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I. INTRODUCTION: 
For years, researchers have concentrated on the general behaviours of differential equationsolutions, 

such as stability, asymptotic stability, uniform asymptotic stability, Boundedness, and uniform Boundedness. 

Many physical, chemical and biological events are modelled with differential equations, see [1, 2]  

The rapid work in differential equations with lag arguments in recent years and covers many areas in physics, 

economics and finance. 

The behaviour of the solutions of differential equations with delay arguments attracts the attention of many 

researchers. The trajectory curve of a solution starting in a defined region does not leave this region of stability 

(see [3]). 

In this paper, the uniform asymptotic stability of the equation of the form: 

 𝑔 𝑥 𝑡  𝑥 ′ 𝑡  
′′′

+ 𝑎 𝑡 𝑥 ′′  𝑡 + 𝑏 𝑡 𝑥 ′ 𝑡 + 𝑐 𝑡 𝑓 𝑥 𝑡 − 𝑟  = 0   (1) 

 𝑤𝑕𝑒𝑟𝑒 𝑎 𝑡 , 𝑏 𝑡 , 𝑎𝑛𝑑  𝑐 𝑡   𝑎𝑟𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠, 𝑎𝑏 − 𝑐 > 0are satisfied and the boundedness of 

 𝑔 𝑥 𝑡  𝑥 ′ 𝑡  
′′′

+ 𝑎 𝑡 𝑥 ′′  𝑡 + 𝑏 𝑡 𝑥 ′ 𝑡 + 𝑐 𝑡 𝑓 𝑥 𝑡 − 𝑟  = 𝑝 𝑡  , 𝑤𝑖𝑡𝑕 𝑝 = 0, 𝑜𝑟 𝑝 ≠ 0  (2) 

𝑓(𝑥)is continuous function depending only on the argument shown and 𝑔′(𝑥), 𝑓 ′(𝑥) exist and are continuous 

for all 𝑥, 𝑓 0 = 0. 

In the work of M. O. Omeike (see [4]), the author constructed some new Lyapunov functions to examine the 

asymptotic stability and boundedness of nonlinear delay differential equation described by (2), 𝑝(𝑡, 𝑥, 𝑥 ′𝑥 ′′ ) 

In (see[5-12]), the authors examined the behaviour such as asymptotic stability, global asymptotic stability, 

global stability, boundedness, uniform boundedness in different third order nonlinear models using the 

Lyapunov method. 

The equation discussed in equation (1), (see[13]), is a particular case of our equation (1). Inspired by the study 

of (2) and expanding the scope, we examined the uniform asymptotic stability of the solutions for 

𝑝 𝑡, 𝑥, 𝑥 ′𝑥 ′′  = 0 and boundedness of the solution to the third order nonlinear differential equation with 

bounded delay. 

We recast (2) as:          

  𝑝  𝑥 𝑡  𝑥 ′ 𝑡  
′′

+ 𝑎 𝑡 𝑄  𝑥((𝑡)𝑥 ′(𝑡) ′ + 𝑏(𝑡) 𝑅(𝑥(𝑡) 𝑥 ′(𝑡)) 

+𝑐(𝑡)𝑓(𝑥(𝑡 − 𝑟 𝑡 )) = 𝑝  𝑡, 𝑥, 𝑥 ′ , 𝑥 ′′          (3) 

 

Set  𝜏1 𝑡 =
𝑝 1 𝑥 𝑡  

𝑝 2 𝑥 𝑡  
𝑥 ′(𝑡)         (4) 

 𝜏2 𝑡 =
𝑄 ′  𝑥 𝑡  𝑝  𝑥 𝑡  −𝑄  𝑥 𝑡  𝑝 ′  𝑥 𝑡  

𝑝 2 𝑥 𝑡  
𝑥 ′(𝑡)        (5) 

And 𝜏3 𝑡 =
𝑅 ′  𝑥 𝑡  𝑝  𝑥 𝑡  −𝑅  𝑥 𝑡  𝑝 ′  𝑥 𝑡  

𝑝 2 𝑥 𝑡  
𝑥 ′(𝑡)       (6) 
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By conjunction, we have the following expressions:     𝑥 ′ =
1

𝑝 (𝑥)
  ,     𝑦′ = 𝑧        𝑎𝑛𝑑    

 𝑧′ = −𝑎 𝑡 𝜏2 𝑡 𝑦 −
𝑎 𝑡 𝑄  𝑥 

𝑝 𝑥 
𝑧 −

𝑏 𝑡 𝑅  𝑥 𝑡  𝑦

𝑝 𝑥 𝑡  
− 𝑐 𝑡 𝑓 𝑥 𝑡       

   +𝑐 𝑡  
1

𝑝 𝑥 
𝑓 ′ 𝑥 𝑦𝑑𝜂 + 𝑝 𝑡, 𝑥, 𝑦, 𝑧 

𝑡

𝑡−𝑟 𝑡 
     (7) 

Where 𝑟 is a bounded delay with the region 0 ≤ 𝑟 𝑡 ≤ Λ, 𝑟′ 𝑡 ≤ 𝜆, 0 < 𝜆 < 1, Λ and λ > 0, the functions 

𝑎, 𝑏, 𝑐 are continuously differentiable and the function 𝑃 , 𝑄 , 𝑅 , 𝑓, 𝑝  are continuous functions depending only on 

the above arguments. 

The derivatives 𝑃 ′ , 𝑃 ′′ , 𝑄 ′ , 𝑅 ′   , 𝑎𝑛𝑑 𝑓 ′(𝑥) exist and all are continuous and𝑓 0 = 0.  

Consider the positive constants 𝑎0 , 𝑏0, 𝑐0 , 𝑟0, 𝑎1 , 𝑏1 , 𝑐1, 𝑝 1, 𝑞 1  𝑎𝑛𝑑 𝑟 1 such that the following assumptions hold: 

A1: 0 < 𝑎0 ≤ 𝑎 𝑡 , 0 < 𝑏0 ≤ 𝑏 𝑡 ≤ 𝑏1 , 𝑎𝑛𝑑 0 < 𝑐0 ≤ 𝑐 𝑡 < 𝑐1  ∀𝑡 ≥ 0 

A2: 0 < 𝑝 0 ≤ 𝑃  𝑥 ≤ 𝑝 1,   0 < 𝑞 0 ≤ 𝑄  𝑥 ≤ 𝑞 1 , 𝑎𝑛𝑑 0 < 𝑟0 ≤ 𝑅  𝑥 ≤ 𝑟 1 , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑥 ∈ ℝ 

A3: 𝑓 𝑥 ≥ 𝛿0 > 0  𝑓𝑜𝑟 𝑥 ≠ 0 𝑎𝑛𝑑  𝑓 ′ 𝑥  ≤ 𝛿1  ∀𝑥 

A4:  𝑝 (𝑡, 𝑥, 𝑦, 𝑧) ≤  𝑒(𝑡)  
Our novel approach in this work is significant for the study of the qualitative behaviour of solutions of higher 

order (≥ 3) functional differential equations. 

 

II. PRELIMINARIES 
First we will give some definitions and the stability criteria for the general non-autonomous delay differential 

system. 

 Consider the following equations: 

𝑥 ′ = 𝑓 𝑡, 𝑥𝑡  , 𝑥𝑡 𝜃 = 𝑥 𝑡 + 𝜃 , 𝜃 ∈  −𝑟, 0  , 𝑡 ≥ 0      (7a) 

𝑤𝑕𝑒𝑟𝑒 𝑓: 𝐼 × 𝐶𝐻 → ℝ𝑛 is a continuous mapping , 

𝐼 =  0, ∞ ), 𝑓 𝑡, 0 , 𝐶𝐻 ≔  𝜙 ∈  𝐶 −𝑟, 0 , ℝ𝑛 :  𝜙 ≤ 𝐻   𝑎𝑛𝑑𝑓𝑜𝑟 𝐻1 < 𝐻, ∃ℒ 𝐻1 > 0,  𝑤𝑖𝑡𝑕 𝑓 𝑡, 𝜙  <
 𝐿 𝐻1  , 𝑤𝑕𝑒𝑛  𝜙 < 𝐻1 

 Definition 1: An element 𝜓 ∈ 𝐶 is in the 𝜔 − 𝑙𝑖𝑚𝑖𝑡 set of 𝜙 ∈ Ω(𝜙), if 𝑥(𝑡, 0, 𝜙) is defined on 

 [0, +∞) and there is a sequence  𝑡𝑛 , 𝑡𝑛 → ∞ 𝑤𝑕𝑒𝑟𝑒 𝑥𝑡𝑛
 𝜙 ∈ 𝑄 𝑓𝑜𝑟 0 ≤ 𝑡 < ∞ (see [14]) 

 Definition 2:A set 𝑄 ∈ 𝐶𝐻is an invariant set if for any 𝜙 ∈ 𝑄 the solution of (8), 𝑥(𝑡, 0, 𝜙) is 

 defined on  0, ∞  𝑎𝑛𝑑 𝑥𝑡 𝜙 ∈ 𝑄 𝑓𝑜𝑟 0 ≤ 𝑡 < ∞ 

Lemma 1: 𝐼𝑓 𝜙 ∈ 𝐶𝐻  is such that the solution 𝑥𝑡(𝜃) of (8) with 𝑥0 𝜙 = 0 is defined on  

  0, ∞  𝑎𝑛𝑑  𝑥𝑡(𝜙) ≤ 𝐻1 < 𝐻  𝑓𝑜𝑟 𝑡 ∈  0, ∞   𝑡𝑕𝑒𝑛 Ω(𝜙) is a nonempty, compact, invariant set  and 

 𝑑𝑖𝑠𝑡  𝑥𝑡 𝜙 , Ω 𝜙  → 0 𝑎𝑠 𝑡 → ∞. (see[15]) 

Lemma 2: 𝐿𝑒𝑡 𝑉 𝜙 : 𝐶𝐻 → ℝ𝑛  be a continuous functional satisfying a local Lipschitz condition  𝑉 0 = 0 

and such that: 

(i) 𝑊1  𝜙(0)  ≤ 𝑉 𝜙 ≤ 𝑊2  𝜙    𝑤𝑕𝑒𝑟𝑒 𝑊1 𝑟  , 𝑊2are wedges. 

(ii) 𝑉1 𝑡, 𝜙 ≤ 0, 𝑓𝑜𝑟 𝜙 ∈ 𝐶𝐻 .  (See [16 and 17]) 

Then, the zero solution of (8) is asymptotically stable and consistent with the solution, provided that the largest 

invariant set in𝑍 𝑖𝑠 𝑄 =  0 . 
 

III. PRESENTATION OF MAIN RESULT 
 Theorem 1: Suppose that the assumptions imposed on the functions𝑎, 𝑏, 𝑐, 𝑃 , 𝑄 , 𝑅  𝑎𝑛𝑑 𝑒.  

   Suppose that there are positive constants 𝛿0, 𝛿1, 𝜂1 𝑎𝑛𝑑 𝜂2 such that the following 

   conditions aresatisfied, then: 

(i) 
𝑝 1𝛿1

𝑟0
< 𝑑 < 𝑎0𝑞 0 

(ii) 𝑐 𝑡 ≤ 𝑏 𝑡    𝑎𝑛𝑑 𝑏′ 𝑡 ≤ 𝑐′ 𝑡 ≤ 0    𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑡 ∈ [0, ∞) 

(iii) 
1

2
𝑑𝑎′ 𝑡 𝑄  𝑥 − 𝑏0 𝑑𝑟0 − 𝑝 1𝛿1 ≤ −𝑒 < 0 

(iv)    𝑃 ′(𝑢) +  𝑄 ′(𝑢) +  𝑅 ′(𝑢)  
∞

−∞
𝑑𝑢 ≤ 𝜂1 < ∞and 

(v)   𝑒(𝑠) 𝑑𝑠 ≤
∞

0
𝜂2 < ∞ 

The solution of (3) for 𝑥(𝑡) are bounded for 𝑝 𝑡, 𝑥, 𝑥 ′ , 𝑥 ′′  = 0 is asymptotically stable if  

  Θ <
2𝑝 0

𝑝 1𝑐1𝛿1
𝑚𝑖𝑛  

𝑒 1−𝜆 𝑝0

𝑝 1 𝑝 0+𝑑 2−𝜆  
,  𝑎0𝑞 0 − 𝑑   

Theorem 2: Suppose that 𝑎 𝑙 , 𝑏 𝑙  𝑎𝑛𝑑 𝑐(𝑙) are continuously differentiable on [0, ∞) and the   

  following conditions are satisfied. 

(C1) 𝑕 0 = 0,
𝑕(𝑥)

𝑥
≥ 𝛿0 > 0   (𝑥 ≠ 0) and 𝑕′ 𝑥 ≤ 𝑐0   , ∀𝑥,  𝑕′(𝑥) ≤ 𝑐1 

(C2) 𝑔 0 = 0  ,
𝑔(𝑦)

𝑦
≥ 𝑏 > 0   (𝑦 ≠ 0) and 𝑔′ 𝑦 ≤ 𝑐2   , ∀𝑦 
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(C3) 0 < 𝛿1 ≤ 𝑐 𝑡 ≤ 𝑏 𝑡 , −𝑊 ≤ 𝑏′ 𝑡 ≤ 𝑐′ 𝑡 ≤ 0, 𝑡 ≥ 0 

(C4) 0 ≤ Δ ≤ 𝑎 𝑡 ≤ ℒ, 𝑓𝑜𝑟 𝑡 ≥ 0 

(C5) 
1

2
𝑎′(𝑡) ≤ 𝛿2 ≤ 𝛿1 𝑏(𝑡) − 𝛼𝑐1  ,   𝑡 ≥ 0 

(C6) 𝑟 𝑡 ≤ 𝛾  𝑎𝑛𝑑  𝑟′ 𝑡 ≤ 𝛽, 0 < 𝛽 < 1 

(C7)   𝑐′(𝑡) 𝑑𝑡 < ∞  ,   𝑐′ 𝑡 → 0  𝑎𝑠 𝑡 → ∞
∞

0
 

Then, the solution of 

𝑥𝑡
′′′ + 𝑎 𝑡 𝑥𝑡

′′ + 𝑏 𝑡 𝑔 𝑥𝑡
′ 𝑡 − 𝑟(𝑡)  + 𝑐 𝑡 𝑕 𝑥 𝑡 − 𝑟(𝑡)  = 0     (8) 

𝑤𝑕𝑒𝑟𝑒 0 ≤ 𝑟 𝑡 ≤ 𝛾, 𝛾is positive value with 𝑎 𝑡 , 𝑏 𝑡 , 𝑐 𝑡 , 𝑔 𝑥𝑡
′   𝑎𝑛𝑑 𝑕(𝑥) are real-valued functions which 

are differentiable and continuous , and 𝑔 0 = 𝑕 0 = 0 

Set (8) using the following separate expressions: 

𝑃(𝑡, 𝑥 𝑡 , 𝑥 ′ 𝑡 , 𝑥 𝑡 − 𝑟 𝑡  , 𝑥 ′ 𝑡 − 𝑟 𝑡  , 𝑥 ′′ (𝑡)       (9) 

Or by its equivalent transformation 

 𝑥 ′ = 𝑦  , 𝑦′ = 𝑧  , 𝑧′ = −𝑕 𝑦 𝑧 − 𝑔 𝑦 − 𝑓 𝑥 +  𝑔′ 𝑦 𝑠  𝑧 𝑠 𝑑𝑠 +  𝑓 ′ 𝑥 𝑠  𝑦 𝑠 𝑑𝑠 +
𝑡

𝑡−𝑟(𝑡)

𝑡

𝑡−𝑟 𝑡 

𝑃(𝑡,𝑥,𝑦,𝑥𝑡−𝑟𝑡,   𝑦𝑟−𝑟𝑡,𝑧)        (10) 

Using Theorem 1. Θ <
2𝑝 0

𝑝 1𝑐1𝛿1
𝑚𝑖𝑛  

𝑒 1−𝜆 𝑝0

𝑝 1 𝑝 0+𝑑 2−𝜆  
,  𝑎0𝑞 0 − 𝑑   

We set  Θ <
2𝑝 0

𝑝 1𝑐1𝛿1
 𝑚𝑖𝑛 Ψ,  𝑎0𝑞0 − 𝑑         (11) 

With   𝜎 =  
𝑝 0 𝑒−Θ𝑝 1 −2Θ𝑝 1𝑑

 𝑒𝑝 0+Θ 𝑝 1𝑑  
         (12) 

Proof: 

By the definition of Lyapunov functional: 𝑉 𝑡, 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡 = 𝑒−𝑣(𝑡)𝑈 𝑡, 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡     (13) 

Where 𝑣 𝑡 =   𝑐′(𝑠) 𝑑𝑠  𝑎𝑛𝑑   𝑐′(𝑡) 𝑑𝑡 ≤ 𝑁 < ∞
∞

0

𝑡

0
 

And 𝑍 = 𝑣 𝑡, 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡 = 𝑑𝑐 𝑡 𝐹 𝑥 + 𝑐 𝑡 𝑓 𝑥 +
𝑏𝑡𝑅 (𝑥)

2𝑝 (𝑥)
𝑦2 +

1

2
𝜔2 +

𝑑

𝑝 (𝑥)
𝑦𝑧 +

1

2

𝑑𝑎 (𝑡)

2𝑝 2(𝑥)
   (14) 

Put Π = 𝑑𝑐 𝑡 𝐹 𝑥 + 𝑐 𝑡 𝑓 𝑥 +
𝑏𝑡𝑅 (𝑥)

2𝑝 (𝑥)
𝑦2 and  

 Φ =  
1

2
𝜔2 +

𝑑

𝑝 (𝑥)
𝑦𝑧 +

1

2

𝑑𝑎 (𝑡)

2𝑝 2(𝑥)
        (15) 

Such that 𝑉 = Π + Φ + 𝜆  
0

−𝑟(𝑡)
 𝑦2 𝜃 𝑑𝜃𝑑𝑠 + 𝜎  

0

−𝑟(𝑡)
 𝑧2 𝜃 𝑑𝜃𝑑𝑠
𝑡

𝑡+𝑠

𝑡

𝑡+𝑠
 , 𝜆, 𝜎 > 0  

 (16) 

Furthermore,  𝑥 =  𝑓 𝜌 𝑑𝜌
𝑥

0
 , the Lyapunov functional is written as  

𝑉 = Π + Φ + 𝜆 
0

−𝑟
 𝑦2 𝜃 𝑑𝜃𝑑𝑠
𝑡

𝑡+𝑠
givenΠ = 𝑑𝑐 𝑡 𝐹 𝑥 + 𝑐 𝑡 𝑓 𝑥 +

𝑏𝑡𝑅 (𝑥)

2𝑝 (𝑥)
𝑦2   and   Φ =

 
1

2
𝜔2 +

𝑑

𝑝 (𝑥)
𝑦𝑧 +

1

2

𝑑𝑎 (𝑡)

2𝑝 2(𝑥)
 

By (C5) argument: 
𝑑(𝑎 𝑡 −𝑑)

2𝑝 2(𝑥)
≥

𝑑 𝑎0−𝑑 

2𝑝 2 𝑥 
> 0 with positive constants such that 

Φ ≥ 𝛿2𝑦
2 + 𝛿3𝑧

2          (17) 

Under the assumptions of Theorem 2, and a rearrangement of (12) on Π we obtain, 

Π = 𝑑𝑐 𝑡 𝐹 𝑥 + 𝑐 𝑡 𝑓 𝑥 +
𝑏𝑡𝑅 (𝑥)

2𝑝 (𝑥)
𝑦2  𝑦 +

𝑐 𝑡 𝑓 𝑥 𝑔(𝑥)

𝑏𝑡
 

2

−
𝑐2(𝑡)𝑝 (𝑥)𝑓2(𝑥)

2𝑏(𝑡)
    (18) 

 ≥ 𝑑𝑐 𝑡 𝐹 𝑥 −
𝑐2(𝑡)𝑝 (𝑥)𝑓2(𝑥)

2𝑏(𝑡)
 

 ≥ 𝑑𝑐(𝑡)  𝐹 𝑥 −
𝑝 1𝑓

2 𝑥 

2𝑑
 ≥ 𝑑𝑐(𝑡)   1 −

𝑝 𝛿1

𝑑
 𝑓 𝑢 𝑑𝑢

𝑥

0
 

 ≥ 𝑑𝑐0  1 −
𝑝 𝛿1

𝑑
 > 𝑑𝑐0  1 −

𝑑

𝑑
 = 0       (19) 

By the condition of C2, there exist a positive constant 𝜁 such that  

𝑉 𝑡, 𝑥, 𝑦, 𝑧 = 𝑉 ≥ 𝜁 𝑥2 + 𝑦2 + 𝑧2         (20)

  𝑎𝑛𝑑 𝑡𝑕𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙  𝑦2 𝜔  𝑑𝜔 > 0 𝑎𝑛𝑑 
𝑡

𝑡+𝑠
𝜁 = 𝑚𝑖𝑛 𝛿2𝑦

2 + 𝛿3𝑧
2    (21) 

𝜏 𝑡 =   𝜃(𝑠) 𝑑𝑠 =  
 𝑝 (𝑢) 

𝑝 2(𝑢)

𝜙2

𝜙1

𝑡

0

𝑑𝑢 < ∞    𝑤𝑕𝑒𝑟𝑒 𝜙1 𝑡 = 𝑚𝑖𝑛 𝑥0, 𝑥𝑡  𝑎𝑛𝑑 𝜙2 𝑡 = 𝑚𝑖𝑛 𝑥0 , 𝑥𝑡  

Then, 𝑊1  𝜙(0)  ≤ 𝑈 𝑡, 𝜙 > 0  𝑎𝑛𝑑 𝑈(𝑡, 𝜙) ≤ 𝑊2  𝜙        (22) 

Using the results of (see[18,19 and 20]), it follows that 𝑍 𝑡, 𝑥, 𝑦, 𝑧 = 𝑑𝑐′(𝑡)𝑍1(𝑡, 𝑥, 𝑦, 𝑧) ≤ 0 

And by Schwartz inequality where  𝛿𝑒 ≤
1

2
 𝛿2 + 𝑒2  then from (13), we obtain 

𝑑𝑉

𝑑𝑡
 𝑡, 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡 = exp⁡(−𝑣 𝑡 )  

𝑑𝑈

𝑑𝑡
 𝑡, 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡 −  𝑐′(𝑡) 𝑈 𝑡, 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡      (23) 

Using (15), (20) and (21), and further transformations, then,  
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𝑑𝑉

𝑑𝑡
+  𝑐′(𝑡) 𝑈 𝑡, 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡 ≤ − 𝜁 𝑥2 + 𝑦2 + 𝑧2 + 𝜁 𝛿2𝑦

2 + 𝛿3𝑧
2      (24) 

Given that (11) and (12) > 𝛩 then the zero solution of (8) is asymptotically stable. For the complete 

 proof, 𝑏 𝑡 𝑎𝑛𝑑 𝑐 𝑡  are non-decreasing functions on the interval [0, ∞) and continuous on the 

 interval.  

Also, 0 ≤ 𝛿1 ≤ 𝑐 𝑡 ≤ 𝑏 𝑡 ≤ 𝑊, lim𝑡→∞ 𝑐 𝑡 = 𝑐0 ,    lim𝑡→∞ 𝑏 𝑡 = 𝑏0,        

 (25) 

⟹ 𝛿1 ≤ 𝑐0 ≤ 𝑏0 ≤ 𝑊          (26) 

Subsequently, (23) :
𝑑𝑉

𝑑𝑡
 𝑡, 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡 ≤ 𝜁1 exp −𝑣 𝑡   𝑥2 + 𝑦2 + 𝑧2  𝑓𝑜𝑟 𝜁1 > 0 

     ≤ 𝑉1 𝑡, 𝜙 < 0   𝑓𝑜𝑟 𝜙 ∈ 𝐶𝐻  

It follows therefore, the Lyapunov functional   𝑉 𝑡, 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡 = 𝑒−𝑣(𝑡)𝑈 𝑡, 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡  satisfies all the 

 conditions of Theorem 2. 

 

IV. ILLUSTRATION 
Consider the third-order nonlinear non-autonomous delay differential equation 

𝑥 ′′′ +  
1

4
𝑠𝑖𝑛𝜃 +

5

4
 𝑥 ′′ +  1 +

1

𝜃2 + 2
  2𝑥 ′ 𝜃 − 𝑟(𝜃 + (𝑠𝑖𝑛𝜃)𝑥 ′ 𝜃 − 𝑟 𝜃    

+
1

28
 

1

4
+

1

𝜃2+3
 𝑥(𝜃 − 𝑟 𝜃 = 0         (27) 

Using the equivalent system form:         

 𝑥 ′ = 𝑦  , 𝑦′ = 𝑧  and 

𝑧′ = − 
1

4
𝑠𝑖𝑛𝜃 +

5

4
 𝑧 −  1 +

1

𝜃2 + 2
  2𝑦 + 𝑠𝑖𝑛𝑦 +  1 +

1

𝜃2 + 2
   2 + 𝑐𝑜𝑠𝑦 𝑠  𝑧 𝑠 𝑑𝑠

𝜃

𝜃−𝑟(𝜃)

 

 −
1

28
 

1

4
+

1

𝜃2+3
 𝑥 +

1

28
 

1

4
+

1

𝜃2+3
  𝑦 𝑠 𝑑𝑠

𝜃

𝜃−𝑟(𝜃)
      (28) 

It follows that:           

 Θ =
1

4
≤ 𝑎 𝜃 =

1

4
𝑠𝑖𝑛𝜃 +

5

4
≤

3

2
= 𝑊,

1

2
𝑎′ 𝜃 =

1

8
𝑐𝑜𝑠𝜃 ≤

1

8
= 𝛿    , ∀𝜃 ≥ 0 

 And 𝛿1 =
1

4
≤ 𝑐 𝜃 =

1

4
+

1

𝜃2+3
≤

7

12
     ,   −

3

2
< 𝑐′ 𝜃 = −

2𝜃

 𝜃2+3 2 ≤ 0    

 ⇒ from (27) , (28) and (C2), we have 

 𝑔 𝑦 − 2𝑦 − 𝑠𝑖𝑛𝑦 = 0 

 
𝑔(𝑦)

𝑔
− 2 −

𝑠𝑖𝑛𝑦

𝑦
− 1 ≥ 𝑏 = 0  (𝑦 ≠ 0) 

 𝑦′ 𝑦 − 3 ≤ 𝑐1         ∀ 𝑦 

 𝑕 𝑥 =
1

28
𝑥 , 𝑕 0 = 0 

 
𝑕(𝑥)

𝑥
−

1

28
− 𝛿0 > 0 

 𝑕′ 𝑥 −
1

28
≤

1

14
     , ∀ 𝑥 

By conjuncture; 

  𝑐′(𝑡) 𝑑𝑡 =
1

3
< ∞      𝑎𝑛𝑑   lim𝑡→∞ 𝑐′ 𝑡 = 0

∞

0
  

 ⇒the system is asymptotically stable and 
1

3
 is the region of stability. 

 

V. CONCLUSION 
The problem of nonlinear system of delay differential equation is significant and valuable in many 

scientific areas and can be applied in control theory, information theory and other similar areas. 

We established sufficient conditions and obtained the asymptotic stability of the zero solution under 

variable delay. More importantly is the application of Lyapunov functional technique and showed the stability 

of the delay system over time lag. 
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