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ABSTRACT

In this chapter, we assume [X,Dp] r = 0 and obtain conditions for conformality of M to an
n-sphere where the bracket [,] is the lie bracket and Dp is the vector filed associated to the 1-form
dp. we consider a compact orientable Riemannian manifold M and non metric semi-symmeitric
connection on M and obtain conditions for M to be either conformal or isometric to a sphere without
putting restrictions on the Scalar curvature of M. Finally, special cases of our results are also
deduced by using the projective change of the Riemannian connection and the conformal change of
the Riemannian metric g.
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1. Notations and Formulae:
‘The raising and lowering of the indices are as usual carried out respectively
with g’ and g; . Thus. tensors are called associated tensors . Let S. and T be the

covariant tensors of order s with local components S . and T,

., Tespectively.

iy d

The associated contravariant components of T are T *. We define the mner

<S8.5=

(1.1) fyr=2n-1) Ap-2rp

where A s the Laplace-Beltrami operator on M.

(1.2) £vg! =-2p &'

(1.3) £:Kig = 20 Kugie - 8ne ViPi + iy Vo — 85 VP + ik Vil
(1.4) £xKyi = Apgii — (n-2) Vipy.

(1.5) V.V -VV, 3 = K;},j‘h. ¥ (V,V.y, -V.V,v )= K:J.Tk'

where v is any differentiable vector field on M. We write f; = Vfand f'= g‘{;f The
tensor Z[3] is given by

(1.6) Zyije = Kpagie — v (Znk 85 - Sy )/ n(n-1).

(1.7) Wk = aZpge + bigi Gy - by gnj Gie b3gij Gux
—bs gix Gy + bsgi Gix — b gik G-

where a. bi........bs are any constants.
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2. Compact-Orientable Riemannian Manifolds of Dimension n >2:
Lemma 2.1:

Let M be a compact. Orientable Riemannian manifold of dimensions n >2. For any
vector field v and a differentiable function £, we have

[(Viahav=0. | afdv=0

M M
the first 1s well known Green’s formula. The second follows as a consequence of the
first.

Lemma 2.2:
Let M be a compact. oriented Riemannian manifold of dimensions n
infinitesimal non-isometric transformation satisfying
(£x g)y = ViX; + VX = 2pgy.
Then, for any function fon M. we have

[ efdv==1" [ £ fdv

A A

-

=2 admitting an

Lemma 2.3:
For a manifold M having the same properties as in Lemma 2.2 we have

. 2 - - . - .
® [(Vo) dv= [V, (ap)dv = [[K;p! —25V,V o, |p'cv.
M M M
and if » = constant,
- 2 1 ¢ .
v = o.oldv.
® J{( p) yr—l;!:p"pm
Proof:

Vip'Ap) = p'V: (Ap) — (Ap)’ = (Ky ¢/ — gY ViVipy) p' — (Ap)’ by (1.5).
Integrating and using Lemma 2.1, we get
(a) Setting £x#= 0 in (1.1) and using the result in (a). we get (b).
Lemma 2.4:
Let M be a manifold having the same Properties as in Lemma 2.2 and satisfying the

condition [X. Dp] #= 0. then

i — (1) [eAey 2 T2 s
(a) ‘J{prp dv=(n—-1) “L(Ap) dh - ;fopor(ﬁ.
and if £y =0

[ p,pldv = [ 7202d.
) Jd PiP H_]J{ P
Proof:

Form (1.6) we have
0=[X1.Dp Jr=%£x£ pp ¥ -£ pp £x7.

Therefore, by using (1.1).
(2.1) £y £ppr = £pp £x7 = £pp [2(n-1)Ap - 2rp]

=2(n-1) p' Vi (Ap) — 2rpip’ - 2pp’' Vi
Integrating. using Lemmas 2.3 and 2.2 we get (a). When £ = 0. Ap=rp/(n-1) and £x
£ppr = £pp £x =0 and substituting these values in (a) we get (b).
Theorem 2.1:
If a compact. orientable, smooth Riemannian manifold M of dimension n=>2
admitting an infinitesimal conformal transformation X : £3g = 2pg. p # constant,
with [X, Dp]r =0 satisfies

- ;oo a(n—=2

“L[iﬁkup p‘;l - ijxfm."}ﬁ‘ =0,

where Aj= Ky - rogy /n and o =1 then M is conformal to an n-sphere.

Proof: S

By writing V= g V,. we find. for an arbitrary vector field y that

V[(Vjyi+ Vi — Qo) (Val)gg '] _ N
= (V9,3 + V¥ ~Qoin) Vi (Vo + (Vi + Vo - Qalm) (V) ¥
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= (&"ViVpit ViV + Kl ¥ = (2a/m) ViV + (2am) (1-a) (Vo)
AVt Vi —(2a/m) (Vﬂ g NVY+VY - 2am)(Va')g')
Here we use (1.5). using Lemmas 2.1 and 2.3 and substituting y' = p' then integrating
we get

el

—n+20—o’
- - = dv=20

[ i [ 2 [

| Kp'pldv+ | (Ap)*dv+ |

M M M
Setting Ky = Ay + ragy; /n . we obtain

A p'pldv+ [(apydv+= J rppdv+ |
M M }rf M
Substituting from Lemma 2.4(a) and simplifyﬁlg. we obtain finally

o(n—2) .
" !{[ﬁpp Tff :|n'1

vo+ZLapg
H

—n+20—a’

2
'\7'\Tp+ Apb dv=20

1+/(a—1)(n— 1)
n

VV_+

P

ol dv=0

+]

M)

Theorem 2.2:
Let M be an orientable, smooth Riemannian manifold of dimension n =2 admitting an
mfinitesimal conformal transformation X -s'l‘rlsfymg (£xg)ij = ViXj + ViX; = 2pgy. such
that p # constant and [X. Dp]r = 0 . then M is conformal to an n-sphere if £y/G|*=0
where G = K —(r/n) g
Proof:
From (1.2) and (1.6) we get

£4G|*=2 < £xG. G> - 4p |G| = -2(n-2) <G. VVp> -4p |G]*

1e.
(2) <G.V Vp>=-{2p|G[* + % £x|G|*} /(n-2)
On the other ham_:l _ o _
(3) Vi(Gypp') = Gy p'p! + p <G. VVp>+ (n-2) p (p'Vir)/2n

Multiplying (2) by p and integrating. then Integrating (3) and eliminating
Jp <G. VVp>dv 4 that

M

We get the integral formula.
: i (n=2) 2 2,1 P2

) J[Gﬁp p’ —?f‘xfﬂpr nfr: = J p’|G]| +—p£l,‘£r‘ y
M 2y

Theorem (2.2) follows from theorem (2.1) and the mtegral formula (4).

Theorem 2 3:

Let M be an orientable smooth Riemannian manifold of dimension n >2 admitting an
mfimitesimal conformal transformation X satisfying (£xg); = VX + VX, = -pgy such
that p # constant and [X. Dp] = 0. Then M is conformal to an n-sphere if £*._|W| =0
where W is a tensor.

Proof:
From (1.7), (1.6). (1.3). (1.4) and (1.2), we get
(5) <Ex W.W>=2p W' - c<G.VV p>

where ¢ is a constant given by
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c—4a* i 8 i1 ’ §
— = 20 20+ 2(-1)70 | +(m—10)25" —2(bb; + 5,0, —Dbby).
H— 4 i=1 i=1 i=1
Here ¢ 2 0, By using (1.2). we get
(6) £LWT =2 < £,W. W > —8p|WT
Hence from (5) and (6) we get £4W)* = -4p |’ — 2¢<G, VV p> .or
|2ep < G. VVp>dv=—4|p BT dv— | p£, [T v
M M M
Also from (3) and lemma (2.2). we get

- -2 - ;e

(7 [G@-p‘pj —”—;f_.rfnpril dv=2[p Wl dv+ V) |t [T dv
M 2n M T T M

theorem (2.3) follows form theorem (2.1) and the integral formula (7)

3. Riemannian Manifold is Isometric to Sphere:

Let a =1 and » = constant, then Ay = Gy and £x£p,r =0. The condition for M to

be conformal to a sphere in theorem (2.1) reduces to J Gypipjd"hz 0.which is a
M

known condition. [3] for M to be 1sometric to a sphere with this. theorem (2.3) 1s the

one due to Hsiung [1].

#*

4, Non-Metric, Semi-Symmetric Connection v:
. o
Let V be a Riemannian comnection on M with components L J . called the
Jji

Christofel symbols. If g are the contra variant components of the metric g. then the

raising and lowering of indices of a tensor are carried out using g and gj. In this

chapter. Einstein Summation conventions are used. i.e. one index below and the same
mdex above to represent the summation. For a smooth function fon M, the Laplacian

of f. ie. Af. is defined by
Af=g' VVif.
Where V; denote the covariant differentiation with respeet to the index i and the
Laplace -Beltrami operator is given by
A=g"VV;
The gradient of a smooth function fon M is given by a unique vector filed y.
df )= adf()=2f
for all vector ficlds y or in terms of local co-ordinates f = g" V; f. The divergence of a
smooth veetor field X on M is given by
_ _ divX=g'V; X=V' X,

where X; = g ¥ and X are the components of the vector field X on M. For a smooth
function p on M. If Dp is the vector field associated with the closed 1-form dp. then
we denote the components of Dp by p' such that p' = g'p; and p; = V; p are the
components of dp.

If § and T are any two tensor fields on M of same order 2 or 4, then accordingly. we
write

g(5.7)=5"T; or g(5.T) =5¥"T,

In particular, the absolute value of a tensor S of order 2 or 4 1s given by

(4.1a) S = g(5.5) = 87s; or |S=g(5.5)=5""sg,
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-
The non-metric semi-symmetric connection ¥V on M with components 1’;.; is defined
by
h
ho_ =h
41 =9 T5p;
(4.1) L
% E
The curvature tensors with respect to vV and V that 1s Ky, and Kigy, are related by
(Nirmala and Chafle 1992, Biswas and De 1997)
*

where

(4.3) Gii = Vj pi- pipi

contracting (4.2) with respect to the indices b and k&, we have
(4.4) Kp=K;-@m-1C,

where Cj; is given by (4.3) Ky = Kgﬂ,— and K i = K;,-i. further, transvecting (4.4)
by £" on both sides. we have
(4.5) r=r-(n-1)d

*
& » - =
where 7 =¢" lR~,,".-f, f'=g"Kﬁ and
(4.6) @ =g"Cji=Ap - dpf*
The tensor G which measures the deviation of M from an Einstein manifold 1is
defined by Yano [4].
. r
4.7 Gj:‘ = f*ﬁ - ;gﬁ
and the concircular tensor Z which measures the deviation of M from the manifold of
constant curvature by Yano [4]

(4.8) ijm = ﬂ;jm n(n 1) ( Exn&ji _gJ'hgh)
further. the tensor W is also given [2].
(4.9) W= a Zyjin+ b1gmGji-brgr: Gtbsgji Gu— bagpn Gri +bs gry Gin - begin Gy
where a. by. by. bs . by, bs and bs are some constants. if we take
a=1. bl—ba b; b4—55—55—0

in (4.9). then Wy, = Zg, from (4 8). it is easy to see that

Zyin gﬁ Gt Zying'= Gkh Zigin 8" = -Gy,
(4.92) Zygin g"= - G Zigin g"= 0. and Ziing’= 0
we define a positive smooth function u induced by p by
(4.10) u(X)=e*™"
for all X in M. If Du is the vector field associated with the closed 1-form du, then the
components of Du are denoted by u' = g uj and 4y = Vju using (4.10). the following
equations can be deduced.

(.11) (3) 0= -ups (i8) Vjus = (pypi - Vip) (i) A = (p¥ps - Ap)
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corresponding to G.Z and W, from (4.7). (4.8) and (4.9). we define . 7 pr on M

=
with respect to non-metric semi-synunetric connection V given by (4.1)

*

e sr 2
(4.12) Gi=Kji— ;gﬂ
* ’Fr ’l"
(4.13) Ligin = Kigin— m (gichgﬁ - 3J‘h§kz‘)

(4.14) Wgin =aZgw+bg, Gi—byg, Gut bggﬂ GH,—bﬂrgﬁ G

% *
+ biga; Gin—b,gy, G
where a. by, by. bs. bs bs and bs are some constants which occur in (4.9). It is easy to

see from (4.12). (4.8) and (4.7) that
(4.14a) Gjig" =0 and G,g" =0
respectively

* *

Substituting for Kj; and 7 . from (4.4) and (4.5) respectively in (4.12). we have

(4.15) Gji=G;+(n—1)4.

where 4; is given by

[ ., @ : -1 AH] _1[ A ]
Ad.=—C.——g. |=—|V.p,—p:p;+t — |=u | Vi, —g..
(4.16) i Ji . jr] [ Jp; PJP; » i F‘J S ji

where in we have used (4.11) and (4.6). It is easy to see that

(4.16a) &' 4;=0
Again substituting for K i and ;- from (4.2) and (4.5) respectively in (4.13), we have
(4.17) Zyih = Lyg, + A8 — 48,

Further substitution for Zgz and Gjifrom (4.15) and (4.17) respectively in (4.14),
we have
(4.18) Wiiih = Wean + Tian -

where T 15 given by

To..
wn [ a a
— = [ +*51] A& — [—n 1 +by ]Aﬁgkj

n—1 n—1
— bygri Ay + 538 i Ay + bsg gy A — BsGin Ay -
where 4j; are given by (4.16)
It is casy to see that
. e y , >
(4.19) GG =G,G" +2(n-1)4"G,y+(n-1)" 4" 4,
form (4.19) and (4.1a). we write in the index. free notations as
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*

(4.20) G :‘Gr|2-l—2(}}—1)19:(.»1‘.1.'})+(H—1)2|.»1‘2

using (4.18) and (4.9a), and performing same as in (4.19), we find that

injih Hr-@"ﬁf = Iﬂ;‘.m Hrﬁg-g}; +7 I’—ﬂjﬁh E"IE‘":'F? + Tk_;fﬁf E—-Aj;'h

form which. we have
&

W kin i =Win W 2e(n— l)Aﬁiji +b(n— l)zAﬁAﬂ

or in the index free notations.

*

(4.21) W =P +2e(n—1)g(A.G)+b(n—1)*| 4]

where b and e are obtained after careful simplifications using (4.14a) and (4.16a)
respectively so that

4.22 b= ji-l - ”21: =D (G +0,)=b, =b} +(n - 1)?:21512
+[§i(_1y-lbf ]3 —2(bp, +b,b, —bb,)
2a° a
(4.22a) e n—1 " n— 1{2(” ~ Dby +by) +(n—2)(by +b3)}

6 6 _ 2
+(n—1) X b’ +[ >(-1)p? ] — 2(Byby + byby — bsbg)
i=1 i=1

form (4.22) and (4.22a). we have

e—b=

_n—l

na

(by +b3)

* * *
Note that (3. 7 and 7" are formed with the help of non metric semi symmetric

connection induced by p
Theorem 4.1:

If a compact Orientable Riemannian manifold M of dimension n =2 admits a non
constant function p on M such that

1
(4.23) V. Vip=—Apg,
n
then M is conformal to a sphere
Theorem 4.2:
For a compact orientable Riemannian manifold M. we have
(4.24) | asdv =0
M
where f1s a smooth function on M and d¥ is the volume element of M.
Lemma 4.1:

Suppose M of dimension n =2 is compact and admits a non-constant function p on M.
If the tensor field with components 4 is identically zero on M.M is conformal to a
sphere
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Lemma 4.2:
Suppose M of dimension # = 2 is complete, if
An
Lpy=0 and V,Vu= Tgﬂ-

holds for a non-constant function u on M., then M is isometric to a sphere
Lemma 4.3:
Suppose M is compact and orientable Riemannian manifold. then

(i n—=2 y

— 7 —_ _ -
i
M M

Where Du is the vector field on M associated with the closed 1-form du
5. Intergral Formulae and Theorems:
In this section, we prove our integral formulas, Lemmas and theorems. Now from
(4.5) and (4.11). we have

u(r-r)=(m-1)Au
multiplying by u on both sides, we get

-
2
u (r-r)=m-1ulu
further. integrating over M

(5.1) J W - MdV =(n—-1) J uludv
M M
Since Au’= 2u Au + 2(grad u)’. integrating over M and using (4.4), we have
(5.2) J uludV = — J (grad u)za'V
M M
Thus in view of (5.2). Integral equation (5.1) becomes
(5.3) J [Hz(?‘* —1r)+(n—D(grad :r)z]ch =0
M
Thus we have the following Lemma
Lemma 5.1:

For a compact Orientable smooth Riemannian manifold M. a smooth function p is

*

constant in M if and only if 7 is identically equal to the scalar curvature r of M.

Proof :
The proof follows from equation (5.3).
Lemma 5.2:
Suppose M is orientable and compact. Then the following integral formulas hold for
M.
T
(5.4) J [nue| |G —‘G +(n=1(n—2)Lp,—n(n— 1)2“ AP ldv =0
M
. 2
(5.5) J [mu) || —|w | +e(n—1)(n—2)Lp,r—bn(n— 1)?ul 47 1dv =0
M
where b and e are given by (4.22) and (4.22a) respectively

Proof:
Since g" Gj =0 by virtue of (4.16) the equations (4.19) or (4.20) and (4.21) may be
simplified to the following form
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5.6 nu| |G =|GF |—(n— = _u-—n n—1)"ul A =
~12 2 ( 1 Gﬂv} i ( 12 2 O
5.7 nit —|wP —e(n—-1)G Vi —bn(n—1)"ulAF =
WP —| W] DG,V —b 1)?ul AP =0

where b and ¢ are given by (4.22) and (4.22a) respectively. Integrating (5.6) and (5.7)
over the volume of M. and then using (4.25) of Lemma 4.3, We obtain the integral
formulas (5.4) and (5.5). This completes the proof of Lemma 5.2.

Remarks 5.1:

If we substitute fora =1. by =b,=b;=by=bs; =bs=0in (4.14) and (4.22). then

#*

2

Wiiih = Zigin and b=e =

n—1
Thus, the integral formula (5.5) becomes
(5.8) J-[HHHZF ~1Z)+2(1=2) Lpyr = 2n(n = u| 4 E}IV -0
M

Theorem 5.1:
Suppose M be compact and Orientable smooth Riemannian manifold of dimension »n
> 2. If p be a smooth function on M and u = &™® . then

(5.9) J;[”“(|é2_|G2)+(ﬂ—1)(?}—2)£mr}7’?’:j0
A

(5.10) J [m.rﬂi;’]z— le )+e(n—1)n— 2)LDH;'}VV =0,(n=0)

M

* &

where (7 apnd 7 formed with the help of non-metric semi-symmetric connection

induced by p. If p is such that the equality in (5.9) or in (5.10) holds If and only if M

is conformal to a sphere.
Proof:
If follows from Lemma 5.2. theorem 4.1 and Lemma 4.2.

6. Special Case:

(I) If a smooth non constant function p on M induces the projective change of the

connection i.e. V. then \%’ 1s projectively related to V by Yano [4] .
’ h
h =h =h
l"ﬁ =J _l+afpj +0p;-
7]

. - o
where p’' = g'p; and p; = Vjp are the components of dp If K and K are the curvature
o
tensors of V and V respectively , then we have Yano [4].

=h ~h oh oh oh
K = K =P8 +Pu8; +(Py —P)5;
where pj = Vjp;i - pjpi- Sinee pj are symmetric with respect to the indices j and k.
above equations reduces to
o
- ph ol =h
Kyi = Kii— PjiOf +Pxi%;

(6.1)
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Suppose the smooth function on M which induces the projective change of the

*
Q
connection that is V. also mmduces the non-metric semi-symimetric connection. V.

then comparing the expressions of K‘g} and Kg‘;‘ of from (4.2) and (6.1). we have

o # o * @ *
-h i - -
K, =K,=Ks=K;and r=r

Thus we observe that p;; = Cﬂ

®

|(_r| |G W H" and |F]=|W]

where the definitions of G and W are similar to that of G and W respectively.

Finally. we have the following integral formulas

(6.2) J;J:?m (] (0?2—| G Y+ —=1D)(n—-2)Lp,r—n(n— l)ju|:1'|2i|n'V =0

A

(6.3) J mu ([P =P ) + e(n —1)(n— 2) Ly, —bn(n— 1ul4 E}VV =0
M-
Hence from (6.2) and (6.3) respectively. we have

(6.4) J mw(|é|2 —|G|2 Y+ (r—1)n —Z)LDHJ‘}VV =0
M-
(6.5) J'[m; (WE—P) + e(n - D)(n —2)zm;-}{V =0. (b>0)
A

Equality in (6.4) or in (6.5) holds if and only if M is conformal to a sphere.
(IT) Suppose p on M is such that

(6.6) Kp = e_p(P 0% — Px—ﬁﬂ’)
Then, from (4. ") (4.4) and (4.5), we find
K,;.!.: (1-u )K,’;,.. AJ, =(1-u )A 'de =(1-u)r

therefore, we have

(6.7) Gji=(1- H_l)(}ﬁ
(6.8) Wigin = (1 —H_I)W@-m
Using (6.7) and (6.8) in the integral formulas (6.2) and (6.3). we have
(6.9) J[H(H -2)|GI )-I—(}.J—l)(n—?)LDHJ]'W;* 0
M
(6.10) J[n(u'l —2)\ T +e(n—1)(n—2)L, J]rr’V>0 (b=0)

It follows from (6 9). (6 10), Lemma (5.2) and Lemma (4.1) that if p on M is such that
the equality in (6.9) or in (6.10) holds If and only if M is conformal to a sphere.
If M is an Einstein manifold, then from (6.7) and (6.8). It is easy to see that

=0 orW=0

in M. therefore M is isometric to a sphere.
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(ITI) Let p be a smooth function on M arising from the conformal change of the
metric given by
5 .
5 — o-P L= _ 2p
g=e gor gy =¢€ g5
Then, the conformal change of the Riemannian connection V thatis V induced by

p with the christoffel symbols r"ﬁ- 1s given by Yano [4].
— I
h ah ah h
I _J l +0; Py +O;P; — g5 P

where p' = &' p; and p= V;p. The curvature tensors K and K of V and V
respectively are related by

=h _ h s ol h h
(6.11) Kyi = Ky — PjiOr + Pyi®; — P &ji + Ewilj

1
(6.12) P =V P —psp; +E(Drpr)gﬁ

If the non constant function p on M also induces the non-metric semi-symmetric

®

connection V given by (4.1), then(6.12) becomes
1 ¢
(6.13) Pji :Cj;'JF;(P P:)gji

where Cj; 1s given by (4.3) and p: = pk.grh. Thus substituting form pj; from (6.13)

into (6.11), we have

—n B - h t ok h
(6.14) Ky = Ki— {gﬁ('k —&uC; — (P P )(Orgi — p;é’h)}
If on M is such that

*

-h - h 4] 2 h h
(6.15) Kp;=e p{gﬂ(.} — &€ _(Prpr)(bké’ﬂ _Pjgh)}

then from (6.14)

(6.16) Kg}; =(1-uH _’gr-. (i = (l—rr_lj_lfﬁ and r=(1-u"H w7

form the equations. it is easy to see that
*
. 1 1J— 1 1
G,=(1-u") lG —(1—u );gﬁj
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