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l. INTRODUCTION
In 1965, when Zadeh [27] presented the concept of fuzzy set, it marked a new era in the development
of fuzzy mathematics. Many applications of fuzzy set theory can be found in neural network theory, applied
science, stability theory, mathematical programming, modelling theory, engineering sciences etc. There are
many view points of the notion of the metric space in fuzzy topology, see, e.g., Erceg [3], Deng [2],
Kaleva and Seikkala[12], Kramosil and Michalek [11], George and Veermani [4]. In this paper, we are
considering the Fuzzy metric space in the sense of Kramosil and Michalek [11].
Definition 1.1 A binary operation * on [0,1] isa#-norm if it satisfies the following conditions:
(i) = is associative and commutative,
(ia * 1 =a for every a €[0,1],
(iiiya *b < c*d whenever a<cand b <d.
Basics examples of £-norm are: A (a,b) = max(a + b — 1,0),
£-norm Ap, Ap(a,b) = ab and £- norm Ay, Ay (a,b) = min{a, b}.
Definition 1.2[11] The 3- tuple (O, M,*) is called a KM- fuzzy metric space if O is an arbitrary set, * is
a continuous #- norm and M is a fuzzy set on O?% x [0,) satisfying the following conditions for all
x,y,z€ 0 and s, > 0;
(KMF-1) M (x,y,0) =0,M(x,y,£) > 0;
(KMF-2) M (x,y,%#) =1,forall£ > 0ifandonly if x = y;
(KMF-3) M (x,y,£) = M (y,x, t);
(KMF-4) M (x,z, £+ 8) = (]V[(x, y,£) * M(y,z, 5));
(KMF-5) M (x,y,.): [0,0) — [0,1] is left continuous.
Note that M (x,y,%) can be thought of as the degree of nearness between x and y with respect to z.
Definition 1.3[11] A sequence {x,} in (O, M, *) is said to be:
(i) Convergent with limit x if lim,,_,, M (x,,x,%£) =1 forall £ > 0.
(if) Cauchy sequence in O ifgiven € > 0and A > 0, there exists a positive
integer N ;such that M (x,,,x,,,€) > 1 —Aforall n,m = N ,.
(iif) Complete if every Cauchy sequence in O is convergent in O.
Fixed point theory in fuzzy metric spaces has been developing since the paper of Grabiec [5].
Subramanian [24] gave a generalization of Jungck 's [7] theorem for commuting mapping in the setting of
fuzzy metric spaces.
In 1996, Jungck[7] introduced the notion of weakly compatible as follows:

*Corresponding Author: Dharmendra Kumar 8 | Page



Common Fixed Point Theorems for R-weakly commuting Mappings in Fuzzy Metric Space

Definition 1.4[7] Two maps A and S are said to be weakly compatible if they commute at their
coincidence points.

In 1999, Vasuki [25] introduced the notion of weakly commuting as follows:
Definition 1.5[25] Two self-mapping A4 and § of a fuzzy metric space (O, M,*) are said to be weakly
commuting if M (ASw, SAu, £) > M (Au, Su, t), for each «w € O and for each ¢ > 0.
In 1994, Mishra [14] gives the notion of compatible mappings in fuzzy metric space as follows:
Definition 1.6[14] A pair of self-mappings {4, B} of a fuzzy metric space (O, M ,*) is said to be compatible
if lim, . M (ABx,,BAx,,t) =1, whenever {x,} is a sequence in O such that lim, . Ax,=
lim, . Bx,=u, for some u € O and for all £ > 0.

In 1994, Pant [15] introduced the concept of R-weakly commuting maps in metric spaces. Later
on, Vasuki [25] initiated the concept of non-compatible mapping in fuzzy metric space.
Definition 1.7[25] A pair of self-mappings {A, B} of a fuzzy metric space (O,M,*) is said to be non -
compatible if lim,,_ M (ABx,,BAx,,t) # 1 or nonexistent, whenever {x,} is a sequence in O such
that lim,,_,. Ax,= lim,_. Bx,=u, for some u € O and for all £ > 0.
Definition 1.8[15,17] A pair of self mappings {#, g} of a fuzzy metric space (O, M ,*) is said to be R-weakly

commuting at a point « in O if M (fgx,, gfxn,t) =M (ﬁxn,gxn,:—e), for some R > 0.
Definition 1.10[17] A pair of self mappings {#,¢} of a fuzzy metric space (O, M ,*) are called (i) R-weakly
commuting of type (A, if there exists some R > 0 such that

M(ffu, gfu. £) = M(fu, gu, 7), for all we O.

(i) R-weakly commuting of type (A ) if there exists some R > 0such that
M (Fgu, ggu, t) > M (fu, gu, %), for all we€ O.

(iii) R-weakly commuting of type (P) if there exists some R > 0 such that
M (Ffu, ggu, t) > M (fu, gu, %), for all v € O.

Both compatible and non compatible mappings can be R-weakly commuting of type (A, )or (Az) but
converse need not be true.

In 1999, Pant [16] introduced a new continuity condition, known as reciprocal continuity as follows:
Definition 1.12[16] Two self-maps A and B of a fuzzy metric space (O,M,x) are called reciprocally
continuous if lim,,_,., ABx, = Az and lim,_,, BAx, = Bz, whenever {x,} is a sequence in O such that
lim,,_,o Ax,=lim,_, Bx,=u, for some u € O and for all £ > 0.

If A and B are both continuous, then they are obviously reciprocally continuous, but the converse is need not
be true.

In 2011, Pant et al.[17] generalized the notion of reciprocal continuity to weak reciprocal continuity as
follows:

Definition 1.13[17] Two self-maps A and B of a fuzzy metric space (O, M ,x) are called weakly reciprocally
continuous if lim,,_,. ABx, = Az or lim,_,. BAx, = Bz, whenever {x,,} is a sequence in O such that
lim,,_,o Ax,=lim,_,, Bx,=u, for some u € Oandforall£ >0

Reciprocally continuous implies weak reciprocally continuous, but the converse is not true.
Lemma 1.1[14] Let {x,,} be a sequence in a fuzzy metric space (O, M ,*) with continuous £#-norm * and
* (,%) = £. If there exists a constant £ € (0,1) such that

M (%X, Xpy1, #) 2 M (Xp—g, Xy, )
forall £ > 0andn = 1,2,3..., then the sequence {x,,} is a Cauchy's sequence.
Lemma 1.2[14] Let (O,M,*) be a fuzzy metric space. If there exists a constant £ € (0,1) such that
My, £t) = M(,y,t),forall £>0andx,y € O. Thenx =y.

1. WEAK RECIPROCAL CONTINUITY AND FIXED POINT THEOREM
Let @ be class of all the mappings ¢: [0,1] — [0,1] satisfying the following properties:
(¢1) ¢ is continuous and non decreasing on [0,1],
(p2) ¢p(m) > m for all m in [0,1].
We note that if ¢ € ®, then ¢p(1) = 1 and ¢p(m) = m for all m in [0,1].

In 2014 Kang et al,.[13] prove common fixed point theorems for weakly reciprocally continuous
mappings in fuzzy metric space. We generalize the same with a control function in fuzzy metric space.
Theorem 2.1 Let # and g be weakly reciprocally continuous self mappings of a complete fuzzy metric space
(O, M%) with = (£,#) = ¢ and satisfying the following conditions:

(€) $#(O) c g(),
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M (gx,gy,1), M(gx, $y, (2 — D1)
(C)) M(fx,$y,£t) = ¢ ming M (fx,gx, 1), M (fx, gy, 1) )
M ($y, 9y, 1)
forall x,y € O, where £ € (0,1), 1 € (0,2),¢p € ® £ > 0,
(C3) If #and g are either compatible or R-weakly commuting of type (cﬂg) or R-weakly commuting of
type (A,) or R-weakly commuting of the type (P). Then # and g have a unique common fixed point.

Proof Let x, € O be an arbitrary point. From (C;), we can find a point x; such that Fxo) = g(x) =
y,-Continuing in this way, one can construct a sequence {x,, } such that
Yn = #(xn) = g’(xn+1)' (C4-)

Now we prove that {y,,} is Cauchy sequence in O.
Putting x = x,,, Y = xp41,4=1—¢& with & € (0,1) in (C2), we have
M(g’xn' PXn+1 't)' M(gfxn' #xn+1t (2 - A)t)
M(#xn' ’ﬁxn+1' ’kt) = ¢ min M(#xn' PXn, ’t)' M(#xn' PXn+1 At)
M(’fxn+1' @ Xni1, t)
M(yn—l' Yn» ’t)' M(yn—l' Vn+1 (1 + f)t)
or MYy Yni1, o) = ¢ (min{ M Vs V-1, 8D, M Yy Yo, (1 = §)2) })
M(yn+1' yn't)
(M(yn—l' yn't)'M(yn—l' yn't)v\ \
: M(yn'yn—l'ft) }
= d) \mln{ M(yn'yn—l't)v 1 /
M(yn+1' yn't)

As = is continuous, letting & — 1 we get
: M( yn—l'yn't)'M(yn'yn+1t’t):
M(yn: Yn+1s et ) = d) (TI’llTl{ M(yn; yn+1;’t) })
= p(min{ M (yn—1,Yn, £), M Vs Y41, £)})
Hence M (yn, ¥ni1,£24) = d(Min{ M (yn—1,Yn, £), M Vs Y41, £)D)-
M Yy Va1, #) = (M vy, ¥, 1)), then by property of ¢, we have
M(yn'yn+1"kt) = M(yn—li yn:t)'
Therefore, by Lemma 1.1, {y, } is a Cauchy sequence in O. Since O is complete, therefore, there exists a
point s in O such that lim,_,. y,,= m. Therefore, by (C,), we have
limy e Y = limy e #(x,) = limy, 0o g%y =m, for all n € N. (Cy)
Suppose that #and g are compatible mappings and by weak reciprocal continuity of # and g, we have
lim,_ #g9x, = fm or lim,_ . gfx, = gm.
Let lim,_. g¢fx, = g¢m, then compatibility of # and g gives,
lim, o M ($gx,, g¢fx,,%t) =1 impliesthat lim,_ ., M (fgx,, gm,t) = 1.
Hence lim,_ . fgx, = gm.
By (Cs), we get limy o $¢Xp41 = lim, o, FFx, = gm.
We claim that #m = gm. Putting x = m and y = #x,, A = 1 in (C2), we have
M(gm, gfx,, t), M(gm, §Fx,, 1)
MFm, fxn, £t) = ¢ | ming M (Fm, gm, £), M (fm, gfx,, 1)
M ($$x0, g%, 1)
Letting limitasn — oo, we get
M (gm, gm, t), M (gm,gm,t)
MFm, gm, £t) = ¢ | min{ M (fm, gm, £), M (§m, gm, t)
M(gm,gm,t)
M (fm,gm, £t) = ¢(M (fm,gm, 1)), then by property of ¢, we have
M (fm, gm, £t ) = M ($m,gm, %), using Lemma 1.2, we have fm = gm.
Now #and g are compatible mappings so the commute at their coincidence point, then gfm = ffm =
ggm = fgm
Next we claim that g = ##m. Puttingx = m andy = #m, A = 1 in (C2), we have
M (gm, ggm, £), M (gm, ffm,t)
MFm, ffm, £t) = ¢ | min{ M Fm, gm,t), M (fm, gfm, %)
M (Fm, gfm, )
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< {M (Fm, §§m, £), M (fm, ffm, t)})
M (Fm, ffm, ££) = ¢ | min{ M (Fm, gm, £), M (Fm, ffm, t)
M (fgm, §fm, 1)
= p(min{M (gm, ffm, t), M (fm, ffm, £),1,1})
= (M (Fm, fpm, 1))
Then M (fm, §m, £t) = ¢(M (fm, §§m,t)), then by property of ¢, we have
M (fm, $fm, £t ) = M ($m, ffm, ), using Lemma 1.2, we have fm = ffm.
Hence #m = #fm = gfm. Thus Fm is the common fixed point of the mappings # and g.
Uniqueness If possible let «, and v, be two fixed point of the mappings # and g.
Finally, we claim that ««; = 1. Puttingx = «, andy = v, 1 = 1in (C2), we have
M (guy, gv, 1), M(gu,, v, %)
M (Fu,, vy, £t) = ¢ | min{ M (Fu,, guy, 1), M(Fuqy, gy, 1) ¢ |,
M (fv1,gv1, %)
M (uq, v, ), M (uq, 11, %)
or M(u,, vy, £t) = ¢ (min {M(ul,ul,t),]vf(ul,vl,t)}),
M (v, v1,1)
M (uy, vy, ) = ¢(M (uy, v, 1)), then by property of ¢, we have
M (uq, vy, £t ) = M(uq,v4,%), using Lemma 1.2, we have «; = v.
Thus «, = v; = #m is the common fixed point of the mappings # and g.
Next suppose that lim,_. #gx, = fm. Then (C,) implies that #m =gn,for some n€ O so
lim,,_,., fgx, = gn and from compatibility of # and g, we have lim,_,, gfx, = gn. Then by (Cs), we have
limy ., $9Xns1 = limy,o X, = gn.
Now we claim that #n = gn. Putting x = n and y = #x,,, A = 1 in (C2), we have
( {M (gn, g$xn, 1), M(gn, fx,, t)})
MFn, fxn, £1) = ¢ ming M (fn,gn, ), M (fn, gfxn, 1)
M ($$ %0, 9%, 1)
Letting limitasn — oo, we get
M (gn, gn,t), M(gn,gn,t)
M ($n, gn, £t) = ¢ (min {JV[ (#n, gn, ), M (fn,gn, 1) })
M(gn,gn,t)
M (fn, gn, ) = ¢(M(fn, gn, 1)), then by property of ¢, we have
M (fn, gn, £t ) = M(fn,gn,t), using Lemma 1.2, we have fn = gn.
Now #and g are compatible mappings so the commute at their coincidence point, then gfn = ffn =
ggn = fgn.
Next we claim that #n = ##n. Puttingx = n andy = #n, 4 = 1 in (C2), we have
( {M (gn, gfn, 1), M(gn, §n, t)})
M (fn, ffn, £o£) = ¢ | min{ M (fn,gn, t), M ($n, gfn,t)
M ($§n, gfn, 1)
( {M (Fn, $8n, 1), M ($n, ffn, t)})
M Fn, $fn, £t) = ¢ | min{ MFn, gn, t), M (Fn, $§n,%)
M ($gn, $$n,t)
= ¢(min{M (§n, $$n, t), M (§n, ffn,1),1,1})
= ¢(M (fn, $fn,1))
Then M (§n, $§n, £1) = (M (fn, $$n, 1)), then by property of ¢, we have
M (Fn, $fn, £t ) = M($n,$$n,%£), using Lemma 1.2, we have fn = ffn.
Uniqueness easily follows from first part.
Hence #n = #fn = gfn. Thus #n is the common fixed point of the mappings # and g.
Now suppose that #and g are R-weakly commuting of type (Jlg) and by weak reciprocal continuity of
#and g implies that lim,_,., #gx, = fuor lim,_ . gfx, = gu.
Let us first assume that lim,_. gfx, = gu. Then by R-weakly commuting of the type (cﬂg) implies that
M, g5, 1) = M ($0, %05,
Taking limitas n — oo,we get
M (ffx,, gu, ) =M (#xn,gxn,%) =M (u u, %) =1, then lim,_ . ##x, = gu.
Next we claim that £« = gu. Putting x = «wand y = #x,, A = 1 in (C2), we have
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( {M (gu, gfxn, 1), M(gu, §§x,, t)})
M (Fu, $xn, £1) = ¢ | min{ M(fu, gu, ), M (fu, gfx,, 1)
M (FFxn, g8 %n, 1)
Letting limitasn — oo, we get
M(gu, gu, £), M (gu, gu, t)
M (Fu, gu, ££) = ¢ (min {M (Fu, gu, ), M ($u, gu, t) })
M(gu, gu,t)

M ($u, gu, £) = ¢(M (fu, gu, 1)), then by property of ¢, we have
M (fu, gu, £t ) = M (fu,gu,t), using Lemma 1.2, we have fu = gu.
By R-weakly commuting of the type (<A,,) implies that

M (ffu, gfu,t) = M (fu,gu,2) =1, gives ffu = gfu.Then ffu = gfu = fgu = ggu.
Next we claim that #«« = ##«. Puttingx = wand y = fu, 1 = 1 in (C2), we have
( {M (gu, gfu, t), M (gu, ffu, t )}
M (fu, $fu, o) = ¢ | min{ M (Fu,gu,t), M (fu, gfu,£) ¢ |,
M (Ffu, gfu, t)
M ($u, ffu, t), M (Fu, §fu, 1)
=¢ (min { M(Fu, $fu, ), 1 D
1

= ¢(M (Fu, fpu, 1)
M (fu, $pu, £t) = d(M (Fu, $Fu, £)), then by property of ¢, we have
M (fu, $fu, ot ) = M (fu, $fu, ), using Lemma 1.2, we have fu = ffu.
Hence #u =4#fu =gfu and #Fu is a common fixed point of #and g. Similarly, we prove if
lim,_ ., #g9x, = fu.
Suppose # and g are R-weakly commuting of the type (Jlg,). Again, as done above, we can easily prove that
Fu is a common fixed point of # and g.
Now suppose that # and g are R-weakly commuting of type (P) by weak reciprocal continuity of # and g
implies that lim,,_,., #gx, = fv or lim,_ . g¢fx, = gv.
Letus firstassume that lim,_. gfx, = gv. Then R-weakly commuting of type (P) gives
M ($fxn, ggxn,£) = M (#xn,gxn,%)= M (v, v, %)=1,
gives lim, o $#x, = lim,_ o ggx, = lim,_ . gfx, = gv.
Next we claim that # = gwv. Putting x = v and y = #x,,, A = 1 in (C2), we have
( {M (gv, g$xn, 1), M(gv, fHxn, t)})
MFv, $Fx,, £) = ¢ | ming M($v,gv, ), M (fv,9fx,,1) ¢ ),
M ($$x0, g%, 1)
Letting limitasn — oo, we get
M(gv,gv, 1), M(gv,gv,1)
M (v, gv, £t) = ¢ (min {M (fv, gv, ), M (fv, gv,t) }),
M(gv,guv,t)
M (v, gv, £t) = p(M($v, gv, t)), then by property of ¢, we have
M ($v, gv, £t ) = M (fv,gv, £), using Lemma 1.2, we have fv = guv.
Again R- weakly commuting of type (P), we have M ($#fv,ggv,£) =M (#v, g, %):1,
which gives #fv = ggwv. Therefore, v = ggv = gfv =ggv.
Next we claim that #«+ = ##v. Putting x = v and y = v, 1 = 1 in (C2), we have
{M (gv, gfv, 1), M(gv, $fv, t)})
M v, $fv, £t) = ¢ | min{ M(fv,gv, t), M (fv,gfv,t) ¢ |,
M ($fv,gfv, 1)
( {M (fv, $fv, ), M (fv, $fv, t)})
= ¢ | min{ M(fv, fv, 1), M (fv, ffv. 1) ¢ |
M ($pv, ffv, 1)
M (fv, $fv, £t) = ¢(M (fv, §fv, 1)), then by property of ¢, we have
M ($v, ffv, £t ) = M ( fv, v, £), using Lemma 1.2, we have fv = ffv.
Hence #v =#fv =gfv and #v is a common fixed point of #and g. Similarly, we prove if
lim,,_,. #gx, = #v. Uniqueness of the common fixed point theorem follows easily.
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Now we prove a common fixed point theorem for weakly reciprocally continuous non compatible self-
mappings in a fuzzy metric space.
Theorem 2.2 Let # and g be weakly reciprocally continuous non compatible self- mappings of a fuzzy metric
space (O, M,x) satisfying (C;) and the following conditions:
(Co)  Mx, gy, £8) 2 p(M(gx, gy, 1))
M (gx, g§x,1), M ($x,gx, (2 — V1),
() M fx, $8x,£) = ¢ | max { M ($fx,gfx,12), M (§x,gfx,£), ¢ ),
M(gx, fx, 1)
forall x,y € O, where £ € (0,1),1 € (0,2), ¢ € ® £ > 0,
(Cg) If # and g are R-weakly commuting of type (cA,) or R-weakly commuting of type (A,) or R-
weakly commuting of the type (P). Then # and g have a unique common fixed point.
Proof: Since # and g are non-compatible maps, then either lim,_,, M ($gx,,¢fx,,,t) # 1 or Limit does
not exist, whenever {x,,} is a sequence in O such that lim,_ . #x,= lim, . ¢x,= wfor some u € O.
Since by (C,), there exists another sequence {y, }in O such that lim,,_,,, #x,= lim,_ ., g¢x,, = rllll?o GYn= U.
Next we claim that lim,,_,., #y,, = «. Putting x = x,, and y = y,, in (C4), we have
M ($%p, $Yn 8) = P(M (g, Gy, 1)),
Letting limitasn — oo, we get
1y, o M (2, $Y, #E) 2 1m0 (M (X, GV, 1))= G(M (0,4, £)) = $p(1) = 1.
Thus lim,,_, ., ¥y, = u. Hence lim,,_,, #x,= lim,_, o ¢xp = liMy 0o FVn = rllm GVn= U.

Now suppose that #and g are R-weakly commuting of type (cﬂg,) and by weak reciprocal continuity of
#and g implies that lim,_,., #gx, = fu or lim,_ . g¢fx, = gu.
Let us first assume that lim,_. g¢fx, = gu. Then by R-weakly commuting of the type (cﬂg) implies that

M (F %, g% ) = M ($0, 90, 5),
Taking limitasn — oo,we get
M ($fx,, gu, t) =M (#xn,gxn,:—e) =M (u, u, %) =1, then lim,,_, $#x, = gu.
Next we claim that 4« = gu. Putting x = #x,, and y = « in (C,), we have
M (2, fut, £8) = (M (ghxn, g1, 1)),

Taking limitas n— oo,we get

M (gu, fu, £5) = $(M(gu, gu, ) = (1) = 1.
or M (gu, fu, £t) = 1 gives fu = gu.
Again by R-weakly commuting of the type («A,,) implies that

M(fpu,gfu,t) = M (fu.gu,) =1, gives ffu = gfuThen ffu = gfu = fgu = ggu. Next we
claim that #« = Ffu. If o #= F#u,then by putting x = «wand A = 1 in (C7), we have

( { M (gu, gfu, £), M (fu, gu, 1), })
M (fuw, ffu, ££) = ¢ | max { M (Ffu, gfu, ), M (Fu, gfu, 1), |,

M (gu, ffu, 1)
M (fu, ffu, t), M (fu, gu, t),
= ¢ | max { M (Ffu, gfu, ), M (Fu, ffu, ), |,
M (fu, §fu,t)

M (fuw, ffu, ), 1,
= ¢ | max {1, M(Fu, $fu, 1), ; | = $(1),
M(fu, ffu, 1)
M (fu, $fu, ££) = (1) = 1.
Thus M (fu, f#fu, £t) = 1, which isa contradiction. Hence f« = #fu =gfu and fu is a common fixed
point of # and g. Similarly, we prove if lim, . fgx, = fu.
Similarly, we prove this theorems for R-weakly commuting of type (ﬂg)or (P).
Theorem 2.3 Let #and g be weakly reciprocally continuous non compatible self- mappings of a fuzzy
metric space (O, M,*) satisfying (C,), (C¢) and the following condition:
(Co) M($x,$#x,1) = p(M(gx, ggx, 1)), whenever fx # #fx, forall x,y € O, where

,¢$ €Dt >0.Then #and g have a unique common fixed point.
Proof: Since # and g are non-compatible maps, then either lim,,_,., M (fgx,,g¢$x,,%) # 1 or Limit does
not exist, whenever {x, } is a sequence in O such that lim,_. #x,= lim,_ . ¢x,= w,for some w € O.
Since by (C,), there exists another sequence {y, }in O such that lim,,_,, #x,= lim,_, . gx, = #_@ GYn=W.
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Next we claim that lim,,_,,, #y,, = w. Putting x = x,, and y = y,, in (C,), we have
M ($ 2, §n, ) = H(M(GX, GV, 1)),
Letting limitasn — oo, we get
iy, o, M (wr, $Yp, £1) 2 im0 (M (g2, gYn, £))= (M (wr, w,£)) = $(1) = 1.
Thus lim,_,., £y, = w. Hence lim,,_, , #x,= lim,_, o, g¢x, = lim, o fy,, = 11111210 GYp=W.
Now suppose that #and g are R-weakly commuting of type (cﬂg) and by weak reciprocal continuity of
#and g impliesthat lim,,_ . fgx, = fw or lim,_ . gfx, = gw.
Let us first assume that lim,_. gfx, = gw. Then by R-weakly commuting of the type (cﬂg) implies that

M (F 2, g%, 1) 2 M ($x0, 9205,
Taking limitasn — oo,we get
M (ffx,, gw,t) =M (#xn,gxn,%) =M (w, w, %) =1, then lim,_, . ffx, = gw.
Next we claim that #u« = gwr. Putting x = #x,, and y = w in (Cg), we have
M (Fxn, fw, 1) = $(M(ghxn, g, 1)),
Taking limitas n— oo,we get
M (gw, fw, £t) > (M (gw, gw, 1)) = ¢p(1) = 1.
or M (gw, fw, £4) = 1 gives fw = gw.
Again by R-weakly commuting of the type (A,,) implies that
M (ffw, gfw,t) =M (fw, gw, %) =1, gives #fw = gfw.Then ffw = gfw = fgw = ggw. Next
we claim that #«w = ##,then by putting x = w (C7), we have
M (fw, ffw, £t) = ¢(M (fwr, ffwr, £)),then by property of ¢, we have
> M (fw, $fw, t), by Lemma 1.2, we have
fw = ffw.
Hence fu = #fu =gfu and #u is a common fixed point of # and g. Similarly, we prove if
lim,_ . #g9x, = fu.
Similarly, we prove this theorems for R-weakly commuting of type (cﬂg,)or (P).

I11l.  APPLICATION
In 2002 Branciari [1] obtained a fixed point theorem for a single mapping satisfying an analogue of a Banach
contraction principle for integral type inequality. Now we prove the following theorem as an application of
Theorem 2.1 and Theorem 2.2.
Theorem 3.1 Let # and g are self mappings of a complete fuzzy metric space (O, M,*) satisfying the
conditions (C1), (C3) and the following:

) [P emd < [ o ar
M(gx, gy, t), M(gx,$y,(2 — Dt)
o(x,y) = ¢ | min M (fx,gx,t), M (§x, gy, At)
M(fy, gy, t)
for all x,y€ O,£2€(0,1),1€(0,2),pe® >0, and where ¢ € ® and ¢ : Rt - R* is a “Lebesgue-
integrable over R* function” which is summable on each compact subset of R*, non-negative, and such that for
each € >0, foecp(t)dt > 0. Then # and g have a unique common fixed point.
Proof. The proof of the theorem follows on the same lines of the proof of the Theorem 2.1. on setting ¢ (t) = 1.
Theorem 3.2 Let # and g be weakly reciprocally continuous non compatible self- mappings of a fuzzy metric
space (O, M ,*) satisfying (C;) and (C¢) and the following condition:
€0) [ emat < 7 o0 at
M (gx, gfx, 1), M (§x, gx, (2 — D1),
o(xy) = ¢| max § M(Ffx, gfx, 1), M (fx, gfx, 1),
M (gx, f#x, 1)
for all x,y€ O,£2€(0,1),1€(0,2),pe® >0, and where ¢ € ® and ¢ : Rt - R* is a “Lebesgue-
integrable over R* function” which is summable on each compact subset of R*, non-negative, and such that for
each € >0, foecp(t)dt > 0. Then # and ¢ have a unique common fixed point.

Proof. The proof of the theorem follows on the same lines of the proof of the Theorem 2.2. on setting ¢ (t) = 1.
Remark 3.1. Every contractive condition of integral type automatically includes a corresponding contractive
condition not involving integrals, by setting ¢ (t) = 1.
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Conclusion: In this paper, we prove some common fixed point theorems for R-weakly commuting of type
(A,) type (A;) and type (P) using control function in Fuzzy metric space. At the last we provide an

application in support of our theorems.
Acknowledgment: The author wishes to thank the editor and whole team of the journal for this submission.
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