo fractional derivative is defined as
n—1
gH R gy p—k—1 K .
SIDEF(E)] = = {v -3 () [f {o+)|f=0]} t>0n-l<p<nmneN.

uHr ki

3 Shehu Adomian Decomposition Method

Consider a general nonlinear non-homogeneous partial fractional differential equation with starting
state of the structure.

Dig(z,y,t) + RO(z,y, t) + NO(z,y,t) = g(z,y,t),t > 0,n—1 <z <n, (3)

0(x,y,0) = h(z,y),6:(z,y,0) = f(z,y) (4)

0<p<l, #Hxy.t)—oc0
Where D} @(z,y,t) is the Caputo fractional derivative of the function #(x,y,t), R is linear differential
operator, N is the general nonlinear differential operator and g(x, t) is the source term.
Taking shehu transform on the two sides of equation (3), to get

S[D;6(z,y,t)] + S[RE(z,y,t)] + S[NO(z, y, )] = S[g(z,y, )] (5)

Utilizing the differentiation property of ST and introductory conditions (4), we have

S,u—l p—2

S 0@y 1) S0, y.0) ~ S 0,(.y.0) + S[RA(z.y.) + NO(z,9.1)] = Slo . .)]

w1

0(z,y,t) = (%)1,&@. y) + (;—‘)2 faw) + (2) Slate,.0] - (%) 81ROy, 1) + No(,u.0] (6)

where g(z,y,t) is emerging from the source term and the prescribed initial condition, By standard
STADM characterizes the arrangement #(x, y,t) known by the series

O0(z,y, 1) = On(2,3,1t) (7)
n=0
The nonlinear operator is
NO(z,y,t) =Y An(0) (8)
n=>0
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where A,, are the Adomian polynomials and is given by A,, (8,,61,....6,) = % (._% - [N (Zf:o p"”G,:)} p0 =
0,1,2... Subbing (7) and (8) in (6), we get

oo

(.0 = (2) na)+ (2) 10+ ()" Slote. 0]~ (£) S1R8,1,0) + No(,1,0)

n=

This is the coupling of the ST and ADM, looking at the coefficients of like forces of the above condition
are acquired.

oz, = (2) he) + (2) 1) + (2) " Slote,v.0)] = a(, .1

Oi(z,y,t) = (E)pS [RO,(x,1,t) + A (0)]

5

Oa(z,y,t) = (2)“5 (RO, (z,y.t) + A, (0)]

brr(2,0.8) = (5)" S [Ra(r,1,6) + An(6)]
Appling Inverse ST, condition becomes
fo(z,y.t) = g(x,y, )
Ot (.y.t) =S~1 ((%)“ S[RO,(z,.1) + .4n(9)]) n>1
at last we approximate the analytical w(x, y, t) as
Ba,y.0) =Y Onl2,3,0)
n=0

Oz, y, t) =02, y,t) + 61 (2, y,t) + a2z, y,t) + O3(x,y, 1) + ...

4 APPLICATION

4.1 Example

Consider the following time fractional biological population model’s equation as

ore 9% 9% 8
ﬁ:@+@—9(a,y,t} (1+§9(2:y,t})0<,u§1 (9)
dependent upon the condition
flz.y,0) = e (10)
Employing ST to the two sides of equation (9) dependent upon the underlying condition (10), we get
U\ zty wy M S
S[0(z,y.t)] = (E) e 4 (;) s {am + 0y, —0 (1 + 59)] (11)
Utilizing the converse ST to the two sides of (11)
Oz, y,t) = e 4871 {(%‘)" s {eu + Oy — 0 (1 + gaﬂ } (12)

Where e 5 address the term emerging from the source term.
Presently on Appling AD technique

0(z,y,t) = bn(z,,1) (13)
n=>0
the non linear operator is due
Nb(z,y,t) = A.(0) (14)
n=>0

Where A,, are the AD and is given by

An (60,01,62......... Br) = 1 {Z ;FN [pfsi(a::-y,z)]} n=012......

*Corresponding Author: Pradip R.Bhadane 4| Page



Applications of Fractional Order Biological Population Model in Agriculture via ..

Substituting (13) and (14) in equation (12), we obtain

i On(z,y,t) = €5 4871 {C_‘)“ S [i An(0) - i an} }
n=>0

n=0 n=0

Where

O =02, + 0.

8 , .
nyy agn:ﬂ e N

8
‘4.(} = 9(2)1.1. + 9‘2)“’,9 - 593
16
Ay =2(0061),, + 2 (9091)313; - 39091

16 8
Ay =2(0ob2),, + {9%) er T 2(0002),, + (Qf)yy — 53092 - §9%

(15)

This is mixture of the ST and Adomian polynomial strategy looking at the like forces of the above

condition are gotten
T4y
Bo(z,y,t) =e=

fu(z,y,t) =S~ {(E)ps [40(6) - 80] }
=5 {(4)'s [t + 8, - 306 - 0]}
S {7 [+ (), S ) -]
s {2 s}
- () )
zty tH
0 (z,y,t) = —e_ﬁum
tae.0.1) =57 {(5)" S 142(0) - 1}
=5 {(1—‘)”9 {2 (B061) ., + 2 (8061),, %9061 - 91] }
g {(g)*‘s [_2 GEHE ((J)j_) LBy,
e {a[2)

2,
bafar,y, 1) = €5 T
(2p)!

ba(e,y0) =57 {(2)" S [4206) - 1}

i
(3pe)!

Continuing thusly, the rest terms of 6, (z,y,t) can be found.
The solution #(zx,y,t) of equation (9) by using (16), (17), (18)and(19), as

Os(z,y,t) = —e

9(3"5 Y. t) = Z 9“ ('T'.' Y. t)

n=0

Bz, y,t) =0z, y,t) + 01 (x,y,t) + Oz, y, t) + Oz, y, ) + . ........

z cty TH iy t2H iy TOH
Ly t) —e Th et En — .
O y,1) =e T T Eay G+
iy e t2m 30
r ) = -3 —_— -
Oz, y.t) =€ [1 il 7 Rl ey RRRRRRRRRS ]

Oz, y.t) = ef’»ﬂE’u (—tH)

(16)

(17)

oty tH
e 3 —
!

(18)

(19)
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where E, (t) is Mittag-Leffler function in one parameter. When p = 1, then

Zi¥ ¢

0(z,y,t) = e (20)
Which is exact Solution of (9).

o vs. t when x=1,y=1

2.5

—|=(].45

p=0.65

—1=0.85

o @ -
!

(=T T = T e T e Y e T QR =T I T e T R Y = Y O =
QO A M™NMM S S @ ne D~ 0|0
OococoDoOoOO0oOCDOoOOoOOoOCDOoOOoODOoOO0DO A

Figure 1: Comparison between w for different fractional orders.

O vs. x and y when p=0.35
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Figure 2: 3D behavior of an approximate solution for y = 0.35

O vs. x and y when p=0.65

10
O s
m510
0 mO0S5

0
0.6 1.2 18 24 5 e

X

Figure 3: 3D behavior of an approximate solution for g = 0.65
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4.2 Example

Consider the following time fractional biological population model’s equation as

oo %0 9% 1

7 =33 —0(z,y.t) <
o — a2 T o7 + 4EJ(:«: y.t) ,0<p<l (21)
dependent upon the condition
b(z,y,0) = Vzy (22)

Employing ST to the two sides of equation (21) dependent upon the underlying condition (22), we get
U u\H 1
S[o(z, y,1)] = (;) VI + (;] S [9m+9yy+19} (23)
Utilizing the converse ST to the two sides of (23)
1
8(z,y,t) = ,/z—y_s—l{(%)“s {Hm+6w+19}} (24)

Where /7y address the term emerging from the source term.
Presently on Applying AD technique

0(z,y,t) =Y _ On(z,0,1) (25)
n=0
the non linear operator is due
Né(z,y,1) =Y An(9) (26)
n=>0

Where A,, are the AD and is given by

1) o= 0"
An (G0, 0,02 .ooen ) = o {Z a—pnf\-' [ptﬁg(x,yg t)] } m=01,2......
" Aln=0

Substituting (25) and (26) in equation (24), we obtain Where

Ay =62, +0%,,neN
Ao = 03,0 + 00y,

Ay = 2(0obh),, + 2 (0ob1),,

Ay =2 (QGHQ)II + (9¥):m +2 (ﬁoﬁz)yy + (H%Jyy

This is mixture of the ST and Adomian polynomial strategy looking at the like forces of the above
condition are gotten

bo(z,y,t) = /Ty 0
61(z,y, 1) =571 {(g)p S [‘40(9} + %90} }
= {(3)" 8 [t 5+ 30
s ()" | + A, + 1A |
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1 tH
61(.“13._. . t) = 1\,@_

o (28)

) S 41(9)+ 91]}
)”s 2 (6061).., + (eosl)wﬁel}}
)

wyH t* 1 t* 1 i
- S|2|—(zy)— 2| ~(zy)— —/TY—
5 (4($y),u!)u+ (4(19)“!)yy+ 16 Jyu!}}

(29)

5
s () s (i) (o).

1, % 1 £ 1 £
+32 (E(a.y} (Q,LL}I) v + (E{my) (u!}z)yy + a‘/‘c_y(w]

o

bo(e.0.1) = Vg (30)

Continuing thusly, the rest terms of 6,,(z, y,t) can be found.
The solution #(x, v, t) of equation (21) by using (27),(28),(29) and (30), as

0(x.y,t) = lim éﬂn(&y;f)
0(x,y, 1) = oz, y,t) + 01z, y,0) + O2(z, 3y, 1) + ba(z, g, ) + ..o

0r,0,0) = T+ LV 4 L ey L gt
=V T VT T eV T eV T

1t 1\? ¢ 1\* 3
G(fr,y:t)=\/_y[1+4w+(4) er(i) ISRt }

O(x,y,t) = JzyE, (Eﬁ‘)

where I, (t) is Mittag-Leffler function in one parameter. when p =1, then

O(z,y.t) = rye™ (31)
Which is exact Solution of (21).

©O vs. twhenx=1,y=1

14
135
13
125
12 k=
6 115 e 1= 0,35
) ]'r: p=0.65
"1 | 1=0.85

Figure 4: Comparison between w for different fractional orders.
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O vs. X and y when p=0.35

6

O s
5 46
m24
0
0 >  mo2
06012 18 ;4 | v
X

Figure 5: 3D behavior of an approximate solution for ¢ = 0.35

ovs. X and y when pu=0.65

3

2
o 1 2-3
0 mi-2

-
0 06 mO-1
1218 24 5
X

Figure 6: 3D behavior of an approximate solution for p = 0.65

4.3 Example
Consider the following time fractional biological population model’s equation as

are 0% 9%
- = —= E— AN < 5
o oz Vo T 0(z,y,1),0 <p <1 (32)

dependent upon the condition

9(3; y,0) = \/m (33)
Employing ST to both sides of equation (32) subject to the initial condition (33), we get
u - ~ A% /
S[8(z,y,1)] = (;) sinz -sinhy + (S) S (B + Oy + 6] (34)
Utilizing the converse ST to the two sides of (34)
- - _ wy #
0(z,y.t) = \/sinz -sinhy + S~ {(g) S (O + Oy + 9]} (35)
where /sinz -sinhy address the term emerging from the source term. Presently on Appling AD
technique
6(x,y,t) = lim 2_% On(,y,1) (36)
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The linear operator is due

No(,y.1) = Y An(6) (37)
n=>0
Where A, are the AD and is given by

An (B0, 01,02 ... ... ) n'{z N [p*8:(z, yt)]},n:l],l,?......

Substituting (36) and (37) in equation (35), we obtain

i:: Jyf)—\/msj{() {Z 9)+Ze“]} (38)

=0

Where
Ay =0 +0h,,meN
Ag = 03y + 05y, — 92
Ay =2(60pb,),, +2 (6091}
A0 = 2(Bob).p + (82),,, + 2 (Boba),, + (82),,

This is mixture of the ST and Adomian polynomial strategy looking at the like forces of the above

condition are gotten
tp(z.y,t) = y/sinz - sinhy (39)

._.
-

Il
v
L
—— —— —— ——

Oi(z,y,t)=5S"

S [4o(0) + 6]

S [0, + 02, + 0] }

"s [(\/mm (V/sinz - smhy)?, + sinm.sinhy}}
"s[y/sinz by}

- e {(3) s

-

D e Y
mlEwm | Sn 2w
e N e S

On(,3.0) = Vo sy (40)
B (z,y,t) =S~ (S)"S[a (6) + 6, }
—g! (g)“s[ (8061),,. +2 (6061), +91]}

c.n|.':.‘

.u tH 2 t*
gt { [ sinz - smhy ) +2 (sina‘ - sinh y—') + /sinx - sinh-y—i }
. 1/ oy !

- (s )

!

2
#2(x,y,t) = v/sinxsinh yﬁ (41)

Os(z,5,1) = 51 {G)"s [42(6) +92]}
=s" {(;)*‘ S {2 (6062),., + (ef)n +2 (9062)3@ + (ef)yy + 92”

s

#3(x,y,t) = \/sinzsinh yw (42)

Continuing thusly, the rest terms off), (z,y,t) can be found.
The solution #(z,y,t) of equation (32) by using (39),(40),(41) and (42), as

*Corresponding Author: Pradip R.Bhadane 10 | Page
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9(:,[?‘ Yy, t) = il_l';'f_ll Z 9n{¢‘| Y, t)
n=>0

G(I, Y, t} = lt)o(-"-"‘: y~£) + 61(1‘, y~3) + 62(1,-: yt) + 93(r~y t) T+

e

(!
3p

+ 4/sin 2 sinh -yﬁ o

1
9(2‘: y.‘t} :\/m [1 + % +
6(z,y,t) =\/sinzsinhyE, (t*)

Where E,(t) is Mittag-Leffler function in one parameter. When p = 1, then

f(z,y,t) = \/sinz -sinhy - €'

B(z,y,t) =y/sinzsinhy + \/sin rsinhy

+ v/ sinz sinh y——

2 e

(2p)! + Bu)! oo

Which is exact Solution of (32).

© Vs. t when x=1, y=1
4.4
39
34
2.9 — =
[ FE 03
19 s
14 e =165
0.9 — =) 85
oW NG MmN T W Www M~ 0w M
SodgogogmMgEgvigghg®gd®
[=] (=] o o (== (=] (=] (=] o (=]
t

Figure 7: Comparison between w for different fractional orders.

oVvs. X and y when u=0.35

o

6
4
2 W 4-6
0

m2-4

0 >
06 12 13 24 3 m0-2

X

Figure 8: 3D behavior of an approximate solution for g = 0.35
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ovs. X and y when p=0.65

3

2
o 1 2-3
0 mi-2

-
0 o6 mO-1
1218 24 5
X

Figure 9: 3D behavior of an approximate solution for u = 0.65

5 Applications

1. Enviromental scientists use the models to describe how populations grow over time.

2. Population biologists frequently used mathematical models to investigate the behaviors of animal
populations.

3. Population models are also used to understand the spread of parasites, viruses and disease.

4. Polpulation models are used to determined maximum harvest for agriculturists to understand
the dynamics of biological invasions and for enviromental conservation.

6 Conclusion

This paper intends to show the applicability of the SADM to obtain an numerical solution in terms of
convergent series for nonlinear time fractional order BPM. The evaluations shows that the proposed
method (SADM) is extremely successful and suitable and is an influential and professional tool for
fractional order BPM. Because the obtained results using proposed techniques are in an excellent
agreement with the exact solution. We also conclude that the complete territory of population density
is shown in different plotted graphs.
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