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n=p+1
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l. INTRODUCTION AND PRELIMINARIES
Let A denote the class of normalized univalent functions of the form
z+ayz% + a,z? + a,z° ... 1)

which are analytic in the unit disc U = {z: |z| < 1}.
For the functionfof the form (1), the following results are well known: fis said to be starlike respectively convex
with respect to the origin, if, and only if,

zf'(z)
RE{?&;} > 0JZ|<:1
And
Re{1 + %

f(z)

}>0,|z|<1

Remark 1.1.From the above, it obvious that fis convex if and only if zf'is starlike.Respectively, fis said to be
starlike, convex, of order yif and only if

zf'(z)
Re{ = }>v 1z <1
And
zf'(z)
Re{l +—f(z)} >y, |zl <1

Definition: Let f e Aand g is starlike of ordery i.e. g € S*(y)then f € K(B,v),if, and only if
zf'(z)

Re{—g(z)} > B,z € U.

This functions are called close-to-convexfunction of order ftypey.

We denote by A,,, the class of function f e Aof the form

f(z) = zP + Z az",p=1 2
n=p+1

Definition: Let g(z)be analytic and univalent in Uand f(z)is analytic in U, then, f is said to be
subordinate to g if there exists a Schwartz w(z)function which is analytic in U with w(0) = 0and [w(z)| < 1
for all z € Usuch that f(z) = g(w(z)). This is expressed asf < g.
Moreover, suppose g is univalent in U, then the following equivalence holds[1,4,5,6,10]

f < g o f(0) = g(0)andf(U) c g(U)

Forf € A, the following subclasses of starlike, convex and close-to-convexfunctions
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S*(&, d), C(E, d),andK (&, p; b, @)of order &, are studied by severalauthors (6, 8, 10) and are respectively defined

by:
1

S*(w ) = {fe A: _<Zf'(z)

@ "

foé(z)) — p) <y(z),ze U}

1 (z)
K(H'Z lp (P) = {fe A: —<ﬁ_ ) < (\O(Z)!Z € U'g(Z) € S*(Hnlll)}

) <y(z),ze U}

Cluw ) = {feA IL(H

For the function of the form

f*(z) =z + Z aa,z 1 3)

n=p+1
[5], obtained the multiplier transformation D f given by

1+A -2
Dy f(z) =z + Z ( ;—+(7\n(;-_0(1) ) a,z" 4)
WhereD?*+1f(z) = (1 — A)D7f(z) + zk(Dmf(z))’

Such that

zA(D f(2))' = DF*'(2)-(1 — M)DF f(2) (5)

We denote Dy, fby
1+A(n+a—2\" N
paf(z) =2 + Z ( 1+A(a—1) ) an? ©
n=p+1

We denote byH,,, the class of all functions which are analytic and p-valentin U for which {;(U) is convex such
that Y(0) = 1 and Re(Y(z)) > 0,zeU
We denote by S*(w, ¢), C(w, ), and K(u, G; @, ) the subclasses of starlike, convex and close-to-convex
functions of order urespectively, for the function s, eH,which are defined by:

Spia (i W) = {f € A: D} f(2)eS™ (i, W)},

a(#' lp) = {fEA D af(Z)EC (,u' d})}

K (1530, ) = (e DRl f ()€K (1 G50, 0),
In this paper, we shall mvestlgate inclusion properties for the multiplier transform Dy, fwith respect to starlike,
convex and close-to-convex functions usingprinciple of subordination.
Next, we give the preliminary results that we shall employ to prove ourmain results.
Lemma 1: [2, 3, 8, 10]: Let ¢pbe convex, univalent in Uwith ¢(0) = 1 and
Re{k¢p(z) + ¥y} = 0, k,yeC. If p is analytic in Uwithp(0) = 1, then

zp'(z) . .

p(2) +m < ¢(2), z€ Uimpliesp(z) < ¢p(2), z€e U
Lemma 2: [6, 10]: Let ¢ be convex, univalent in U and w be analytic in U with
Re (w(z)) =. If p is analytic in Uwith p(0) = ¢(0), then
p(z) + w(2)zp'(2) < ¢p(2), z € Ulmpliesp(z) < ¢p(2), z€ U
In what follows, we give some inclusion properties of the operator Dy, f usingthe principle of subordination.
Inclusion Properties
Theorem 1: Let f belongs to the analytic function of the form (1) and let
@ € H,with Re{(p(l - WY +pu +1 } > 0. Then,

Sy () © S ()
Proof: Let f belongs to the class S;fl;l(u, ) and let

D.
z(DP f(2))' u) -

1
P == u)( Dy f ()

Applying (5) in (7), we obtain:
Dy f(2) — D' f(2) + ADJ f(2)
Dm+1 f(2)

=p(1—wp) +u

From where we have
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DR _ 1_1
ADFf(2) (P -w)p@ +u+—— .
From (8), we obtain

Dy (2) _ Dy f () (r(1 —W)p'(@)
Dif@ — Dpaf(@  (p(1—w)p(2) +u+>

€))

But

Dy f(@)  (p(1 —w)p(2) +
Dy f@ z (10)
Using (9) and (10), we obtain
1 <z(D;'f;1f<z))' ~
p(1-mw\ Dyi'f(z)

Applying Lemma 1 to (11) shows that

zp'(2)
u)=p@+ i (1)
(PQ-Wlp@ +p+—
p(2) < ¢(2),i.e.feDy'" f(2)
Thus,
Sat () € S (w )
Theorem 2: Let f belongs to the analytic function of the form (1) and lety) € H, with Re{(p(l —W)Y(2) +
w+1-44>0. Then,

Cr (w) € G (u )
Proof: From Remark 1, we have
feCr (w ) < zf'eSy T (u )
and from Theorem 1, we have
feCr ' (w ) & zf'eSy T (w ) € Syl (1,
= zf'eSya (L P)
= feCya (1w )

S (w ) € G (u )
The function ¥(z) = %is analytic and satisfies 1(0) = 1. Thus, we have the following corollaries.

Corollary 3:Let feA and y(z) = :gj
Then

Thus,

—1<B<A<1inTheorem 1.

SmE(u, A, B) €SP (1A, B)
Corollary 4: LetfeA and Y (2) = %, —1< B <A<1inTheorem 2.
Then

Cradt (A, B) < Gy (1, A, B)
Theorem 5: Let f belongs to the analytic function of the form (1) and let
¥, ¢ € Hywith Re{(p(1 — ))¥(2) + 1 + =2} > 0. Then,

Ky G op) € Kl (.G o)

Proof. Letf € K} (u, {; ¢, 1), then there must exist a function g € S;" (i, {; @, )such that
Re{z(D;'lef(z))’} >0z€U

D (2)
That is, we should have

1 (zOp @) )
p(1_<)< Dprig o) 97EY
Let
_ 1 (2D f@) )
p(z)_p(1—€)< D, g(2) 12
From (5), we have
' m+1 _ _ m
Z(Dz’;faf(z)) _bi f@ (i Dy f(2)

Now, from (5) we have:

Dm;1 1—-2
b, Af @ _ —(Dpf @) + (@ = Op(@) + D9 (@)
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This implies that

Dyt _1-42 ' ,
AT 122, (g, f @) + (01 - D20 @)D} @)
+ (1= Op(@) + D2[ Dy g ()] (13)

Also, by Theorem 1g € S7% (1, ¥) = g € S7. (S, )
Now, let

_ 1 (z(Dg.g(2)

1) = €)< Dy, g(2) ) a®
Using (5) in (14), we obtain
Dm+1 -2
e P T8~ (o1~ g+ ¢+ (15)

and further, from (?3) and (15), we obtain

2Dy f (@) (p(1 = w)p'(2)

—+ 1-0) Y+ + — 16

Dz‘gr,la lg( ) (p( ( )p(Z ( (p(l _ ‘u))q(z) + u 4 1A—A ( )
But
Algebraic manipulation in (16) gives

1 («Dpd @) ) _ 2p'(2)

p(1- O( Dt (2) L (P(1-W)a@ +p+ 1%(11)

Thus, making
1
— = w(2)
(p(1 —)a(@) +p -+

and apply Lemma 2, we have

p(z) < @(2),i.e.f EKPI (1T @, )
This proves the theorem.
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