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ABSTRACT 
 We initiate the study of forcing total outer independent monophonic domination number of a graph. Let 𝐺 be a 

connected graph and 𝑀 a minimum total outer independent monophonic dominating set of 𝐺. A subset 𝑇 ⊆ 𝑀 

is called a forcing subset of 𝑀 if 𝑀 is the unique minimum total outer independent monophonic dominating set 

containing 𝑇. A forcing subset for 𝑀 of minimum cardinality is a minimum forcing subset of 𝑀. The forcing 

total outer independent monophonic domination number of 𝑀, denoted by𝑓𝛶𝑚𝑡
0𝑖 (𝑀), is the cardinality of a 

minimum forcing subset of 𝑀. The forcing total outer independent monophonic domination number of 𝐺, 

denoted by 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) , is 𝑓𝛶𝑚𝑡

0𝑖 (𝐺) = 𝑚𝑖𝑛 {𝑓𝛶𝑚𝑡
0𝑖 (𝑀)} , where the minimum is taken over all minimum total outer 

independent monophonic dominating sets 𝑀 in 𝐺.Some of its general properties are studied. It is shown that for 

every pair𝑎, 𝑏 of integers with 0 ≤ 𝑎 ≤ 𝑏 − 4 and 𝑏 ≥ 5, there exists a connected graph 𝐺 such that 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) =

𝑎 and 𝛶𝑚𝑡
0𝑖 (𝐺) = 𝑏. 
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I. INTRODUCTION 
 Let 𝐺 = (𝑉, 𝐸) be a graph and 𝑛 be the number of vertices and 𝑚be the number of edges. Thus the 

cardinality of 𝑉(𝐺) = 𝑚 and the cardinality of 𝐸(𝐺) = 𝑛. We consider a finite undirected graph without loops 

or multiple edges. For the basic graph theoretic notations and terminology we refer to Buckley and Harary.For 

vertices 𝑢 and 𝑣 in a connected graph 𝐺, the distance 𝑑(𝑢, 𝑣) is the length of a shortest 𝑢 − 𝑣 path in 𝐺. A 𝑢 −
𝑣 path of length 𝑑(𝑢, 𝑣) is called a 𝑢 − 𝑣 geodesic. 

The neighbourhood of a vertex 𝑣 is the set 𝑁(𝑣) consisting of all vertices which are adjacent with𝑣. 

The degree of a vertex 𝑣, denoted by 𝑑𝐺(𝑣), is the cardinality of its neighbourhood. A vertex 𝑣 is an extreme 

vertex if the subgraph induced by its neighbourhood is complete. A vertex 𝑣 in a connected graph 𝐺 is a cut 

vertex of 𝐺, if 𝐺 − 𝑣 is disconnected. A vertex 𝑣 in a connected graph 𝐺 is said to be a semi-extreme vertex 

if∆(< 𝑁(𝑣) >) = |𝑁(𝑣)| − 1. A graph 𝐺 is said to be semi-extreme graph if every vertex of 𝐺 is a semi-

extreme vertex. A connected acyclic graph is called a tree. 

 A subset of 𝑉(𝐺) is independent if there is no edge between any two vertices of this set. The 

independence number of a graph𝐺, denoted by 𝛼(𝐺), is the maximum cardinality of an independent subset of 

the set of vertices of 𝐺. A monophonic set of 𝐺 is a set 𝑀 ⊆ 𝑉(𝐺) such that every vertex of 𝐺 is contained in a 

monophonic path joining some pair of vertices in 𝑀. The monophonic number𝑚(𝐺) of𝐺 is the minimum order 

of its monophonic sets and any monophonic set of order 𝑚(𝐺) is a minimum monophonic set of 𝐺. A total 

monophonic set of a graph 𝐺 is a monophonic set 𝑀 such that the subgraph induced by 𝑀 has no isolated 

vertex. The minimum cardinality of a total monophonic set of 𝐺 is its total monophonic number and is denoted 

by 𝑚𝑡(𝐺). A total monophonic set of size 𝑚𝑡(𝐺) is said to be a 𝑚𝑡-set. 

 A subset 𝑀 ⊆ 𝑉(𝐺) is independent monophonic set if 𝑀 is a monophonic set and every two vertices 

from 𝑀 are not adjacent in 𝐺. The minimum cardinality of a independent monophonic set of 𝐺 is the 

independent monophonic number of 𝐺 and is denoted by 𝑖𝑚(𝐺). 

http://www.questjournals.org/
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A subset𝑀 ⊆ 𝑉(𝐺)  is outer independent monophonic set if 𝑀 is a monophonic set and the set 𝑉(𝐺) −
𝑀 is independent. The minimum cardinality of a independent monophonic set of 𝐺 is the outer independent 

monophonicnumber of 𝐺 and is denoted by 𝑚𝑜𝑖(𝐺). 

A total outer-independent dominating set of a graph 𝐺 is a set 𝐷 of vertices of 𝐺 such that every vertex 

of 𝐺 has a neighbor in 𝐷, the set of all vertices in 𝐷 is not isolated and the set 𝑉(𝐺) − 𝐷 is independent. The 

total outer-independent domination number of a graph 𝐺 is the minimum cardinality of a total outer-

independent dominating set of 𝐺 and is denoted by 𝛾𝑡
𝑜𝑖(𝐺). 

A monophonic set 𝑀 ⊆ 𝑉 is said to be total outer independent monophonicdominating set, abbreviated 

TOIMDS if it is a monophonic dominating set and 〈𝑉 − 𝑀〉 is an independent set. The minimum cardinality of 

a total outer independent monophonic dominating set, denoted by 𝛶𝑚𝑡
0𝑖 (𝐺) is called the total outer independent 

monophonic domination number of 𝐺. 

The following theorem will be used in the sequal. 

Theorem 1.1Each extreme vertexof a connected graph 𝐺belongs to every total outerindependent 

monophonicdomination number of 𝐺. 
Definition 2.1    Let 𝐺 be a connected graph and 𝑀 a minimum total outer independent monophonic dominating 

set of 𝐺. A subset 𝑇 ⊆ 𝑀 is called a forcing subset for 𝑀 if 𝑀 is the unique minimum total outer independent 

monophonic dominating set containing 𝑇. A forcing subset for 𝑀 of minimum cardinality is a minimum forcing 

subset of 𝑀. The forcing total outer independent monophonic domination number of 𝑀 denoted by𝑓𝛶𝑚𝑡
0𝑖 (𝑀), is 

the cardinality of a minimum forcing subset of 𝑀. The forcing total outer independent monophonic domination 

number of 𝐺, denoted by 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) is 𝑓𝛶𝑚𝑡

0𝑖 (𝐺) = min {𝑓𝛶𝑚𝑡
0𝑖 (𝑀)} , where the minimum is taken over all 

minimum total outer independent monophonic dominating sets 𝑀 in 𝐺. 

Example 2.2 

                  For the graph 𝐺 given in Figure 2.1 𝑀1 = {𝑣1 , 𝑣2 , 𝑣4 , 𝑣5 , 𝑣7 , 𝑣9}  and𝑀2 =
{𝑣1 , 𝑣3 , 𝑣4 , 𝑣5 , 𝑣6 , 𝑣8 , 𝑣9}are the only two total outer independent monophonic domination number of 𝐺. It is 

clear that𝑓𝛶𝑚𝑡
0𝑖 (𝑀1) = 1 and𝑓𝛶𝑚𝑡

0𝑖 (𝑀2) = 1  so that𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 1 

Figure 2.1 
 

 

Theorem 2.3    For any connected graph 𝐺,0 ≤ 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) ≤ 𝛶𝑚𝑡

0𝑖 (𝐺) ≤ 𝑝. 

Definition 2.4    A vertex 𝑣 of a connected graph 𝐺 is said to be a total outer independent monophonic 

dominating vertex of 𝐺 if 𝑣 belongs to every minimum total outer independent monophonic dominating set of 

𝐺.  

Theorem 2.5       Let 𝐺 be a connected graph. Then 

a) 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 0 if and only if 𝐺 has a unique minimum total outer independent monophonic dominating 

set 

b) 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 1 if and only if 𝐺 has at least two minimum total outer independent monophonic 

dominating sets, one of which is unique minimum total outer independent monophonic dominating set 

containing one of its elements, and 

c) 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 𝛶𝑚𝑡

𝑜𝑖 (𝐺) if and only if no minimum total outer independent monophonic dominating set of 𝐺 

is the unique minimum total outer independent monophonic dominating set containing any of its proper subsets. 

Proof. (a)  Let 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 0. Then by definition 𝑓𝛶𝑚𝑡

0𝑖 (𝑀) = 0 for some total outer independent monophonic 

dominating set 𝑀 of 𝐺 so that the empty set 𝜑 is the minimum forcing subset for 𝑀. Since the empty set 𝜑 is a 
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subset of every set, it follows that 𝑀 is the unique minimum total outer independent monophonic dominating set 

of 𝐺. The converse is clear. 

b) Let 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 1. Then by Theorem 2.5 (a), 𝐺 has atleast two total outer independent monophonic 

dominating sets. Also, since 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 1, there is a singleton subset 𝑇 of a total outer independent monophonic 

dominating set 𝑀 of 𝐺 such that 𝑇 is not a subset of any other total outer independent monophonic dominating 

set of 𝐺. Thus 𝑀 is the unique total outer independent monophonic dominating set containing one of its 

elements. The converse is clear. 

c) Let𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 𝛶𝑚𝑡

𝑜𝑖 (𝐺).Then 𝑓𝛶𝑚𝑡
0𝑖 (𝑀) = 𝛶𝑚𝑡

𝑜𝑖 (𝑀) for every total outer independent monophonic dominating 

sets𝑀 in 𝐺. Also, it is clear 𝛶𝑚𝑡
𝑜𝑖 (𝐺) ≥ 2 and hence 𝑓𝛶𝑚𝑡

0𝑖 (𝐺) ≥ 2.Then by theorem 2.5 (a) 𝐺 has atleast two total 

outer independent monophonic dominating set and so that the empty set 𝜑 is not a forcing subset for any total 

outer independent monophonic dominating set of 𝐺. Since𝑓𝛶𝑚𝑡
0𝑖 (𝑀) = 𝛶𝑚𝑡

𝑜𝑖 (𝐺), no proper subset of 𝑀 is a 

forcing subset of 𝑀. Thus no total outer independent monophonic dominating set of 𝐺 is the unique total outer 

independent monophonic dominating set containing any of its proper subsets. Conversely, the data implies that 

𝐺 contains more than one total outer independent monophonic dominating set and no subset of any total outer 

independent monophonic dominating set 𝑀 other than 𝑀 is a forcing subset for 𝑀. Hence it follows 

that𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 𝛶𝑚𝑡

𝑜𝑖 (𝐺). 

Theorem 2.6     Let 𝐺 be a connected graph and let ℑbe the set of relative complements of the minimum forcing 

subsets in their respective minimum total outer independent monophonic dominating sets in 𝐺. Then ∩𝐹∈ℑ 𝐹 is 

the set of total outer independent monophonic dominating vertices of 𝐺. 

Proof. Let 𝑊 be the set of all total outer independent monophonic dominating vertices of 𝐺. We have to show 

that 𝑊 = ∩𝐹∈ℑ 𝐹. Let 𝑣 ∈ 𝑊. Then 𝑣 is a total outer independent monophonic dominating vertex of 𝐺 that 

belongs to every minimum total outer independent monophonic dominating set 𝑀 of 𝐺. Let 𝑇 ⊆ 𝑀 be any 

minimum forcing subset for any minimum total outer independent monophonic dominating set 𝑀 of 𝐺. We 

claim that 𝑣 ∉ 𝑇. If 𝑣 ∈ 𝑇, then 𝑇 ′ = 𝑇 − {𝑣} is a proper subset of 𝑇 such that 𝑀 is the unique minimum total 

outer independent monophonic dominating set containing𝑇 ′ so that 𝑇 ′ is a forcing subset for 𝑀 with |𝑇 ′| <
|𝑇| , which is a contradiction to 𝑇 is a minimum forcing subset for 𝑀. Hence 𝑣 ∈∩𝐹∈ℑ 𝐹 so that 𝑊 ⊆∩𝐹∈ℑ 𝐹. 
        Conversely, let 𝑣 ∈∩𝐹∈ℑ 𝐹. Then 𝑣 belongs to the relative complement of𝑇 in 𝑀 for every 𝑇 and every 𝑀 

such that 𝑇 ⊆ 𝑀, where 𝑇 is a minimum forcing subset for 𝑀. Since𝐹 is the relative complement of 𝑇 in 𝑀, we 

have 𝐹 ⊆ 𝑀 and thus 𝑣 ∈ 𝑀 for every 𝑀, which implies that 𝑣 is a total outer independent monophonic 

dominating vertex of 𝐺. Thus 𝑣 ∈ 𝑊 and so ∩𝐹∈ℑ 𝐹 ⊆ 𝑊. Hence 𝑊 = ∩𝐹∈ℑ 𝐹. 
Corollary 2.7 Let 𝐺 be a connected graph and 𝑀a minimum total outer independent monophonic dominating 

set of 𝐺. Then no total outer independent monophonic dominating vertex of 𝐺belongs to any minimum forcing 

set of 𝑀. 

Theorem 2.8   Let 𝐺 be a connected graph and 𝑊 be the set of all total outer independent monophonic 

dominating vertices of 𝐺. Then 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) ≤ 𝛾𝑚𝑡

𝑜𝑖 (𝐺) − |𝑊|. 

Proof.  Let 𝑀 be any minimum total monophonic dominating set of 𝐺. Then 𝛾𝑚𝑡
𝑜𝑖 (𝐺) = |𝑀|, 𝑊 ⊆ 𝑀 and 𝑀 is 

the unique minimum forcing total outer independent monophonic dominating set containing 𝑀 − 𝑊. Then 

𝑓𝛶𝑚𝑡
0𝑖 (𝐺) ≤ |𝑀 − 𝑊| = |𝑀| − |𝑊| = 𝛶𝑚𝑡

0𝑖 (𝐺) − |𝑊|. 

Theorem 2.9      For any complete graph 𝐺 = 𝐾𝑝  , 𝑝 ≥ 2 , 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 0 . 

Proof.  For 𝐺 = 𝐾𝑝 , it follows from Theorem 1.1, that the set of all vertices of 𝐺 is the unique total outer 

independent monophonic dominating set. Now, by Theorem 2.5 (a),  𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 0 . 

 

Theorem 2.10     For the complete bipartite graph 𝐺 = 𝐾𝑟 ,   𝑠(𝑟 , 𝑠 ≥ 2) , 

𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = {

0   if   𝑟 < 𝑠
1   if   𝑟 = 𝑠

 

Proof.Let 𝑈 = {𝑢1 , 𝑢2 , … , 𝑢𝑟} and  𝑉 = {𝑣1 , 𝑣2 , … , 𝑣𝑠} be the two bipartite sets of 𝐺. Let us consider 𝑟 < 𝑠 . 

Clearly 𝑟 is the total outer independent monophonic domination number of 𝐺. Therefore  𝑆 = {𝑢1 , 𝑢2 , … 𝑢𝑟} is 

the unique minimum total outer independent monophonic dominating set of 𝐺 . Hence it follows from Theorem 

2.5 (a), that 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 0 . 

 If 𝑟 = 𝑠 , then 𝑆1 = {𝑢1 , 𝑢2 , … , 𝑢𝑠}𝑆2 = {𝑣1 , 𝑣2 , … , 𝑣𝑠} are the two minimum total outer independent 

monophonic dominating set of 𝐺 so that 𝑓𝛶𝑚𝑡
0𝑖 (𝑆1) = 1 and 𝑓𝛶𝑚𝑡

0𝑖 (𝑆2) = 1.Hence,𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 1 . 
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Corollary 2.11If 𝐺 is a connected graph with 𝑘 simplicial vertices and 𝑙 cut-vertices, then 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) ≤ 𝛶𝑚𝑡

0𝑖 (𝐺) −

(𝑘 + 𝑙). 

 

Theorem 2.12    For every pair 𝑎 , 𝑏 of integers with 0 ≤ 𝑎 ≤ 𝑏 − 4 and 𝑏 ≥ 5 , there exists a connected graph 

𝐺 such that 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 𝑎 and 𝛶𝑚𝑡

0𝑖 (𝐺) = 𝑏 . 

Proof.   We prove this theorem by considering three cases. For 𝑏 = 4, we have 𝑎 = 0. Hence for 𝐺 = 𝐾4 , we 

have 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 0 and 𝛶𝑚𝑡

0𝑖 (𝐺) = 4 = 𝑏. Now, take 𝑏 ≥ 5. 

Case 1.𝑎 = 0.  Let 𝐺 = 𝐾𝑏 . Then by Theorem 2.9 and Theorem 1.1, we have 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 0 and  𝛶𝑚𝑡

0𝑖 (𝐺) = 𝑏 . 

Case 2.𝑎 = 1. Let 𝐶6: 𝑡 , 𝑢 , 𝑣 , 𝑤 , 𝑥 , 𝑦 , 𝑡 be a cycle of order of 6 . Let 𝐻 be the graph obtained from𝐶6 by 

adding 𝑏 − 5 new vertices 𝑥1 , 𝑥2 , … , 𝑥𝑏−5 and joining each 𝑥 = (1 ≤ 𝑖 ≤ 𝑏 − 5) to 𝑣 . Let 𝐺 be the graph 

obtained from 𝐻 by adding a new vertex 𝑧 and join 𝑧 to both 𝑢 and  𝑤 . The graph 𝐺 is given in Figure2.2 . Let 

𝑆 = [𝑥1 , 𝑥2 , … , 𝑥𝑏−5] be the set of all extreme vertices of 𝐺 . Then by Theorem 1.1, every total outer 

independent monophonic dominating set contains 𝑆. 𝐺 contains exact by two minimum total outer independent 

monophonic dominating sets namely 𝑆1 = 𝑆 ∪ {𝑣 , 𝑢 , 𝑤 , 𝑥 , 𝑦 , 𝑧} and 𝑆2 = 𝑆 ∪ {𝑣 , 𝑥 , 𝑦 , 𝑡 , 𝑧} .Then 𝛶𝑚𝑡
0𝑖 (𝐺) =

|𝑠| + 5 = 𝑏 . Clearly  𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 1 = 𝑎 . 

 

 
  Figure 2.2 

 

Case 3.𝑎 ≥ 2.Let 𝑃4: 𝑦1 , 𝑦2 , 𝑦3 , 𝑦4 be a path of order 4 and 𝐶6: 𝑣1 , 𝑣2 , 𝑣3 , 𝑣4 , 𝑦3 , 𝑦2 , 𝑣1 be a cycle of order of 

6. Let 𝐻 be a graph obtained from 𝑃4 and 𝐶6 by adding new vertices 𝑥1 , 𝑥2 , … , 𝑥𝑏−𝑎−4 and joining each 

𝑥𝑖(1 ≤ 𝑖 ≤ 𝑏 − 𝑎 − 4) with 𝑦2. Let 𝐺 be the graph obtained from 𝐻 by adding new vertices 𝑧1 , 𝑧2 , … , 𝑧𝑎−2 and 

joining each 𝑧𝑖(1 ≤ 𝑖 ≤ 𝑎 − 2) to both 𝑦3and 𝑣3. The graph 𝐺 is given in Figure 2.3 

⋯ 
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Figure 2.3 

                        

Let 𝑀1 = {𝑦1 , 𝑦4 , 𝑥1 , 𝑥2 , … , 𝑥𝑏−𝑎−4} be the set of all extreme vertices of 𝐺. By Theorem 1.1, every 

total outer independent monophonic dominating set of 𝐺 contains 𝑀1. It is clear that 𝑀1is not a total outer 

independent monophonic dominating set of 𝐺. Let 𝑀2 = 𝑀1 ∪ {𝑣1 , 𝑣3 , 𝑦2 , 𝑦3 , 𝑧1 , 𝑧2 , … , 𝑧𝑎−2} is the minimum 

total outer independent monophonic dominating set of 𝐺, so that𝛶𝑚𝑡
0𝑖 (𝐺) = 𝑏. 

Next to show that 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) = 𝑎. Since every minimum total outer independent monophonic dominating set of 𝐺 

contain 𝑀1 ∪ {𝑦2 , 𝑦3}, it follows from Theorem 2.8, that 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) ≤ 𝛶𝑚𝑡

0𝑖 (𝐺) − 𝑀1 ∪ {𝑦2 , 𝑦3} = 𝑎. Moreover, 

the set 𝑀2 is the minimum total outer independent monophonic dominating set of 𝐺 if and only if 𝑀2 is of the 

form 𝑀1 ∪ {𝑣1 , 𝑣3 , 𝑦2 , 𝑦3 , 𝑧1 , 𝑧2 , … , 𝑧𝑎−2}. If 𝑓𝛶𝑚𝑡
0𝑖 (𝐺) < 𝑎 , let 𝑀3 be a subset of 𝑀2 with |𝑀3| < 𝑎. Then 

there is a vertex 𝑦𝑗 such that 𝑦𝑗 ∉ 𝑀3.  Let 𝑤𝑗  be a vertex different from  𝑦𝑗. Then 𝑀2
′ = 𝑀2 − ({𝑦𝑗} ∪ {𝑤𝑗}) is 

the minimum total outer independent monophonic dominating set of 𝐺 different from 𝑀2 such that 𝑀2
′  contain 

𝑀3. Thus𝑓𝛶𝑚𝑡
0𝑖 (𝐺) ≥ 𝑎. Then 𝑓𝛶𝑚𝑡

0𝑖 (𝐺) = 𝑎. 

 

II. Conclusion 
             We can extend the concept of forcing total outer independent monophonic domination number to find 

the forcing total outer independent edge monophonic  domination number , forcing upper total outer 

independent monophonic domination number of a graph and so on. 
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