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l. INTRODUCTION

The notion of probabilistic metric space as a generalization of metric space was introduced by Menger
[12]. In Menger theory, the notion of probabilistic metric space corresponds to situations when we do not know
exactly the distance between two points, but we know probabilities of possible values of this distance. In this
note he explained how to replace the numerical distance between two points x and y by a function F, ,,(t) whose
value F,,(t) atthe real number ¢ is interpreted as the probability that the distance between x and y is less than
t. In fact the study of such spaces received an impetus with the pioneering work of Schweizer and Sklar [17].
The theory of probabilistic metric space is of paramount importance in Probabilistic Functional Analysis
especially due to its extensive applications in random differential as well as random integral equations.

Now, we give preliminaries and basic definitions in Menger space which are useful in this paper.
Definition 1.1[17] A mapping F:R* — R* is called distribution function if it is non decreasing and left
continuous with inf {F(t):t € R*} =0 and sup {F(¢t):t € R*} = 1. We will denote the set of all distribution
functions by L.
Let £ be the set of all distribution functions whereas H be the set of specific distribution function (Also known
as Heaviside function) defined by
0,ift<0
Ht) = {1,ift > 0.
Definition 1.2[12] A probabilistic metric space is a pair (X, F), where X isanonempty setand F: X X X — L is
a mapping satisfying the following:
Forall x,y,z€ X and t,s =0,
(p1) E., (t) =1lifandonlyifx = y;
(Pz) Fx,y 0) =0;
(P3) Fx,y(t) :Fy,x (t);
(ps) Fey (t) =1and F,,(s) =1, thenF ,(t+s) =1.
Every metric space (X, d) can always be realized as a Probabilistiv metric space by F, ,, (t) = H (t — d (x,¥)),
for all x,y € X, where H be the set of specific distribution function (Also known as Heaviside function)
defined by
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H) = {gzzii 8 . and F:Xx X - L.
Probabilistic metric space offers a wider framework than that of the metric space and cover even wider
statistical situations.
Definition 1.3[17] A mapping A: [0,1] X [0,1] - [0,1] is called a t-norm if for all a, b, ¢ € [0,1],
(1) A(a, 1) = a,A(0,0) = 0;
) A(a, b) = A(b, a);
(3) A(c,d) = A(a,b) forc = a,d = b;
) A(A(a, b),c) = A(a,A(b,¢)).
Example 1.1 The following are the four basic t-norms:
(i) The minimum ¢-norm: A,, (a, b) = min{a, b}.
(i) The product t-norm: Ap(a, b) = ab.
(iii) The Lukasiewicz t-norm: A, (a, b) = max{a + b — 1,0}.
(iv) The weakest t-norm, the drastic product:
_ (min{a, b} if max {a,b} =1,
Ap(a b) = { 0, otherwise.
We have the following ordering in the above stated horms:
Ap< A< Ap< A .
Definition1.4 [12] A Menger space is a triplet (X, F,A), where (X, F) is a probabilistic metric space and A is a
t-norm with the following condition:
Forall x,y,z € Xandt,s =0,
(Ps) Fx,z(t + S) 2 A( Fx,y (t): Fy,z (S))
Example 1.2 Let X = R, A (a,b) =min (a,b), for all a, b in [0, 1] and
. <
F(x,y,t) = {Hl('t)’ i}fxx:;y; where H(t) = {fllj{tt ; 8
Then (X, F,A) is a Menger space.
Definition 1.5 A sequence {x,,} in Menger space (X, F,A) is said to be:

(i) Convergent at a point x € X if for every e > 0 and A > 0, there exists a positive integer N, , such
that £, () > 1-Aforall n = N,;.

(i) Cauchy sequence in X if for every e > 0 and A > 0, there exists a positive integer N.; such
that F, ,,.(e) > 1-Aforall n,m = N;.

(iii) Complete if every Cauchy sequence in X is convergent in X.

In 1996, Jungck [8] introduce the notion of weakly commuting mappings.

Definition 1.6[8] Two self-mapping f and g of a Menger space (X,F,A) are said to be weakly
commuting if F(fgx,gfx,t) = F(fx,gx,t) for each x € X and for each t > 0.

In 1982, Sessa [18] weakened the concept of commutativity to weakly commuting mappings.
Afterwards, Jungck [9] enlarged the concept of weakly commuting mappings to compatible mappings. In 1991,
Mishra [13] introduced the notion of compatible mappings in the setting of probabilistic metric space.

Definition 1.7[13] Let (X, F, A) be a Menger space such that the t —norm A is continuous and f, g be mappings
from X into itself. Then f and g are said to be compatible if lim,,_, . F(fgxn, gfxn,t) = 1, whenever {x,,} isa
sequence in X such that lim,, . fx, = lim,_ 9%, = uforsomeu € X andforall ¢ > 0.

Definition 1.8 Let f and g be self- mapping on Menger space (X, F,A). Then f and g are said to be non-
compatible if either lim,_, F(fgx,, gfx,,t) is non-existent or lim,_., F(fgx,, gfx,,t) # 1, whenever
{x,} is a sequence in X such that lim,_, fx,= lim,_ . gx, = ufor some u € X and for allt > 0.
Further, Singh and Jain [19] proved some fixed point theorems for weakly compatible maps in the setting of
Menger space.

Definition 1.9[19] Two maps f and g are said to be weakly compatible if they commute at their
coincidence points.

In 1999, Pant [15] introduced a new continuity condition in Menger space, known as reciprocal continuity as
follows:

Definition 1.10[15] Let f and g be self- mapping of a Menger space (X,F,A). Then f and g are said to be
reciprocally continuous if lim,_. fgx,=fz, lim,_ . g9fz,= gz, whenever {x,} is a sequence in X such that
lim,_e fx,=lim,_ . gx, = zforsomez € X.

Remark 2.1[15] If f and g are both continuous, then they are obviously reciprocally continuous, but the
converse is not true. Moreover, common fixed point theorems for compatible pair of self mappings satisfying
contractive conditions, continuity of one of the mappings implies their reciprocal continuity, but not conversely.
In 2004, Rohan et al. [16] introduced the concept of compatible mappings of type (R) in a metric space as
follows:
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Definition 1.11[16] Let f and g be mappings from metric space (X, d) into itself. Then f and g are said to be
compatible of type (R) if

lim, . d(fgx,, gfx,) =0 and lim,_,. d(ffx,, ggx,) =0,

whenever {x,,} is a sequence in X such that lim,,_,, fx, = lim,_. gx, =t for some t in X.

In 2007, Singh and Singh et al. [20] introduced the concept of compatible mappings of type (E) in a metric
space as follows:

Definition 1.12[20] Let f and g be mappings from metric space (X, d) into itself. Then f and g are said to be
compatible of type (E) if lim, . ffx, =lim,_ fgx, = gt and lim,_ . ggx, = lim,, gfx, = ft,
whenever {x,,} is a sequence in X such that lim,,_,, fx, = lim,_. gx, =t for some t in X.

In 2014, Jha et al. [5] introduced the concept of compatible mappings of type (K) in a metric space as follows:
Definition 1.13[5] Let f and g be mappings from metric space (X, d) into itself. Then f and g are said to be
compatible of type (K) if

lim,_ ., d(ffx,, gt) =0and lim,_,, d(ggx,, ft) =0,

whenever {x,,} is a sequence in X such that lim,,_,, fx, = lim,_ gx, =t for some t in X.

1. PROPERTIES OF COMPATIBLE MAPPINGS OF TYPES.
Recently, Kang et al.[10] introduced the notion of compatible mappings and its variants in a multiplicative
metric space.
Now we introduce the notions of compatible mappings of types in the setting of a Menger space as

follows:
Definition 2.1 Let f and g be self- mapping on Menger space (X, F,A).Then f and g are called
(1) Compatible of type (R) if lim,, o F (fgxn, gf %, t) = 1,and

lim,oF(ffx, ggx,t) = 1 whenever {x,} is a sequence in X such that lim,_ofx, =
lim,_,,gx, = uforsomeu € Xandforall t > 0.
(2 Compatible of type (K) if lim,_F(ffx, gx,t) = 1, and lim,_F(ggx,, fx,t) = 1 whenever
{x,}is a sequence in X such that lim,,_, . fx, = lim,_ 9%, = xforsomex € X andforall ¢t > 0.
3) Compatible of type (E) if if lim,_,, ffx,, = lim,_ fgx, = gt and lim,,_,, ggx,, = lim,_, gfx, =
/%, whenever {72} is a sequence in X'such that limz—oco/a7z=limz—cogxn=xfor some xin X.
Now we give some properties related to compatible mappings of type (R) and type (E).
Proposition 2.1 Let f and g be compatible mappings of type (R) of a Menger space (X, F,A) into itself. If
fx = gxforsomex € X,then fgx = ffx =ggx = gfx.
Proposition 2.2 Let f and g be compatible mappings of type (R) of a Menger space (X,F,A) into itself.
Suppose that lim,,_,, fx,, = lim,_,., gx,, = x for some x in X. Then
(@) lim,,_,, gfx, = fx if f is continuous at x.
(b) lim,,_,, fgx, = gx if g is continuous at x.
(©) fgx =gfx and fx = gx if f and g are continuous at x.
Proposition 2.3 Let f and g be compatible mappings of type (E) of a Menger space (X, F,A) into itself. Let one
of f and g be continuous. Suppose that lim,,_,, fx,, = lim,,_,,, gx,, = x for some x € X. Then
(@) fx == gxandlim,_ ffx, =lim,_, ggx, = lim,_ fgx, = lim,_. gfx,.
(b) If there exists u € X such that fu = gu = x, we have fgu = gfu.
LEMMA 2.1[19] Let {x,,} be a sequence in a Menger space (X, F,A) with continuous t-norm A and A(t, t) >
t. If there exists a constant k € (0, 1) such that

F(xp Xni1 ¥, kt) 2 F (x5, %, t)
forallt > 0andn = 1,2,3... then {x, } is a Cauchy sequence in X.
LEMMA 2.2[19] Let (X, F,A) be a Menger space. If there exists k € (0, 1) such that
F(x,y,kt) = F(x,y,t) forall x,yeXandt > 0, then x = y.

Il.  MAIN RESULTS
Let @ be class of all the mappings ¢: [0,1] — [0,1] satisfying the following properties:
(¢1) ¢ is continuous and non decreasing on [0,1],
(92) ¢p(m) > m for all m in [0,1].
We note that if ¢ € ®, then ¢p(1) = 1 and ¢p(m) = m for all m in [0,1].

In 2015, Kang et al. [10] proved the following common fixed point theorem in a complete multiplicative metric
space. We prove the same with a control functions ¢ in Menger space.
Theorem 3.1 Let A4,B,S and T be mappings of a complete Menger space (X,F,A) into itself satisfying the
following conditions:

(3.1) T(X) c A(X), S(X) c B(X);
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. (F(Ax,By,t),F(Ax,Sx,t), F(By,Ty,t)
(32) F(Sx Ty kt) = ¢ (mm{ F(Sx, By, at), F(Ax, Ty, (2 — a)t) })
hold for all x, y in X, where ¢ € (0,2),t > 0,
(3.3) one of the mappings 4, B, S and T is continuous.
Assume that the pairs 4,S and B, T are compatible of type (R), Then A, B,S and T have a unique common
fixed point in X.
Proof Since S(X) c B(X). Now consider a pointx, € X, there exists x; € X such that Sx, = Bx; =y, for
this point x, there exists x, € X such that Tx; = Ax, = y,. Continuing in this way, we can define a sequence
{y,} in X such that
Yan = SXan = BXpnyq; Yon+1 = TXonp1 = AXpnyas
Now we prove that {y,,} is Cauchy sequence in X.
Putting x = x5, Y=X241,a@ = 1 — 8 with B € (0,1) in inequality (3.2), we have
(F( AxZn' Bx2n+1' t)' )F(AXZn'SXZnJ t);
F(Sxyp, TXgni1, kt) = ¢ | min{ F(Bxyni1, TXans1,t) , F (SXopm, BXoniq, t)
F(AXZn'Tx2n+1' (1 + .8) t)
F( yZn—l' yZn' t)' F(yZn—l' yZnt t);
F(yZnﬂy2n+1'kt) = ¢ min F(yZn' y2n+1't)'F(y2n' yZn'(l - .B)t);
F(Y2n-1,Y2ns1, (1 + B) 1)
F(Yan-1 Y2 ), FYVan-1, Y2n ),
F(V2n Yon+1, kt) = ¢ | min F(Y2n Yans1, 0),
( F(yZn—i'y(Zn+1' a1+ .8)) t)
- AF(Yan—1, Y2 OF Vo Yons1r t
F(yon Yonsr kt) = @ (:’éln{ F(yZn—)};'%IZn+1' 1+ ,8)) 0 })
. Yon-1Yo OF (YVon, Yons1s € })
2 ¢ (mln {F(J’Zn—pJ’zn» (), FV2n Yons1, (BE)

F 1) JOF ) T
F s Yomes, k) = d)(min{ (Yan-1, Yo OF OV2ns Yans1 )})

s F(Y2n Yan+1, (BE)
As A is continuous, letting 8 — 1 we get
- (F(Y2n-1, Y20 OF Oan, Yan+1, t)
F(yn, Jkt) = (mln{ n n . en })
Yon:Yon+1 ¢ s FOams Vamas, (8
F(Yan-1,Y2n:t) })
JF(V2ns Va1, ()

- (F(Y2n-1,Y2n, )
Hence F(y,n, Jkt) = (mm{ " }>
Yanr Yon+1 ¢ s FVan Vansr, (£)

F(Y2n Y2n+1, ), })
JF(Yans1 Yansart

F(yon Yonsr kt) = (min{

Similarly, F(Yaps1, YVania kt ) = ¢ (min{

Therefore, for all n even or odd we have
F(yn: Yn+1 kt ) 2 d)(min{ F( Vn-1Yn» t)' F(yn' Vn+1r t)})
Consequently,
. t t
FnYns1t) 2 ¢ (min{ F(Ynog, Y ), F O Y1) )
By repeated application of above inequality, we get

. t t
FOwYurnt) 2 & (min F(¥us, 3 F O Vs )} )

Since F(yn,ynﬂ,kim) — lasm — oo, it follows that
F(xp, Xpn41 Vo kt) = ¢(F (xp_q, xp,t) Yforalln € N for all t > 0, by property ¢, we have
F(xp, Xpe1 ¥, kt) = F(x,_q,x,,t). Therefore, by Lemma 2.1, {y,,} is a Cauchy sequence in X and hence it
converges to some point z € X. Consequently, the subsequence {Sx,,}, {BXzn+1 1 {TX2n+1} and {4x,,} of {3}
also converges to z.
Now, suppose that A is continuous. Since A and S are compatible of type (R), by Proposition2.1, AAx,, and
SAx,, converges to Azas n — co.
We claim that z = Az Putting x =Ax,, and y=x,,,4, a@=1 in inequality (3.2) we have
F(AAXyy, BXypyq, t), F(AAxy,, SAx,,, t),
F(SAxyp, TXony1, kt) = | ming F(BXaps1, TXon41,t), F(SAXo0, BXopys, t),
F(AAx;y, Txyni1,t)
Letting n — oo we have
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FlAzzkt) > ¢ (min {F( Az, z,t), F(AZ'FA(ZZt,);'Ft()Z' z,t),F(Az, z, t)D
F(Azzkt) > ¢(F(Azzt)), then by property ¢, we have
F(Az,z,kt) = F(Azzt).By Lemma 2.2, we Az = z.
Next we claim that z =Sz Putting x=2z and y=x,,,;, @a=1 in inequality (3.2) we have
F(Sz,Txypiq, kt) = p(min{ F( Az, Bx;p,1,t), F(A2,52,t), F(BX3p41, TX2n41, t),
4 F(SZ' Bx2n+1' t)v F(AZ' Tx2n+1' t)})

Letting n — co we have

F(Sz,z,kt ) = ¢p(min{ F(z,z,t),F(z,5z2,t),F(z,2,t),F(z21t), F(z,2t)}).
we get F(Sz,z kt) = ¢(F(Sz,zt)),then by property ¢, we have
F(Sz,z,kt ) = F(Szzt). By Lemma 2.2, we Sz = z. Since S(X) < B(X) and hence exists a point u € X
such that z = Sz = Bu.

We claim that z = Tu. Putting x =z and y=u, a =1 in inequality (3.2) we have F(z,Tukt) =
F(Sz,Tu, kt) = ¢p(min{ F( Az, Bu,t),F(AzSz,t),F(Bu,Tu,t),
F(Sz,Bu,t), F(Az, Tu, t)}).
F(z,Tu,kt) > ¢(min{F(z,z1t),F(z zt),F(z,Tut),F(zzt),F(z,Tut)}). then by
property ¢.
we get F(z,Tu,kt) = F(zTu,t). By Lemma 2.2, we get z = Tu. Since B and T are compatible of type (R)
and Bu = Tu = z, by Proposition2.1, BTu = TBu and hence Bz = BTu = TBu = Tz. Also, we have
F(z,Bz,kt) = F(Sz, Tz, kt) = ¢p(min{ F(Az, Bz,t),F(AzSz,t),F(Bz,Tzt),
F(Sz Bzt), F(Az, Tz t)}).
= ¢@min{F(z,Bzt),F(zz2t),F(BzBzt), F(z, Bzt), F(z, Bz t)}).
we get F(z,Bz kt)>= F(zBzt). By Lemma 2.2, we get z =Bz Hence z=Bz=Tz=Az =Sz
Therefore, z is a common fixed point of 4,S,B and T.
Similarly, we can complete the proof when B is continuous.
Next, suppose that S is continuous. Since A and S are compatible of type (R), by Proposition2.1, SSx,, and
Sx,, converges to Sz as n — oo.
We claim that z =Sz Putting x =Sx,, and y=x,,,, a=1 in inequality (3.2) we have
F(S5%y5, Txone1, kt) = p(min{ F( ASx,,, BXyni1,t), F(ASX5p,8Sx5p, 1),
F(Bxani1, TXont1,t), F(SSxap, BXapy1, t), F(ASXop, TXonyq, £)}).
Letting n — oo we have
F(Sz,z,kt) = ¢p(min{ F(Sz,z,t),F(Sz,52,t),F(z,z1t),F(Sz21t),F(Sz,z1t)}).
we get F(Sz,z, kt) = F(Sz,zt). By Lemma 2.2, we Sz = z. Since S(X) < B(X) and hence exists a point
v € X suchthatz = Sz = Bv.
We claim that z = Tv. Putting x = Sx,, andy = v, @ = 1 in inequality (3.2) ,we have
F(SSxy,,Tv, kt) = ¢p(min{ F( ASx,,, Bv,t), F(ASXxs,,SXxyn, t), F(Bv, Ty, t)
,F(8Sx,,,Bv,t),F(Az, Tu,t)}). the property by ¢. we have
Letting n — oo we have
F(z,Tv,kt) = ¢(min{ F(z,z,t),F(z,zt),F(z,Tv,t),F(z,z2,t), F(z,Tv,t)}).
we getF(z, Tu, kt) = F(zTu,t). By Lemma 2.2, we get z = Tv. Since B and T are compatible of type (R)
and Bv = Tv = z, by Proposition2.1, BTv = TBv and hence Bz = BTv = TBv = Tz.
We claim that z=Tz Putting x=x,, and y=2z a=1 in inequality (3.2) we have
F(Sxyp, Tz, kt) = p(min{ F( Ax,,, Bz,t),F (AXxyy, Sxop,t), F(B2z, Tz, t),
,F(Sx5,, Bz, t), F(AXy,, Tz, t)}).
Letting n — oo we have
F(z, Tz kt) =
¢(min{ F(z,T z,t),F(z,21t),F(TzTzt),F(z,Tzt),F(z,Tz1t)}).
weget F(z,Tzkt) = F(zTzt). By Lemma 2.2, we Tz = z. Since T(X) < A(X) and hence exists a point
w € X suchthatz = Sz = Aw.
We claim that z = Sw. Putting x = w and y = z, @ = 1 in inequality (3.2) we have
F(Sw,z,kt) = F(Sw,Tz, kt) = ¢(min{ F(Aw, Bz,t), F(Aw, Sw, t), F(Bz,Tz,t),
F(Sw,Bz,t), F(Aw,Tz,t)}).
= ¢p(min{F(z,zt),F(z,5w,t),F(Tz,Tzt),F(Sw,z,t), F(z,zt)}).
we get F(Sw,z,kt) = F(z Sw,t). By Lemma 2.2, we get z = Sw. Since A and S are compatible of type (R)
and Sw = Aw = z, by Proposition2.1, ASw = SAw and hence Az = ASw = SAw = Sz. Hence z =Bz =Tz =
Az = Sz. Therefore, z is a common fixed point of 4, S, B and T.
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Similarly, we can complete the proof when T is continuous.
Uniqueness follows easily. This completes the proof.
Next we prove the following theorem for compatible mappings of type (K).
Theorem 3.2 Let 4,B,S and T be mappings of a complete Menger space (X,F,A) into itself satisfying the
following conditions (3.1), (3.2). Suppose that the pairs A4, S and B, T are reciprocally continuous.
Assume that the pairs 4, S and B, T are compatible of type (K). Then A, B,S and T have a unique common
fixed point in X.
Proof Now from the proof of Theorem 3.4 we can easily prove that {y,} is Cauchy sequence in X and hence it
converges to some point z € X. Consequently, the subsequence {Sx,,,}, {Bxzn41 }{T %2041} and {Ax,,} of {3,,}
also converges to z.
Since the pairs 4,S and B, T are compatible of type (K), we have AAx,, - Sz,85x,, - Az and BBx,, —
Tz,TTxy,1 > Bzas n — oo,
We claim that Bz = Az. Putting x = Sx,,, and y = Tx,,,,, @ = 1 in inequality (3.2) we have
F(SSx50, TTX5p 41, kt ) = p(min{ F(ASx,p, BTX3n41,t), F(ASX3,, SSXx5p, 1),
F(BTx2n+1' TTx2n+1' t)v F(SSXZn'BTx2n+1' t)! F(ASXZn'Tx2n+1J t)})the property by ¢
we have
Letting n — oo and using reciprocal continuity of the pairs 4, S and B, T we have
F(Az,Bz, kt) = ¢(min{ F(Az,Bz,t),F(Az, Az t),F(Bz Bzt), F(Az Bzt), F(Az,Bz,t)}).
we get F(Az Bz kt) = F(Az Bzt). By Lemma 2.2, we Az = Bz.
Next we claim that Bz = Sz. Putting x = z and y = Tx,,.,, @ = 1 in inequality (3.2) we have
F(S8z,TTXpyq, kt) = ¢p(min{ F(Az,BTx,p.1,t), F(Az,Sz,t), F(BTX5, TTX3p41,t),
JF(S2,BTXyp,1,t), F(AZ, TTX 3041, 1) }).
Letting n — oo and using reciprocal continuity of the pairs 4,5 and B, T, we have
F(Sz,Bz,kt) = ¢p(min{ F(Bz,Bz,t),F(Bz,5z,t),F(Bz Bzt),F(Sz B z,t), F(Bz, Bz,t)}).
weget F(Sz, Bz, kt) > F(Sz Bzt). By Lemma 2.2, we Sz = Bz.
We claim that Sz = Tz. Putting x =z and y =z, a =1 in inequality (3.2) we have  F(Sz, Tz kt) =
¢(min{ F(Az,Bz,t),F(Az,Sz,t),F(Bz Tzt),F(Sz,Bzt), F(Az, Tzt)}).
F(Sz,Tz, kt) = ¢(min{ F(Bz,Bz,t),F(Az Az, t),F(Sz,Tzt),F(Sz Sz1t), F(5z Tz t)}). then property
by ¢, we have
we get F(Sz, Tz, kt) = F(S5z Tz t). By Lemma 2.2, we get Sz = Tz.
We claim that z = Tz. Putting x = x,,, and y = z, « = 1 in inequality (3.2) we have
F(Sx5,, Tz, kt ) = p(min{ F(Ax,,, Bz, t), F(AX3,SX2p, 1),
F(Bz,Tz,t),F(Sxy,,Bzt), F(Ax,,, Tz, t)}).
Lettingn — o
F(z,Tz,kt) = ¢p(min{ F(z,Tz,t),F(z,zt),F(z,Tzt),F(z,Tzt), F(z,Tzt)}).
we get F(z,Tz,kt) = F(zTzt). By Lemma 2.2, we get z =Tz Hence z=Bz=Tz=Az=Sz.
Therefore, z is a common fixed point of A,S,BandT.
Uniqueness follows easily. This completes the proof.
Next we prove the following theorem for compatible mappings of type (E).
Theorem 3.3 Let 4,B,S and T be mappings of a complete Menger space into itself satisfying the following
conditions (3.1), (3.2). Suppose that one of A and S is continuous and one of B and T is continuous.
Assume that the pairs 4, S and B, T are compatible of type (E), Then A, B,S and T have a unique common
fixed point in X.
Proof Now from the proof of Theorem 3.4 we can easily prove that {y,} is Cauchy sequence in X and hence it
converges to some point z € X. Consequently, the subsequence {Sx,,}, {BXzn+1 1 {TX2n+1} and {Ax,,} of {3}
also converges to z.
Now, suppose that one of the mappings A and S is continuous. Since A and S are compatible of type (E), by
Proposition2.3, Az = Sz. Since S(X) c B(X) and hence exists a point w € X such that Sz = Bw.
We claim that Sz=Tw. Putting x=z and y=w, a=1 in inequality (3.2) we have
F(Sz,Tw,kt) = ¢(min{ F(Az, Bw,t),F(Az,Sz,t), F(Bw,Tw,t)
,F(Sz,Bw,t), F(Az,Tw,t)}).
=¢p(min{ F(Az Sz,t),F(Sz,Sz,t), F(Sz,Tw,t), F(Sz, Bw,t), F(Sz, Tw, t)}).
we get F(Sz, Tw,kt) = F(Sz, Tw,t). By Lemma 2.2, we get Sz = Tw. Thus we have Az = Sz = Tw = Bw.
We claim that Sz = z. Putting x = z and y = x,,.,,, @ = 1 in inequality (3.2) we have
F(Sz,Txyp41, kt ) = dp(min{ F(Az, Bxyp41,t), F(A2,52,t), F(BXyp11, TXon41, t)
,F(S2,Bxyp41,t), F(AZ, TX2n44, 8)}).
= ¢p(min{ F(Sz,2,t),F(z,2,t),F(z,z1t),F(Sz zt), F(Sz,zt)}).then property by
¢ ,we have
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we get F(Sz,z,kt ) > F(Sz,zt). By Lemma 2.2, we get z = Sz. Hence z = Bz = Tz = Az = Sz. Therefore,
z is a common fixed point of 4,S,Band T.
Again, suppose B and T are compatible of type (E) and one of the mappings B and T is continuous. The we get
Bw = Tw = z. By Proposition2.4, we have BBw = BTw = TBw = TTw. Hence Bz = Tz.
We claim that z = Tz. Putting x = x,, and y =z, a =1 in inequality (3.2) we have F(Sx,,, Tz kt) =
¢(min{ F(Ax,p, Bz,t),F(Ax,p,, Sxyp,t), F(Bz, Tz, t),
,F(Sx3,,Bz,t), F(Ax3,, Tz, t)}).
Letting n — co we have
F(Sz,z,kt) = ¢(min{ F(Sz,z,t),F(Sz,52,t),F(z,21t),F(Sz zt), F(Sz,z1t)}).
we get  F(Sz,z, kt) = F(Szzt). By Lemma 2.2, we Sz = z. Since S(X) c B(X) and hence exists a point
v € X suchthatz = Sz = Bv.
We claim that z = Tv. Putting x = Sx,, andy = v, « = 1 in inequality (3.2) ,we have
F(SSx5,, Tv, kt ) = ¢p(min{ F( ASx,,, Bv,t), F(ASxy,,Sx5,,t), F(Bv, Ty, t),
F(SSx,,,Bv,t),F(Az, Ty, t)}).

Letting n — co we have

F(z,Tv,kt) = ¢p(min{ F(z,z,t),F(z,z1t),F(z,Tv,t),F(z,z,t), F(z,Tv,t)}).the property by ¢, we
have
we getF(z,Tu, kt) = F(zTu,t). By Lemma 2.2, we get z = Tv. Since B and T are compatible of type (R)
and Bv = Tv = z, by Proposition2.2, BTv = TBv and hence Bz = BTv = TBv = Tz.
We claim that z=Tz Putting x=x,, and y=z a=1 in inequality (3.2) we have

F(Sxy,, Tz, kt) = ¢p(min{ F(Ax,,, Bz, t), F(Axyp, Sxon,t), F(Bz,Tz,t),

,F(Sx5,,Bz,t), F(AXy,, Tz, t)}).

Letting n — oo we have
F(z,Tz,kt) = ¢(min{ F(zT z,t),F(z,z,1t),F(Tz,Tzt),F(z,Tzt), F(z,Tzt)}). then property by ¢, we
have
weget F(z,Tz kt)= F(zTzt). By Lemma22, we Tz = z.
Hence z = Bz = Tz Therefore, z is a common fixed pointof 4,S,Band T.
Similarly, we can complete the proof when T is continuous.
Uniqueness follows easily. This completes the proof.
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