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1-Introduction
Consider the following nonlinear fractional integro-partial differential equations with respect to functions:

L
I'(a)

uCn,t) = @)+ [T ® — P L2 (LuCes) + v(x,)]ds (L)

Where0 <«< 1, I'(.) is the gamma function, v is a given bijective function, continuous and nonnegative on an

interval ] = [0, T],T > 0, such that »(0) = 0 and the derivative % is continuous and positive on J,

Lu(x,t) = Ygeomaq(xX)Diu(x,t), g = (44, ..., q5) is @ multi-index,

v(x, t) = fx, t,wy(x,t), ..wi (x, 1)), 1.2)
wi (%, 1) = Yg<om bgi(x, t)DJu(x, t),

f is defined on R™X J X S, where S is a bounded and closed subset of R¥.

We suppose that f is continuous and bounded on R™XJXS and satisfies the following Lipchitz condition:
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If Co,t,wy, e, wi) = 066w, wig| < KT EE [wy — Wi, (1.3)
forall w,w; €S, (x,t) € R"X], K is a positive constant , (K is independent of x, t, w;, w;").

The linear partial differential operator L is supposed to be uniformly elliptic on R™ , i.e. there is a positive
number ¢ such that for every x € R™ and for every y € R"™, the following inequality is satisfied:

(_1)m—1 Z|q|=2m aq (x)yq = C|y|2m ' (14)

(|yI?> = y2 + -+ y2) , the number c is independent of x, t and y, ¢ is a given bounded continuous
function on R™.

Let suppose the following conditions
(C1): All the coefficients a, are continuous and bounded on R™, |q| = 2m,

(C2): All the coefficients a, satisfy a Ho-lder condition ,namely there exists a positive constant K and a
constant fe(0,1) such that

lag(x) —a, | < K|x—y|# forallx,y e R",t €],
(€3): The partial derivatives D,?aq (x) are continuous and bounded onR™,

(C4): All the coefficients bg;(x, t) and all the partial derivatives D,‘qui(x, t) are bounded and continuous on
R"X],i=1,..,k |q| <2m.

In section 2, we shall write some results about the Cauchy problem of parabolic partial differential equation. In
section 3, we shall solve equation (1.1)

2- A Cauchy problem
Consider the following Cauchy problem:

ou(x,t) _

P Lu(x,t), (2.2)

u(x,0) = (x), (21)
Where ¢(x) is a continuous and bounded functions defined on R™.

According to the conditions (C1),...,(C3), there is a Green function G (x, y, t) such that the unique solution
of the Cauchy problem (2.1), (2.2) is given by:

ux,t) = [n G(x, y, ) (y)dy.
The Green function G satisfies the following properties:

(P1): DG , DJG are continuous and bounded on R"XR"X] , |q| < 2m,

1

.Aan9n? Kn(x-y.t) _ _ 2m /41/2m—-1
(P2): 3Dy Dy G(x,y,t) < — =, where n(x,t) = exp[—v, |x|*™/t ]y vz P T

K,v, are

positive constants and |q| < 2m, |p| < 2m, p = (py, ..., pn) 1S @ multi-index,

see [1].

*Corresponding Author: Mahmoud M. El-Borai 8 | Page



On some nonlinear fractional integro-partial differential equations with respect to functions

3- Uniqueness and existence of solutions
Theorem 3.1.
Let u , D]u be continuous and bounded functions on R™X]J. If u is a solution of (1.1), then that solution is
unique.

Proof. According to the results in [2-4], we can write
u(x,t) = f J. G(x,y, 69 (1)) p(y)dydo +
Rn
0

Iy I3 Jn AL 5, 0)G (x, 7, 0(P(8) — Y(5)*)v(y, s)dydbds, (3.1)
Where A(t, s,0) = ad(y(t) — w(s))“_lia (8), ¢, is a probability density function defined on (0, ).

Let u,;, u, be two solutions of equation (1.1). Using (3.1), we can write:

u (x,t) —uy(x, t) = J- f f A(t,5,0)G(x,y,0(W(t) —Y(s)¥)(vi(x, t) — vy(x, t)dydbds,
00

RM

Where v;(x,t) = f(x, t,wy(x, t), ., Wi (x, t)),j =1,2,
w;j(x,t) = Z bgi(x, t)Diu;(x, t).
q<2m

According to the conditions of the function ¥ and the properties (P1), (P2) of the Green function G and the
condition (1.2), we can find a constant K > 0 and a constant y € (0,1) such that

Maxyegnlug (0, ) — u(x, )] < K (£ = 5)' " Maxeern [uy (x, 5) — u(x, 5)1ds,

See [2-6]

This complete the proof of the theorem..

Theorem 3.2.

Equation (1.2) has a unique solution v such that D;v is continuous and bounded on R™XJ, for all |q| < 2m.
Proof. We shall use the method of successive approximations Let {v,} be a sequence defined by :

Vn+1 (6, 8) = £ 6, Tg<am bgr (6, OODIun (x, 0), ..., Bgeam bare (%, ) D (%, 1)),

Where:

R R

o] t oo
up(x, t) = f G(x, v, sz“(t))(p(y)dyde + fJ- A(t,s,0)G(x, y,@(l,b(t) — 1,0(5))“17”()/, s)dydfds
0 00

Thus we can find a positive constant K and a constant y € (0,1) such that:

t

Maxyepn |17n+1(x: t) - Un(x: t)l <K f(t - S)yMaxxeRn |Un(x’ S) - Un—l(x' S)dS

0
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It is easy to get:

Max,cgn |Vp41 (X, 1) — v, (x, 1)| <

MK™T (y)t™
r'(ny+1)

Thus the sequence {v,, (x, t)} uniformly converges to a function v(x, t) on R™X]J. It is clear that
Dlv(x,t), Diu(x,t) are continuous and bounded on R™XJ for all |q| < 2m.

Hence the required result. (See [7-20]).
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