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1. Local Formulas:

In this section. we have to compute the laplacian of the second fundamental
form of a minimal submanifold of a Pseudo-Riemannian manifold.

Let M be an n-dimensional Riemannian manifold immersed in an (n+p)
dimensional pseudo Riemannian manifold N. We choose a local field of Pseudo-
Riemannian orthonormal frames e......ex+p in N such that, restricted to M, the vectors
e1.....en are space like tangent to M, (and consequently, the remaining vectors e,
.en+p are time-like normal to M). We make use of the following convention on the
ranges of indices:

1<4.B.C.D< n+p:

l<ijkl<n:

n+tl<a,B.ysntp
and we agree that repeated indices are summed over respective ranges. Let 1. .... V-
2.....Wa+p be its dual frame field so that the Pseudo-Riemannian metric of NV is given

ds* =XW* —SW* =Xe W
N 1 o 4 4

where g =1 for 1 < i< n and &, =-1 for (n+1) < a < n + p. Then the structure
equations of NV are given by
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(1.1) AWy =XegWyg AWs, Wyg+ Wgy=0,
(1.2) dWyg =2 Wy AWeg - VoXecep kugep WeAWD.
we restrict these forms to M. Then
(1.3) W =0forn+l <o<n+p
and the Riemannian metric of M is writrg:n as
s - =2w-
M i

Wwe may put

(14) W, =X IEW,
from these formula, we obtain
(1.5) dW; =X Wy AW,
(1.6) AW =X Wi AWig- V2 TRy Tkﬂfﬂ.
R =Kk -Z(*n*—n*n*|.
(17) ﬁ'H {fﬂ ik i i jﬁ'
dW, = —SW, AW,
(1.8) dWeog = -3 Wy, AWig- V2 TRogy Wi AW,
(1.9) Ry = % EL‘;L’% —fr;]}ffL

The Riemannian connection of M is defined by (Hj) . The form (") defines
] B

J
as comnection in the normal bundle of M. We call Z/*WWe the second

. i g
- . . i
fundamental form of the immersed manifold M. Sometimes. \TF deno*e the second
B 2 >Th*'e
fundamental form by its components }/ : the mean
- P > ¥ We call . n iN

curvature normal or the mean curvature vector . An immersion 1s said to be minimal
if its mean curvature normal vanishes.
identically i.e. if > /i, = 0If for all o
i
Let 1™ denote the covariant derivative of /1% so that

ijk )
(1.10) W =di* + W + W - P
ik ii ik & L i oo
Then, we have f.f_“_‘ = f?": . Next we take the exterior. derivative of (1.10) and

ik ik

define the second covariant derivative ofh{f by

(1.11) W =dh* + W SR SR R
wkl I ik il Ik ik b Ik I W oa
then. we obtain }Ihe Ricci formula
(1.12) T—h =3 h*R +> R +3 PR
ikl ik im ikl myi ikl i opk
The Laplacian Al® of the second fundamental form /7% is defined by
i i
(1.13) ARy = %h,;f‘ﬁ
Using the samg,methed,as disqussed [3]. we have .
(1.1%) At A S Ly AN S P
if Fkip im migk mk  mijk ik ok
E ik mi apk

Now. we assume that M 1s minimal 1 N so that Zhﬁk =0 for all B. then. from

(1.14) we obtain 3
S REANT =3P K 4+ R WP BRI hEhe R RF
Ll i i

(1.15) i ik U omk mk i iy im mk &
+ 3 heRE pERE 23 pepe pP R
if my ik mk i mk myj ik

2. Minimal Submanifolds of a Pseudo Riemannian Manifold of

Constant Curvature:
Throughout this section. we shall assume that the ambient space N is a space
of constant curvature ¢. then
Kupep = ¢ (84c Opp- 04pOEBC)
Hence (1.15) reduces to

*Corresponding Author: DR. ANSHU CHAUHAN 48 | Page



A Study of Pseudo Riemannian Manifold

12 o f,o 5 i]

(2.1) S h#ARS = HcEdfrﬂ +Zh§.h?ﬁ:khﬁrkh§ +Ef§,}.- "r":'nr”’mk"?ﬁi:j
+3 A AR R — 23 hehe BE P
i mf ik mk i mk mj ik

For each o. let H, denote the symmetric matrix Urg) We denote the square

of the length of the second fundamental form by S. i.e.

(2.2 §=5 d;,ﬁl'
Now (2.1) may be written as fo]lon 5
(2.3) SHEA =neS+Xtr (HH -HH P +X(nHH Y

iy af o B P o uBaB

We derive some theorems with analytical Proofs, as stated below:
Theorem 2.1:

Let H;i (i = 2) be symmetric (nx<n) matrices, S. Chern [4].
S; = H'H,—I and S =25;
i

then

, -3
(2.4) So(HH-HH) -X(HH Y= s
ij P J i i T
and the equality holds if and only if all H; =0 or there exists two of H; different from
zero. More over, if Hy # 0. Hb # 0. H; =0 (i#1.2), Then S; = 57 and there exists an

orthogonal (nxn) —matrix.

Theorem 2.2:
If M 1s a mimimal submanifold. then )
(2.5) X n(HyHy — HgH, ) + Z(IrH, Hp)* = _S*
o ofp 2
Proof:
Using (2.4), we have
(2.6) T (H,Hy — Hy H, )+ Z(nHGHB)z =
af af 2

If M is a minimal submanifold. then using the same method as deseribed in
Er] we have (2.5).
oW, 1 E 1
(2.7) S h*AR® > neS + =5?2zU"S+nc)S

Lo
2 2
Theorem 2.3:
If M be an m-dimensional compact oriented Riemannian manifold which is
minimally immersed in an (nt+p) —dimensional Pseudo-Riemannian space N, then

(2.8) z%dz 7 A | = —Z{Zdhﬁ'kizrﬁr <0

Proof:

We hawv
2

(2.9) ias:zdm |” + = he AR

) ik i i
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Integrating (2.9) over M and appling minimally Green’s theorem to the left
hand side, we observe that the integral of the left hand side vanishes and hence that of
the right hand side also vanishes.

3. Symmetry Conditions for Riemannian or Pseudo

Riemannian Manifolds :

Let (M".g) be a n-dimensional Riemannian or Pseudo —Riemannian manifold.
Def.1: M" is called local symmetric, when R?J =0.

Def. 2: M is called recurrent [7], when RY =a RF (RF =0.
ikl 1 gk ik
Def..3 : M"is called birecurrent [3], whenRF =a RF RF 20.
ifk.dm im §k ik
Def. 4: M" is called Projective symmetric [9].Projective recurrent [2], Projective
birecurrent, when the projective Weyl-tensor has the correspondent
properties.
Theorem 1:
The birecurrence factor of a Riemmanian projective birecurrent manifold is a
synmumetric tensor.
Proof:
We Introduce the Walker’s Lemmas, [10].
Lemma-1:
The curvature tensor of a Riemannian manifold (M".g) satisfies the identity.

Rk im — Rugiemi + Rigam i — Rigamin + Rimii_ji = Rimni gy = 0-

Lemma-2:
If aj , by are numbers satisfying a; = aji. agby + aji bi +ap bj=0
forij, k=1......n. then all the ay are zero or all by are zero

We now introduce the tensor B, defined by B = Whike + gy Wik -gn Wy where
Wiy = g Whgi/n = Riy - Rgyy . therefore, we have

(a)  Buwi= Rugi- R (8 Zik- Shk &y -

(b)  Bhikim = aim B

Since Whigim = @im Whig: entails Wyjm = am Wiy After (a) the tensor B has the
same algebraic properties as the curvature tensor, therefore (b) and Lemma 2 imply
am = am or By =0. In the second case, M" is a manifold of constant curvature an
consequently Whpu=0
Theorem 2:

For a Riemannian or Pseudo-Riemannian manifold (M".g) the following
equations are equivalent.

P

M Ry =R and Wy, =W,
Proof:

“—" It is a direct consequence of the definition of w.

<" contracting with p and j in W;,h = Wﬁ:;nf

We get Rijim = Rjmi The definition of w gives the proof.
Definition 5:

We shall call a Riemannian or Pseudo-Riemannian manifold (M".g) satisfying
(1) an S-manifold. The following implications hold

Local symmetric —  Recurrent =~ ————birecurrent
. 4 \ S-Manifold
Projective symmetric — Projective Recurrent— Projective birecurrent /'
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4. Geodesic Mapping onto Riemannian and Pseudo Riemannian
Manifolds with Symmetry Conditions

In 1954 Sijukov [8] published the theorem. There does not exist non trivial

goodies mapping which takes a (M".g) onto a dM . gl which 15 local symmetric but
not of constant curvature.

Now. we shall now study the geodesic mapping onto S-manifolds .

Theorem 3: . . . . . .
If it is possible to map geodesically a Riemannian or Pseudo Riemannian

manifold (M".g) onto an S-manifold dM "g |. then both manifolds are of constant

curvature or A; = Agy with A= constant.
Proof:
From the Rice1 identities and from (1). we infer that

p: ppr+t R RF-R RF-R°R =0.

Rii'm ik jim o isk Km iy slm o ik
Using ) .
R =R — &%) +8%A . wereplace R-byR:
ik ik gk kg A X
r —R =L R +)L RF+)L R
(1) R tm i ml i [k jm ik Bl

_}":'I‘R;:jk -1 ﬂ% _;'"HR'? +5-:'}~ s}'R;F;
OF A Ry +O0%A LRy + 8T Ry

— 87 A Ry, —OPL LR,

Let A be the tensor deﬂued by 4 =R AL—-g A R 111111T1pl\1.t19 (1) by
il ood ki
gip 2™ we obtain the following representation for 4:

Aﬁ{ﬂ = C’Eﬁiﬁ + Dﬁ.ﬂf‘ where CﬁUJ :_('-!'}Tﬂ and th‘ = _Dm‘:;
from the above result, we infer that the tensor B defined by Buy= At + Ay 15 skew

symmetric in h.f and j, [

Transvesting Bun + Bii=0 w ith g‘{ we get
(2 H+1)/ R—L R =nAR +nR). —g M'F.
g h I W Wi s u

where A=g"js/n therefore 4 ,HR = '3 ;;-R;' consequently
Biijt = Bjint. Bhijt = Bhyji
These algebraic properties imply
(3) But=0
Contracting  (2)  with g}’v’ we have 'R =pRA (2) entails
) R =A(R —Rg )+ R\ Replacing this expression in (3). we get
i Lij L L

hs

(Ry -Rgw) (1.1 - Agi) + (Ra—Rgn) (hyy - Agiy) =0
The last equations mean that Rj= Rgy. i.e. (M".g) is an Einstein manifold or

1= Agy
0] Ry = Rgy fromthe RIE:CI identities and from theorem (7} we have
REWP+ RWF —R W -R*W*
ilm gk Jim sk Hm iy sim ﬁr'i.'
Replacing R byR. 10“ ering the index p we get
W i im ﬁmﬁ:mr_"l” W T % Wi + P Wiga = 1a Wi
LW —LW +(g Lo—g k)W
Jl himk K hijm mh st HJ m ik
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Sinee (M".g) is Einstein, we have from Wik + Wini= 0 <> Rij = Rgyyj that W is
skew symmetric in the first two indices . Therefore. it follows.
LW AW +(g L —g L s

(4) im ik i hmjk R T
+h W —A W +(g h —gh )W =0
hm ik M imik mi sl i =m ik

Counteracting (4) with g™ we have nA Wik + (n+1) ha Wiz + hsh Wop=0 .

The skew —symmetry implies 7 SIPF;;* + :kH»E; =0.

Consequently, 7. SEFF};J-SA. = =AW, Replacing this relation in (4). we get
(Lim = Agim) Whge — (Vv - Agnt) Wim= (Rt = AZit) Wit = (o = Agim ) Wi
Exchange the indices k with [ and 7 with m. we note that

. . (%.im = Agim) W= (2nt = Agnt) Wime
Using again the skew symmetry we get (him - Agim) W =0 consequently

him = Agim or Wi =0 1e. (M".g) and dM ", gl are of constant curvature,
(IT) Lij = Agy . at first we study the general case

Let (M"g) and dM"g_l be geodetically equivalent Riemannian  or Pseudo-
Riemannian manifolds such that ;= Agy by definition. we have

Aij= ;‘\” - }J}_j.

Putting p: = ¢ Y we get witpAgi= 0. The Ricei identities imply
LR +g U R —-g WR =0. the last expression is equivalent to A Wis=0 where
5 ik i s k ik s F
A= gBh.
Theorem 4:
A geodesic mapping form (M".g) onto dM”_El with 24 = Agy implies that '
Wip=0.

e 1
As a consequence, we now prove that when d . . .
4 P M .gl is an S-manifold and %y

= Agjj then A 1s a constant.
From theorem 4. we have LWy =0. This is equivalent to

N
5) .52 |7 = 0
T —%. "3 — T _ A D_;_; 7 olis 85“ ut
where “/” denotes the covariant differentiation with respect to the Riemannain

comnection of F jy Af» .Therefore. the covariant differentiation. with respect to
g. of (5) gives

(6) d}-ﬂu}._j g" + aiﬂ;&k + 850 Wy = 0.
The covariant differentiation of (ﬁ}l gives
(7) Amiy; = —d;-hu)ks 2" + Al Wy + W) — 51 Wi
The right side of (7) is symmetric in 1 and m. therefore ,i‘.mW_:_M ZVIWM and
consequently
() MW= AWk
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Let now p be a point of M". \F assume that A is not consgant. Then we can
find, by a linear transformation in M . a basis E ....... .E M. with E (f. grad
D 1 n P 1=

Allp. fip) # 0, consequently (8) implies
( Wipg= 0 for all ] #1

Now %D{ Wi =n (Ry i) e

On the 031&1 hand (9% implies £ Wi = 2% Ry i —g__Rll +3! -Rl_ By

i i1
definition we have Rt = SRy — 81;Rix — Wijx Therefore Ko
n(R;—Rgy)=Ry;—g R'—g R'+3'R —& W

(10) 1j i i 1 i 1y

Contracting (10) with g and using (9) we get Rll = R Then equation (10)
becomes (n—1)(R —Rg )=-g R +3'R —g"W . This last expression is
i i i i 1f Lijk
equivalent to . . b a1p -
(m—1) (R" - R3")=-38"R' +3'R” - "W
i i Ui i1 Lk
for i#1. p #1 one has R® = R3?. fori#1.p=1 one has R' =0 . for i=1. p= 1 one
i i i

has R =0

Hence (M™g) is an Einstein manifold. In this case, the algebraic properties of
W. the expression (9) and theorem of Bellrami i.mplx that both manifolds are of

constant curvature. Consequently, fromR =Ry —hy. we have Rg, if (R-A4) Ey

This means that X =0 and R = A = constant or that (R-A)/ R =constant. i.e. A =
constant, since a geodesic and conformal mapping is a homothety. This contradicts
our assumption A £ constant,

We now consider two special kinds of S-manifolds, the recurrent and the
projective recurrent manifolds.

Theoren]
There does not exist a non-trivial geodesic mapping which takes a

Riemannian or Pseudo-Riemannian manifold (M"g) onto an [_ .,
M, .gllwhich is

recurrent but of constant curvature.

Proof:
By theorem —3 it is sufficient to study the case Ay = Agy We m‘rloduce the
P
tensor B,  defined by B = Rp -A FL) - b [We have
ik i
B =R’.g P =B =-B .
W T gk hifk gk
(l‘ﬁ i i "
By =aB§.
Where @ is the recurrence vector of dﬂ}n o|.  From
- N3 .zl
= —rk+oj‘z‘ to f, .and (11), we have,
if i i Bs a7 - . -
A By = Bhyk i + g h B =20 By — 0By — 1 B — g B

i s ik
from the skew symmetry we get 3, s‘%fk: 0. consequently 2Bujit ~rBigk =0 therefore

B=0 ie. dM ”.gl 1s local Euclidean and (M".g) is a manifold of constant curvature.
or the mapping is trivial.
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Theorem-6: . o . . . . .
There does not exist a non-trivial geodesic mapping which takes a Riemannian or

Pseudo Riemannian on manifold (M".g) onto an d M",glwhich is projective

recurrent but not of constant curvature.
Proof:
By the theorem of Matusmoto and the theorems 3 and 4, we have only to study

the case, where A5 = Agy and dM ", g_ I is an Einstein manifold

The inerrability condition of Ly = Agy A = constant, may be written as
A SE,;L, = (. Contracting with g’k we get A J-E =(0. consequently the mapping is
trivialor R =0,

In the second case dﬂ" g’lls a special Einstein manifold, ie H_ —0.. for

such a manifold we have W = R¥ and therefore ¥ =aR”.ie {:M is a
ik ijk okl 1 gk
recurrent manifold.
Theorem 5 completes the proof
5. The Jacobi Identity:
Let X .y, and Z be three arbitrary elements of X (M). We prove that in the case
of a non-symmetric metric connection the Jacobi identity is given by

(5-1) S{X.[.Z11} =S {(RXp)Z-ViuynZ}

According to the definition of the bracket operation, with respect to V., on X
(M) we obtain
(5.2) S {[X.[».Z]1} = S {VaV,Z-V,VZ-Vix, 1 Z}

Taking account of the equation
RXy) Z=V3V yZ- VyVxZ- Vi Z + Vg Z.

we get
(5.3) S {VxVyZ- VyVxZ-VixuZi= S {R(XY)Z-V1(Xy) L}

Hence, from (5.2) and (5.3) the result follows. The formula (5.1) of the Jacobi
identity, with the help of the Bianchi identity takes the form.
(5.4) S {[X[.2]}= S {TTX».2)HV)(y.Z) - VianZ}
If the connection V 1s a m-symmetric metric connection V*,

(5.5) S {|.X. [p.Z]**}=S (X(V*n(Zy)- V*1(1.2)- V spx-scrry Z}

At last, in the case of the special m-semi symmetric connection ,we get

56  SUX[.2]"T) = Vo022
6. Pseudo Lie Algebras:

Let [].be a vector space over a filed k. The set | will be called a pseudo Lie
algebra over K. If there is given an mternal product i [ ], which is called the bracket
operation, which is k-bilimear, skew symmetric and the internal product in y satisfies
the generalized Jacobi identify (5.1).

It is known that the set X (M) of all C* vector ficlds, which are defined on the

C* Riemannian manifold M is a vector space over R. The vector space X (M)- in

addition to its vector space structure possesses a bracket operation, i.c., a map X (M)
x X (M) — X (M) taking the pair (X.y) to the element [X.y] of X (M) ,which has the
following properties;

0) R-bilinearity [aX+by.Z] = a[X.z] + Bly.Z]
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[Z.aX+by]| = a|ZX]+b[ Z.y].
(i) Skew symmetry [Xo] =[vX].
(iii) Jacobi identity S {[X.[v.Z2]]}=S {RX)Z-V1xpZ}
for all Xy.Z.e X (M) and a.b= R. (R the field of real numbers) Hence X (M) is a
Pseudo-Lie algebra over R, with respect to the bracket operation [X.y].
7. Geodesic Mappings onto Projective Bircurrent Manifolds:
Definition:
A Riemannian or Pseudo-Riemannian manifolds (M".g) n = 3. is called M Projective

bircurrent if H"z m=a ‘rmﬁ;;‘g It apy is not the zero tensors on (M".g) we call{ M", g)

a strictly projective bircurrent manifold. We already know, that am are the
components of a symmetric tensor.

Theorem-1:

An Einstein projective birecurrent manifold (M".g) reduces to a manifold of constant
curvature or amy satisfies a™ap, = 0 where a™ = gfI g‘s’“am.

Proof:

It is easy to prove that the projective Weyl tensor satisfies the 2. Bianchi’s identity If
and only if Rijr = R ;. This is the case for an Einstein manifold consequently, we

have

(1) im Wik + @i Wit + Qi Wiy = 0
contracting this equation with g we get

2

(2) ag 7 =0.

Sm ik T
Sinee (M".g) is Einstein, W satlsﬁes the same algebraic Properties of the curvature
tensor, consequently (2) implies .
(3) a™" W= - @™ Wi =0
Contracting (1) by a™ we get by (3) (@™ am) whik =0 the theorem of Beltrami
completes the proof.
Theorem-2:
In The Riemannian case there is no strictly projective birecurrent Einstein

manifold
Proof:

In the Riemannian case a™ ap, =0 entails ag, =0.
Geodesic mapping on projective bircurrent manifolds. Let dM ”El be a

projective birecurrent Riemannian or Pseudo Riemannian manifold and (M™.g) a

Riemannian or Pseudo Riemannian manifold geodescially equivalent to dM ".gl . n

=3. We have that both manifolds are of constant curvature or that ij; = Agy with A
constant. In the non triv 111 case Ay = Agij, we get
(4) AL =0, where %= g%hs
The covariant differentiation of (4) with respect £ . to using the fact that A =
constant, implies.
(hLeg“+AN(F +W - =0,
w s

=]

iikm gkl s igklim
By assumption. using (4), we get
(5) (hr e +A(F +7 )=0.
w oz ifik|m ik |l

Consequently we have the two cases:
Case-I huh g A=0,
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Case-II T W,,,M =0.
Case-I : huisg™ +A=0. sinee by definition iy = Ay + iy =Agitiily we get

N, =nA+ 11, Therefore in this case we have

) 2= (1= DA

Note: In the Riemannian case iyrg" +A=0 mmplies that the mapping is affine or that
A <0,
Case II: R’:.jlkm-i_ﬁ:r i =0 since H;mk-i_ﬂ km—i_ﬂ i =0
We infer H_';Uﬂm +FIIMU +ﬁfmm r =0 ie 7 satisfies the anc}n identity

contracting this identify with 8" we have Fﬂjk . =0, so that, by the definition of W~
we get
This equation entails R = constant, where R denotes the scalar curvature of

M, gfl defined by = gﬁ }.{ / n. denoting with 7 the components of the tensor
]

defined by 17 }{J g”W Ry QU_ we have by the assumption thath ”g_l
is pl'OjECﬁVé birecurrent : H}Hm = Gﬁmﬂ;ﬁ' Applying the fact that R = constant. we get
(7) . Ryjim = (JI:,”R{',- —a,,Rg;
contracting (7) with £ we have 0= lf'i?fﬁ-rjm =dag, R —a R, which is equivalent
.. im
};@/} a"R —a"R=0. where a":= &™.a™:= &™a’
g i ag '
On  the  other  hand equations  (8) and (7))  imply

amR, if ﬂmebU =4d; R, - _,rng;,f Contracting this equation with a™ _we have

©) ” ”Iml ? m;; = 0. Therefore ;:;r'?"".a'I =0or
M

_rl is an Emstein manifold. Applying theorem-1,we infer

that the condmon 778 L7,

Theorem-3:

=0 mmplies a™ ap, =0.

ilik|m k|l —

Let (M".g) and dﬂ_ff ”El be Riemannian or Pseudo Riemannian geodesically

equivalent manifolds. with dM ", glProjective birecurrent with birecurrence factor
aim. Then from equations (1), we observe that both manifolds are of constant
curvature,

(2) hij = Agyj . A =constant and 7 5h.s+ A =0 or

(3) hij = Agij . A= constant and a™ @ m =0
Remarks:

(1) If (A5 ".glbe a strictly projective birecurrent Riemmanian manifold then

(M".g) and dM"_El are of constant curvature or iy = Agy . A=constant and
Whs+ A =0,
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(@) It (M".g) and dM ng | be the compact Riemannian manifolds. then we have

(a) Ff_';,i”{m = 0., using the lemma of Bochner [1] implies.iﬁfﬁ =(. both manifolds are

of constant curvature or the mapping is affine

(b) 25is+A =0 and i = Agy imply 2% = (n-1) A, A=Constant, this condition, this
condition by the lemma of Bochner [1]. implies 7. = constant 1.e. the mapping
is affine.

8. Geodesic Mappings of Riemannian or Pseudo-Riemannian

Manifolds Satisfying R’ = Rfﬁ Onto S-Manifold:

In this section., we consider the following situation (M".g) = n-dim.
Riemannian or Pseudo-Riemannian manifold which satisfies the below-mentioned
equation:

1 s S
() R; 51 =Rils

dM”.gl = n-dim S-manifold #n=3.(M"g) and dM"_gI are geodesically
equivalent.
We may restrict. our study on the case Lj= Agy. A =constant from
(n-1) A (g Ri— gwiRat) = €™ (Rugiomi — Rigiim) + A(n-1) Rugi
Contracting this equation with g% we get
(n-1) A (nRgit — nRit) = (n-1)g™ (Rit, m— Rim) + (n-1)" A Ry
By assumption we get A (Ry — Rgy) =0. Therefore A =0 or Ry =Rgq ie. (M"g)
is an Einstein manifold .In the second case. we have
) Ry = (R=A)gy
' The conditions of integrability of A5 = Agj; . A = constant. can be written as
L RS =L RY - Ad}_ g —L g |=0..Contracting this equation with g .
s gk S ik j ik ki
We have 2, R = AL ; -Being (M".g) Einstem. we get J;R=)jA consequently 7;
=0 for all j i.c. the mapping is affine or R = A and Ry: 0.ie. dﬂ;”g,:i is a special
Einstein manifold.

9. Geodesic Mapping with 7; = Agj;:
Let (M".g) and

Riemannian manifolds.
Theorem :

dM”.gI be geodesically equivalent Riemnnain or Pseudo-

EwpRE + gpRify =0 S hy =Agy
Proof: L L p
“=" we have RP = RF —0FPL +0FL fiom SR + gpkP =01t
gt gk j ik Kk § ifk hik
follows that gi Lik — ghie 47 T Zif Ank — ik 2y =0, contracting this equation with g}’f. we
get ik = Agik.

"="Rift = Rfk — L\.DB‘?g:'k — oF gif t had the desired property
We now consider the linear mapping ¢ defined by & (X.y) = g($(X).y) where g

and £ are geodesically equivalent metrics. and the related eigen value problem.
Assuming that all eigen value of & are distinct, It is not difficult to prove the

. , - ;
existence of local coordinates u!, 12, u® such that
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ds*=Sg ('),

i=1

(D
ds?= i g (i),
i=1
where p; = i-th eigen value of ¢
. c : Y- " e . o i _ :
Now. assuming that iy Agi . we infer gthrjk + g;iRyy = 0since
= Pi8s. We get.

|
png‘k Ruk A § H}ur;

consequently FH/T)JI A th?: =0. for h =i we have Ry =0 twivially Ry =0

consequently. by the theorem of Beltrami. (M".g) is of constant curvature.
10. Conformal and Concircular Mappings :

Let (M".g) and dM ”§| nz3 be two n-dimensional Riemannian or Pseudo
Riemannian manifolds and let @ : M" — A7 " be a conformal mapping. We assume

that §= p? g . where p is a positive valued function on M", Tt is easy to verify that in

the local coordinates u'.....u" the chnstoffe] symbols, the Riemannian curvature

tensors and the Ricei tensors of M” 0 and (M“ z) are related as follows:

(1) +o Lo+ 38
ioog i &t

where hi: = é(log p ) /éu’ WF= gh M.

Remarks :

If #.; =0 for all i, 1.e. if p=constant, then the mapping is called a homothety or trivial

mapping. o . , .

(2) RF=PR -08°n +0°A —g MW+gh

iik ik ik E g ik ik
where
—_— D L gty 3)
(3) Ay =haj— ik +Vagyh Dy

@ R —Rm— n—2)hg [ (n—1)—n(Rgy — Rgg)/ 2(n—1).

where Ry = rsk '(n—1).R=g"R, /¥
Introduced the following tensor,

L P =P P PY A
CE=RE+(n-1)I2R, -87°R, +g R —g £V (n-2)
+uR|ﬂ8‘Dg -8%g [/ (n—2)
J ik E i
and proved that

5 P _~
() ch=Ch

The tensor C is called the conformal Weyl-tensor: it is invariant under
conformal mappings.

K. Yano [12] proved that a conformal mapping g, =p"g‘ﬂ.

of (M".g) to

dM” .g_’l coneircular if and only if the equation A = ¢gy holds for a certain function
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¢. In this case & = % (R-p* R ). From (3) we have Li; = wgjj + Aik;j. By substiting v :=
b = ¥ant he (1) we get Agj= hij- 2% ij-j+gf;r »'1. consequently

(6) by =gy — ik

where we have put 0Q: = (¢p+21h)/p. Smce p=¢&". we have
(7) Piy=pgy

therefore

(8) Pk = (PLr By
Applying the Ricci-identities to (8) we have

) 0B - (o0 ¢ ool ¢
s ik o j ik

. . i R
Trasvecting (9) with Efk we get P:R; =—(pQ) j consequently (9) becomes

s — 55 = 7S5 .
o dRﬁk + 8 Ry —ExR; | = 0.0r equivalently

(10) BS dRﬂjk + .EET}Rsk - .E’:fkst | =0
where ﬁs:: g P,

Using the definition of the projective Weyl-tensor. we may write (10) as
11.Concricular Mappings on S-Manifold:
Definition:
We define an S-manifold to be a Riemannian or a Pseudo Riemannian manifold
(M"g) satisfying R, =R .,
Examples of S-manifold are the locally symmetric
Theorem-1:
A Riemamli'm or Pseudo-Riemannian manifold is an S-manifold if and only if
Wi im = Wi ma ~where W denotes the projective Weyl -Tensor.
Proof:
“=" It 15 a direct consequence of the defimtion of W. “<" Transvectng

W;_g.,, = H‘:}f i » With g5 we get R?

i m = Rfmi .This expression and the definition of w

complete the proof.

'
We now assume that (M".g) and dM ".gflare concircular related Riemannian or
Pseudo-Riemannian manifolds and that dM -3 | 1s an S-manifold.

or

We know that [ P:th 0, by covariant differentiation with respect to £ . we get
z pwﬁ;ﬂ +Z%p . oy = Oand pQH +27p, H_';EM = 0 therefore.
(pO)W+pDFV +2%p F +g'pH =0

iljk rim gkl v gk |
(pD) H’ +pQ(FF— +FfL )+¢pFF =0
(11.1) £ igkim
from (11.1), we have
(11.2) (PW )W = (P 1 W i

Let P be a point of }f " .We assume that pQ) is not constant then we may find by a
linear transformation in TA(M") a basis E1....En in Te(M") with E1 = (fgrad (pQ))/P.
fip) =0.
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from (11.2). we have

(11.3) W_’m:(} for all 7=1.
the definition of FX entails g_”l?f% = ??(R' — R—g—h
v T

on the other hand (11.3) implies
Sk; =g R —g R +0R
g Wik 1 i
By the definition of W .we have

R, = glkR} - ﬁJ-R;k - Frl_urr

il
Therefore,
- _ b= — = @l_=pl,sly _ g
(11.4) n(Rs _Rngh:Ra_gwRi &R TR, — g Wy
Contracting (11.4) with 27 and using (11.3) we get R!=R therefore (11.4)
becomes

n-nlr — Rg h=—_g R'+R 4 g
. o b § 1 i il Lk
This last expression is equivalent to
(n-1)(R" - R&%l= —517RE + 8'RF + 2P g
for i # 1. P=1 one has EP: R_S‘?_
fori#1.P=1.onehas F! = .
for i =1. P= 1. one has EP =0.

Hence dfl_ﬁ"”gl is an Einstein manifold. In this case the algebraic properties of ¥

and the expression (11.3) imply that dﬂ? g lis a manifold of constant curvature.

Since dM ”.Ol 1s an Einstein manifold and the map is concircular we mfer that
L

(M".g) is also an Einstein manifold . Moreover (M".g) is conformal to a manifold of
constant curvature and consequently (M".g) is a manifold of constant curvature.
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