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ABSTRACT: This paper is divided in two sections: Section A, Section B.

In section A, the generalization of Hurwitz-Lerch Zeta Function of two variables is given in three variables.

In section B, we have given the further extension of Hurwitz-Learch Zeta Function in three variables defined in
section A.

Hence forth we will denote “Hurwitz - Lerch Zeta Function of three variables” by “3V-H-LZF.”

Certain Integral representations and Summation formulae are obtained for 3V - H - L Z F. We have also
represented 3V - H - L Z F in terms of generalised Hypergeometric Function ,Fq.

All the main results are given in the form of five theorems.Corollaries of three theorems are also discussed .Special
cases are also discussed.
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I.  INTRODUCTION
The Hurwitz — Lerch Zeta Function (H—LZF) ¢ (z, s, a) is defined as [5,6]:
) X
b (252 = Zkzo gy ey
(ae c\zo;s€ec) whenlz|<1

and R(s)>1 when|z|=1
Various types of generalizations, extensions, and properties of the H - L Z F can be found in [ 7 — 14].

Recently, Chai and Parmar [ 16] have introduced two variables generalization of the function defined in eq" no.
(1) by:

Wi Wk @)1 zXt!
(0 K1 (ktl+a)s @)

Punne @S, a)= XK1=
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(wnn' € C; 3,0 € C\Zo ;SZLECQ)
when |z| <1and [t|[< 1
And R (s+v-p-n-n') >0

when |z| =1 and |t| =1

Also very recently, Nisar [1] has further extended the H - L Z F of two variables defined in eg" no. (2) as:

_ v Wi Wk Mi@K@E)n 2k
Punnss gy (3683 = 2ii=o )y OkEn K (ctl+a)®

(w88 €C; anEE € C\Zo ;sztEC)
when |z| <1and |t| <1
And R (s+p+E+E-pn-n'-8-8" >0

when |z| =1 and [t| =1

Motivated by the above recent works, in the present note, we have first generalized the H - L Z F of two

(3)

variables in three variables which is given in section A and in section B, we have given further extension of 3V -

H - L Z F defined in section A by eq" no. (4).

Section A

The H - L Z F of two variables [introduced by Chia and Parmar [16] in eq" no. (2)] is generalized in three

variables as:

(Wirt+m Wk MWIOm  zZ¥tlo™
woe (8, 0,5,8) = Ypq mo
Cbu,n,qq ;o (zt w,s,a) Zk.l.m =0 (U)k+l+m K1 m! (ktl+mta)s

(wnn'n’ €C; a, W EC\Z0; SZLW EC)
when |z] <1land|t|< land |w| <1
And R (s+o-p-n-n'-n") >0

when |z| =1 and |t| =1 and |w| =1

Section B

The extension of H - L Z F of three variables defined in eq" no. (4) is given as:

Wit14m Wi IO mEGENEIm  z¥tto™

b ssswgrs GL®Sa) = XKim=o ) srem OkENE)m K I ml (kH+m+a)s

(wn,n'n",6,6,8"€C;a,nEE,E"€C\z;sztw€EC)

when |z| <land|t|<1land |w|<1

C)

)
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And R (s+0+E+ E + E"-pn-n'-n"-5-5-8") > 0

when |z| =1 and [t|] =1 and |w| =1

Now we discuss below some of the cases of above eq™no. (5):

Casel .

If weput 6=%,86'=¢",8"=E" ineq"no. (5) we get the following result:

(Witl+m W MO)m  zZ¥te™

k! 1! m! (k+14+m+a)s ’

(6)

v (2,6, 0,5,3) = Ypime
¢)p,,n]rlrl ;0 ( y b o, ) Zk,l,m =0 (D)k+l+m

(wnn'n" €C; 3, EC\ 2o ; S,Zt,w EC)

when |z| <land|t| < 1land |w| <1

And R (s+v-p-n-n'-n") >0

when |z| =1 and [t] =1 and |w| =1
Case Il .

If p=v,8=t, 8=, §"=" ineq"no. (5)then we get :

— 00 Mk MM )m zKtl oM
Puw (56 082) = Tiim=0""imi Gortrmray ’ (7

(un'n" € C; a€EC\Zo;sztwEC)
when |z] <land|t|<1land |w|<1
And R(s-n:n'-n") >0

when |z| =1 and |t|=1 and |w| =1

Case 1.

If n'—= oo ineqg" no. (5) then we get:

dunnsssrscee @GLwsa):= lm{d, wsssseee (2t/MN,05,a)}

n'—oo

Witrm W@ @@ENEIm  zKtlo™ 8)

= XiIm=0 (Dsrem OkENEImM K 1 m! (k+l+m+a)s

(wn,n"6,6,6"€ C; a,1,§8,&" € c\zo; s,ztwEC)

when |z| <1and |t|< 1and |w|< 1
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And R (s+0 +E+ £ + £"-p-n-n"-8-8-8") > 0

when |z| =1 and |t|=1 and |w| =1

Case IV.

If u— o ineq" no. (5) then we get:

d)m',q" 5,8'8"0 EEE" (ztws,a):= lim{ cl)u,n,r]_'r]_" 5,6,8"0 EEE" (z/w,t/p, w/p,s,a) }

H—o0

=y WK MWImEkENEIm _ zKto™ )
k,lm =0, EOkENEIm k! ! m! (k+1+m+a)S ’
k+14+m

(n,n’,n"6,6,8" € C; a,v,§8,8" € C\zo; s,ztw€EC)
when |z| <land|t|<1land |w|<1
And R (s+v+&+ & +&"-n-n'-n"-6-6-6") >0

when |z| =1 and |t|=1 and |w| =1

Case V.

If min (|u],|n'|,|In"|) — oo ineq" no.(5) then we get:

d)rbﬁ,ﬁ',ﬁ";n EEE" (Z' t' w, S, a): = { (l)p,,nlrL'rL" 5,6',8"v 888" ( Z/ut t/ url' ’ ('0/ uq” ,»S,a )}

o dim
min ( |pl,InlIn"|) »oo

_ yo WK®K(ENEIm Kelom
= Ziim=0 ()isrem OKENEIm K I'm! (kH+m+a)s ’ 10

n6,6,6"€ C; a,1,§8,8" € C\z0; sztw EC)
when |z| <1land [t <1land |w| <1
And R (s+v+&+ & +&"-n-6-6-8") >0
when [z] =1 and |t|=1 and |w| =1

Various Integral representations, Summation Formulae and Representation in terms Generalized
Hypergeometric Function are obtained in the present note.
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I1. PRILIMINARIES

2.1. The Eulerian Integral is given as {[1] page 3, eq" no. (17)}:

1 1 ©  s—1 ,—(k+l+m+a)t
(k+1+m+a)s r(s) J‘0 t € dt an

(min R(s),R(a) >0, k,ewNo)

2.2. Eulerian Beta Integral [1]:

_ T@ I(b-a) _ oo y*7!
B (a, b-a) = o N P dy, (12)
R(b) >Rr(a) >0,
2.3. The Binomial Series:
(a+b)" = Ti_o() a"*b* (13)

n\ _ n!
where, D) = pr—

2.4. The generalized hypergeometric function F (=) is given as [1]:

qu[(BL C ,Bp; 81, . ,8q ;Z]

M, (g, Inz"
— °°_ =10 7 14
D (1)
where p,q € Z+; bj#0,-1,-2...
2.5. The following identity {[17] page 56, eq"no. (1)}:
Yo 2o ALK) = IR XAk - 1) (15)
I1l. MAIN RESULT
111 (a). INTEGRAL REPRESENTATIONS
Theorem 1. The following integral representation cbum,n.. 5,5,8"0 EEE" (zt w,s,a) holds true:
1 o o1 ax o Wicttem Wic WIO)m BB B )m
G a6 588 (BH®,5,8)= =[x e™ X210 07 (0), 10 OKEIE)m K1 m
x z¢tlw™ (e ¥)K(e™)!(e™¥)™dx (16)
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Proof: Denoting the left — hand side of eq" no. (16) by I and then using Eulerian Integral given in eq" no. (11)
on right — hand side of eq" no. (5) we get:

TS (Wr+1+m Wk M1 m (8)k(8)1(8")m kel om 1 ® s—1 —(k+l+m+a)x
Ii= - X z%t — d 17
1= Dm0 ) Em 1m 2o =5 Jy X e X a7

Interchanging the order of integration and summation, which is verified by uniform convergence of the involved
series under the given condition, on the right — hand side of last equation we get:

1 f0°° «5—1 g—ax S m o Wkt1+m Wk WIM)Im )N EIm ™ (e k(e ™)l(e)Mdx  (18)

=79 ®srem OKENE)m K 1 m!

which is the desired result i,e eq" no. (16) which we wanted to prove .
Corollary 1.

When we use (11) and &=¢, §'=¢', §"=¢" in equation no. (8) we get:

1
res

e @6 0,5,2) = =[x by (305267 te ™, we™) dx (19)

min {R (s),R(@)} >0when |z| <1 (z # 1),
tl<1t#1), ol <1(w=+1)
R(s)>1whenz=1t=1, 0 =1

Corollary 2.

When we use (11) and §=¢, §'=¢' 6"=¢" in eq" no. (9) we get:

Py (&t ws,a) = % fooo x57te @ ¢, (n,n,n";0; ze7X, te%, we™¥) dx (20)
min {R (s),R(a)} >0when |z| <1 (z# 1),
tl<1@t#1), ol <1(w=+1)
R(s)>1whenz=1,t=1, 0 =1

Corollary 3.

When we use (11) and §=¢, 6'=¢’, §"=E" in eq" no. (10) we get:

by mtwsa)= F;) fow x57te @ ¢, (n,;0;ze™%, te™%, we™¥) dx 21)

min {R (s), R(a)} >0when |z| <1 (z # 1),
tI<1(t#1),|w <1 (w+#1)

R(s) >1whenz=1,t=1, =1
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Theorem 2. The following integral for Pnn 8,5,8%0 £8& (z, t, w, s, a) holds true:

) y“_l

_ zy ty wy
@t wsa) = | Ty

o 5585 5.5 Panwsawes (Ly iy 52 22)

Proof: Setting a=p+k+I+m , b=wv+k+l4+m ineq"no. (12), we get:

M(p+k+l+m ) [(o— oo y(ptktlim )-1
ur( U+k+l+m() : = fO (}1/+y)(b+k+l+m) dy' (23)

Or,

Wicsrem () (o) _ oo yluthtttm )= dy

(U)k+l+m M(v) 0 (1+y)(u+k+l+m ) ’
Or,

(Wk+l+m  _ [(v) oo y(utk+l+m )—1

(U)k+1+m - FCp) MNo-w fO (1+y)(n+k+1+m) dy’ (24)

R() >R(p) >0,klm €N

Denoting the left — hand side of eq" no. (22) by 12 and using eq" no. (24) on right — hand side of eq" no. (5) we
get:

r(v) v [ y(RFkHFmO)=1 () () () (B)R(BN1(8)m  Z¥tl ™ (25)

2= F(p) M(e-p) 0 (14yp)(eHktl+m ) (©)E)NE)m kK I m! (k+l+m+a)s dy

On interchanging the signs of integration and summation on the right — hand side of the last eq" ,we get:

_ M) ey kMMM EKENEIm Y Nk Y 1Y ym 2t

L=+ (w—u)f0 a+y () Zicco Orn@m i tm Gxy) G G Gammeas (26)
Or,

— (2) oy e @ @IO)Im@KENGEIm 2V kY 19\ m 1
L= Mw) F(u—u)fo (1+y)(®) k=0 () (E)(E)m k' I! m! (1+y) (1+y) (1+y) (k+1+m+a)$ y 27)
Or,

- ® o yH7t Yy ey

2T T re-p fo (14y)° b 5.5',6":§,§'.E"(1+y:1+y,1+y ,s,a) dy (28)

which is the right -hand side of eq" (22) i,e the desired result .

Theorem 3.  The following integral for ¢, .55 5% gre (@t s, a) holds true:

= () o ooxSle P oo KB zye| k
bunnnss.80 ge (280 S2) = Fommmms Io Jo A+y) Zico gy, Cray)
o WG Ve 1 goo Wm@m wye ™,
Lo, Cry) Zm=0 iy, Cray) " dxdy, (29)
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Proof: Denoting the left — hand side of eq" no. (29) by Isand the using eq" no. (16) on right- hand side we get:

_ 1 -1 g-ax Wkst+m Wi WM mOkGNGIm kil .m ra—x\k(a—x3] (a—xym

= t dx, 30
=5k im0 ) @@ e 2 L@ (€T () dx (30)
Or,
= L f e T 0(u>k+1+m(n)k(n')1<n">m(8)k(6')1(8">m (ze™OK (te™)] (e (o 31)

T ©ertem OKENE)m I TR—

’

Using eq" no. (24) on right — hand side of above eq" no. (31) we get:

_ s—1 y—ax y'o r(v) oo y(ptktlim)—1 Wk OO m®xENE)m
=<5 Jo X7 €™ Eim=0r00 romm o Ly (erirtim ) &Y OkENE)m

-xyk -xyl —X\ym
(ze X)X (te™¥)! (we™X) dx

k! Il m! (32)
Or,
_ (o) x5 lem Pl o @k (27 e X\E g MG tye X |
b= ToTw T (o—u)f Jo (1+y)~ Ziczo KI(®)k (1+y) 2izo G} v
m(8)m
Sineo D () m gy dy (33)
which is the right -hand side of eq" no. (29) it is desired result.
Corollary 4. If §=8'=8"=1 and &§=&'=&"=1ineq"no. (29) then we get,
S ©) B oxiTleTMYHT o zye  _n g _ ey
d)u,n,rl'n";n (Z' tws, a) M) r(w (o—p) f f (1+y)® (1 1+y ) (1 1+y )
wy e X -
(1 B 1+y ) (34)
R(®)>R(W) >0 ; min { R(s),R(@)}>0
I (b). SUMMATION FORMULA
Theorem 4. The following summation formula hold true.
(Sr
Yo Sr‘ q’u,rm'rl" 8,66"0 EEE (zt 0 s+ra) x'= q’u.rm‘n" 5,5,8"0 EEE" (ztws,a—x) (35)

(IxI<lal; s#1)

Proof : Using eq" no. (5) in right -hand side of eg" no. (35) we get:
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bt : n _yo Wikem Wi IO m@KENEIm 2™
Right -hand side of eq" no. (35) = X1 m =0 s, OKENE)m KL ml Grlrmras

Wir14m Wx IO mE)k(ENE)m Ko™ ( Xy

= 2K).m=0 (©s1sm OkENEIm KImi(k+l+m+a)s = k+l+m+a

zKtloMm

— Yo Q{Zoo (Wi+1+m Wk @)1 m (8)k(8D1(8")m
r=0 Klm=0""() i @OkENE)m K I m (k+l+m+a)S*T

(Using Binomial theorem)

w (r

= 2rzo— (Punnn 88,670 g8 (& 6w, s+1,2) X'

(In view of eg" no. (5))
= left — hand side of equation no. (35).

Hence, Theorem (4) is proved.
111 (c). REPRESENTATION IN TERMS GENERALIZED
HYPERGEOMETRIC FUNCTION
Theorem5 Fora={-1,-2, ... }and z =0, the following explicit series representation hold true .

I M ONOMEA
Punn s 555 &L S = Tico (0), Ok (k+a)s

X Fn',8,8"1-§-1), (- ; &8 A - -k, 1-8-K;52}  (36)

where F (—) is the generalized Hypergeometric Function pFq defined in eq"no. (15)

Proof: EQ"no. (15) may also be expressed as:
Tio ZiZo Zm=o AIM, LK) = ¥ Xl Bneo A(m, Lk — 1 — m) (37)
Using eg" no. (37) on right-hand side of eq"no. (5)

1 Wk @kotem WO m @k-1-m ($N1(Dm 2K P lem

R o ) k

q)u,;m'q" §,688"0 58" (Z, t,w,s, a) = Zk:o Zl:o Zm:O ("’)k Oratom ENE)m (k=l-m)! 1! m! (k+a) (38)
Since:

(_1)1+m
k-1-m)! = k!, 0<m<I1<k (39)

(-K1+m

DM
Qoem=—""7"7—, 0€m<I1<k 40

(Mk=-1-m (A-1=rem m (40)

Therefore in light of eq®s (39) and (40) , eq" (38) reduces To
Dy 55,670 g (B4 W)=

—ye yk oyl @i (ImEEm CDFW (DG (-E R 2T O™ (Krem
k=0 &1=0 &m=0 " (1) (€)(E)m U m  (1-1-Kjpm A-8-Km (DM@ (k+a)s  (-DIFMK

—ye gk oyl G0 OImENEm @k A-ERim 2" 0™ (K)im
k=0 &1=0 &m=0 " (1) (€)(E)m U m  (A-n-Kim A-6-Kim Gk (k+2)s k!
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0 Wk Wk M Im () (8)1(8"M) -k 1-£-K
=Zk=02¥=021n=0 Wk Wk )Im@x(ENGEIm  (“Ki4m(1-8-K)1+m

Zk—l-myl ym

() OkENEIMK I m! A-n-R14m(A-6-W14m  (k+a)s

= ¥ WO Py g6t (1§ -1, (<K 5 8 (1- n—10,(1-8-K);5L2) (4

(U)k(‘g’)k k! (k+a)s z

where F (-) is the generalized Hypergeometric Function.

= Right — hand side of eq" no. (36).

Hence, Theorem (5) is proved.

Corollary 5. If we set 6= ineq" no. (37), then we get

(OO

e n oo oon ! en t
G essro ge e (% 6w, s,2) =i, O b G X F{n'n’,8,8", (k) ; §,8 (1-n-K;-,~}

(24)
Corollary 6. If we set v =n, §=¢, 6'=¢ and §"'=¢" in eq" no. (37), then we get:
w W X o t
Punnneggmes (Ztwsa)= Zk:o% (kia)s X F{nn" (k) ; A - n-k); ;,%} (43)

NOTE: In the next paper certain integral representation and summation formula for extended Hurwitz -
Lerch Zeta function of ‘n — variables.
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