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1.Introduction
In the past two centuries, the integral transforms have been widely applied as a tool to solve various
problems in pure and applied mathematics. Several integral transforms such as the most famous one introduced
by P.S. Laplace (1749-1827) in 1782, called the Laplace transforms [5,2] is defined by,
LIfO] = F(u) = [ e™ f(D)dt (1.1)
In the early 20023, Iman Ahmed [8] introduced the modified Laplace transform, called the Iman transform (see

also [8,6]), which is defined for a function of exponential order. Consider a function in the set S defined as
It]

A= {f(©):3Mky,k, > 0,[f(D)] < Me",ift € (1) x [0,00),j = 1,2}
For a given function f(t) in the set S the constant M must be finite, the numbers k;, k,maybe finite or infinite.
The modified Laplace transform, i.e, the Iman transform denoted by the operators A is defined by

1[f(D)] = L(p) = 5 J; ™" f(D)dt (1.2)
The variable p in this transform is used to factorize the variable .
The triple Iman transform of a function f(x,y,T) of three variables x,y and t , that can be expressed as a

convergent infinite series, and for (x,y,t) € Rd defined in the first octant of the xyt -plane is defined by the
triple modified laplace transform in the form [16]

Lyt f(x,y,©) = L(0,p,8) = Uzp;zyfow fooo fom e=(o%x+p?y+5%7) f(x v t)dxdydr(1.3)

We mention here that thelman transform defined by Eq. (1.2) follows as the special case of the very recently
introduced and the most powerful and versatile generalization of the Laplace transform, called the Upadhyaya
transform (see, Upadhyaya [19, (2.2), (2.3), p.473]). We point out below the connection between the Upadhyaya
transform and the Iman transform in terms of the notation of Upadhyaya [19, subsection 4.5, pp.476-477] as

u {f(‘r),v, %} =u (V,%, 1) = I[f(t),v] = L(p)(1.4)
It is also to be noted here that the triple Iman transform Eq. (1.3) introduced early this year by triple Aboodh
[16], is also a particular case of the Triple Upadhyaya Transform (TUT) (see, Upadhyaya [19, subsection 6.14,
p.501]) and the relation between the two is given by:

1

1 1 1 1 1
u3 {f(XJYI T); GI;I 1; p;;; 11 8;3; 1} = u3 (G,;, 1; pr;; 1! Syg; 1
1[f(x,y, D);0,p,8] = L(o,p,8)
As the above work of Upadhyaya [19] opens up many new future directions of work and applications of

the Upadhyaya transform, we propose to take up the further study and applications of the Upadhyaya transform
in our future works. For our present considerations the structure of this paper is organized as follows: first we

)(1-5)
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begin with some basic definition of Fractional Calculus in section 2, then define the fractional triple Iman
transform in the Definition 3.1 in section 3 and the prove the linearity property, the convolution theorem, the
first and second shitting properties, the periodic function property, and the operational formula (differential
property) of this new transform in the same section. In the section 4 we obtain the exact solution of a fractional
partial differential equation in three dimensions satisfying some initial value and boundary condition as an
application of the results developed in section 3 and finally the conclusions are stated in section 5.

2.Fundamental concepts of fractional calculus
Definition 2.1.[14,8] Let g(x) be a continuous function and not necessarily differentiable function, where A > 0
denoted a constant discretization span, the fractional difference of g(x) is known as

A%g(x) = B (- 1)k (i) glx+kAJfor0< a >1  (2.1)
where (ﬁ) = ﬁiw and the a-derivative of g(x) is known as

A g(x)
}\0(

See the details in [14,8].

Definition 2.2.[17] let g(x) be a continuous function, but not necessarily differentiable, then

(i). Let us assume that g(x) = A where A is constant, thusa -derivative of the function g(x) is
XO{
}\. ) > 0’
DAA={"TA+a)’

0, otherwise.

On the other hand, when g(x) # A then
g() = g(0) + (g(x) — g(0)),
and the fractional derivative of the function g(x) is given as
D*g(x) = Dgg(0) + D§ (g(x) — g(0)),
(ii). For any (a > 0) one has
D™ g() =Jg(x) = 5 [y (= D T g(NdT , a> 0. (22)

Definition 2.3. [12] the Caputo fractional derivative of the left sided g € C*;,n € N U {0} is defined by

D¢ g(7) = LED = e [ZED] 1y — 1 < 0 < m,m < N23)
We record properties of the operator J* (see [11])
(i) J9Pg@ =]""g(®), «Bp=0

(ii). Jegw = F(Fa(ii:fngw , a>0, u>—1,7>0
7K

(iii). J¢(DSg(®) = g(@) — TpThg* (09,
Definition 2.4. Let be a continuous function, so the solution of the fractional differential equation
dy = g(x)(dx)*, x=0, y(0) =0 ,a>0,

By integration with respect to (dx)* is the folloing

X

v = [ gO@N* . y© =o,

0
ie.,
y(x) = ocfox(x - lg(MdI 0< a<1 (2.4)
For example, if g(x) = xP one obtains:

X B _ TB+Dr+a) gy

Jo 9P (@) ~rgra X “0< a<l.
Definition 2.5. [12] if then the fractional double Iman transform of the fractional derivative is,
Le[DS g(x)] = p72Lf (%) = B e 80 (0. 0), m—1 < o< m(25)

3. Theorems and properties of the fractional triple Iman transform:

We define the fractional triple Iman transform of the functions dependent on three variables and give some
properties for the same as pointed out earlier in the abstract of the paper andalso, in the section labove.
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Definition 3.1. The fractional triple Iman transform of the function f(x, y, T) of three variables x, y, tis defined as
follows:

1 ) 0 o9}
Ly f06,3,0) = (00,8 = oz [ [ [ Lal=(obxe+ ply + 8707080y, (0" (@) @
0o J0 Y0

= (02;);252) limll\\}l:oo fOK fOM fON I [—(o%x + p?y + §21)]f(x,y, 1) (dx)*(dy)*(d©)*(3.1)
K—ow

where 6,p,8 € C ,x,y,T > 0,andAl, (x) = 3% _, "ot

x2m

is the Mittag-Leffler function.

Definition 3.2. [17] Let f(x,y,t)denote a function which vanishes for negative values of x,y,t.Itstriple
Laplace’s transform of order a (or its o fractional Laplace transform) is defined by the followingexpression:

Ly« f6y, 0 =F3(0,0,8) = [; J; [ la[~(0?x + p2y + 821D)%]f(x,y , 1) (dx)*(dy)* (dD)*
(3.2)

N -0
M-
K-

K M N N
=1imf0 J; fo foIa[—(ozx+p2y+821)“]f(x,y,r)(dx)“(dy)“(dr)“

Theorem 3.3. The Linearity of the triple fractional Iman transform:

Let f(x,y, T) andg(x,y, t)be functions whose triple fractional Iman transforms exist, then
Ixyr [6f(x, L T+ Bg(X: Y )] = eIxyt [f(x, Y D] + leyt [g(X: N )]

where 8 and 8 are constants.

Proof.
Ly [Bf(x,y, ©) + Bg(x,y, D]

1 o0 0 0
= a8, + BeCoy, Dl =07+ piy + 87T (9" () (@)*
0o J0 Y0
1 o0 o0 o0
= e | 180y D=0+ by + 8707 @9 () (@)
0o J0 Y0
e o 17 18800y, D[~ (0% + Py + 5201 (620 (dy)* (d)®

= e 00y 1y S 160y D[ (0% + pZy + 82D (dx)° (dy)* (D) +

1 o0 o0 o0
02 p2u g Bf f f [exy, Dl [—(0?x + p%y + 8621)*](dx)*(dy)* (dT)*
o J0 Y0
= eIxy‘r [f(X, Y, T)] + BIxyr [g(X’ y, T)]

Theorem 3.4.The First Shifting Property: If I, [f(x,y, T)] = L2 (0, p, 8) then

Ly (I [-(c?6x + p?By + 62kD)*]f(x,y, 7)) = L3(1+ 6,1+ B, 1 +k)

Proof:
Let
Ixy‘t [f(x, Y, 7] = L%( (0,p,6)
= ;jw foofwl [_(0'2X + pzy + SZT)O(] f(X y T)(dX)a(dy)a(d‘[)“
o2ap2agze | fo Jy 4
Then

Ly (I, [—(0?08x + p?By + 82k1)*]f(x,y,T))
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1 o0 o0 o0
= Wjo fo fo Io [—(0?x + p%y + 8211 [—(0?0x + p?By + 82k1)*]] f(x, y, T) (dx)* (dy)* (dT)“

by using the equality I, [u(c?x + p?y + 821)%] = I, u(0?x)* I u(p?y) I, u(821)"
which implies that

Lyt [Ia[=(0%0x + p?By + 62kD)]f(x,y, T)]

1 o0 0 o0
= g | [ Talm (1 00 020+ By + 51+ DGy D (0 ) a)°

1 1 ®
=—-| la[=(c*(1+8)x)"] {WI L [=(p*(1 + B)y + 8*(1 + k)DIf(x,y, T)(dy)"‘(dr)“} (dx)*
o J, p=ad 0

0

1
= 5| la[=(@*(1+0)0%]f(x, 1+ B,1+k)dx
0
=13(1+6,1+8,1+Kk).
Theorem 3.5.The Periodic Property: If f(x,y, t)is a periodic function of periods 6, Band krespectively, in the

variables x,y and T, i.e.,
f(x +0,y +B,T + k) = f(x,y,7) and ifly,, [f(x,y, T)]

exists then
Ly [f(x,y, D] = L3 (0,p,8)
1 0 B rk
= | 2 + 2
o2ap2agla (1—[Ia[—(ﬁzex"‘pZBY+52kT)°‘]D-f0 fo -[) al=(o%x+p%y
+ 821)%] f(x,y, 1) (dx)*(dy)* (d1)*.
Proof:
Let

IXy‘[ [f(X’y' T)] = L3o( (G, p' 6)
1 o0 o0 o0
= WI f J- I, [—(0%x + p?y + 8%1)%] f(x,y, T)(dx)*(dy)*(dT)®
p 0o Jo Jo

1 0 B rk
= TG fo J; fo I, [—(o%x + p?y + &%t +)*] f(x,y,T)(dx)*(dy)*(dD)* +

1 0 0 0
GZapZaSZa f J j Ia [_(GZX + pZY + 82‘[)“] f(X' Y T)(dx)a(dY)a(dT)a
a B Jk
Puttingx = u+ 0,y = v+ B,t = w+ kinthe second triple integral we get
Ly [f(x,y, D] = L3 (0,p,8)

1 6 B rk
= e | [ [ el oty 870 oy @0 @) e +

1 o0 o0 o0
mj JB Jk‘a[—<02<u+e>+p2(v+s)+82<w+k>>a] fCu+ 8, v+ B,w + 1)) (du)*(dv)* (dw)"

Or,
L3 (o,p,8) =

1 6 B rk
Wjo Jo Jo I, [—(o?x + p%y + 621)%] f(x,y, T)(dx)*(dy)*(dD)* +

1 (2 2 ey [ (1 g2 2 21
2% p2a 2 (I, [—(c?6 + p?B + 6%k)) ])J; J;g fkla[ (028 + p?B) + 8%K)] f(u+0,v+p,w

+ k) (du)*(dv)*(dw)*
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1 6 B rk
= e | || talot ity 4 8010 oy m@0r @ @ +

1

Ty T [I.[- (0?6 + p?B + (SZk))“]]jO Jo -fo I[—(c%u + p?v + 8*w)?] f(u, v, w)(du)*(dv)* (dw)*

[’ k
= Wfo [ 1= (o%x + p2y + 8207 f(x,y,1)(dx)*(dy)*(dD)® + [I,[- (020 + p2B) +
O kala3 op,d
Therefore,

1 8 B rk
g | || [ - 4 oty 8209y D@0 @y o
0o Y0 Yo

=13(0,p,8) — [I.[-(0?6 + p?B + 82k )*]]L3, (5, p, &).
Hence,

Li(0,p,8) = : fafﬁjkz[(z :
PO = e pragta (1= [1,[=(020 + p2B + 82k Jl]) Jy Jo Jy <720 ¥ TP
+ 620)%] f(x,y, 1)(dx)*(dy)* (d7)”

Theorem 3.6.The Second Shifting Property: IfL,,. [f(x,y, ©)] = L3 (g, p, )
then,

Ly [f(x =60,y =Bt —kK)H(x -0,y — B,1 — k)] = I,[-(c%a + p*B + §2k)*]L3 (0, p, 5)
where H(x,y, t) is the Heaviside unit step function defined by

_ (1, whenx>0,y>p,1>k
H(x—B,y—,B,T—k)—{O, when,x < 0,y < B,7 <k.

Proof:
Let
Ixyr [f(x' Y, )] = L:zz(o-rp’ )
1
= JZapragic f(x, y, D) (dx)*(dy)* (dr)*.
Then

Ixyr [f(x—6,y—Bt—kHXx—-0,y—B,1—k)]=
1 o0 o0 o0
=Wf0 J(.) J;Ia[—(azx+p2y+6zr)“] fx—6,y—B,1—kKHXx—-60,y—B,7
— k)(dx)*(dy)*(dr)*

1 o0 o0 o0
=Wfa fﬁ J;{Ia[—(o'zx+p2y+62‘r)"‘] flx—0,y—B,7—k)(dx)*(dy)*(dr)®

which, onputtingx — 0 = u,y — f = v,T— k = w gives
Ly [f(x—0,y—B,t—K)H(x -6,y — B, 7 — k)]
= [I.[- (%60 + p?B)
1 o0 o0 o0
+ 6%k )] W-f f f L [—(c%u + p?v + §2w)*] f (u, v, w) (dw)* (dv)* (dw)“
0 Y0 0
= [I.[-(a26 + p*B) + 62k )*1] L (0, p, 6).

Theorem 3.7.The Convolution Theorem: If
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Ly [F(x,y, 0] = £2(0,0,8), Ly [6(x, ¥, D] = g3 (0, p, )

then the convolution of the functions F (x, y, t) and G(x, y, t) is denoted by
F *xx* @G and is defined by

1 X ry T
L [P 2+ O30 = e [ [ FGe= 0y = 2 =10 600,80 () (o
and we have

Ley: [(F *** G)(x,y,0)] = Ley: [F(x,y,0)]- Ly [G(x,y,D)] = fa3 (0,p,0) - gg (0,p,0)
Proof:
From the definition of the convolution, we have

[xyr [(F **x G)(x, Y, T)]
1 o0 o0 o0
= 2a 2a52af f J- L[—(0?x + p%y + 820)%] (F **x G)(x,y,7)(dx)*(dy)*(dr)*
. o o=t p 0o Jo Jo
= gz do Jo Jo lal=(0%x + p?y + 871)7]

1 X ry T
g [ [ [ -0y — -0 6 p 0o () @ | @ eyt

which on using the Heaviside unit step function yields

Lye [(F %% G)(x,y,7)]

1 o0 0 0
" g [ ][ 6@.p.10 @) apyecanre
1 X T
[mf f f’“[‘(“ZHPZH62r>“]F(x—e,y—ﬂ.r—k)H(x—e,y—ﬂ,f
0 Y0 YO

—k )] (dx)*(dy)*(dr)*

The above expression may be simplified by using the result of the Theorem 3.6
Ly [(F »x % G)(x,y,7)]

1 0 o0 o0
= W[g fo fo Io[=(o?x + p*y + 821)“] £ (6, p, 8) G(6, B, k) (dO)* (dB)* (dk)*

— 1 3 O _ 2 2 2. \a a a a
= g 0 0.0.0) [ [ [ 1ot pty + 671666, @0) (@)
= faa(H:P: 5) : g;(e' P, 6)

Theorem 3.8.The Operational Formula: Let f(x,y,7) € C*(R* x RT x R*), then the operational formula
for the triple fractional Iman transform is given by

ID¢f(x,y,0): (0,0, 8)] = 0%L%(0,p,6) ——zT(a+1DI3(0,p,6) (3.3)

Proof:
Ixyr [f(x' Y, )] = L:g( (o, p,6) =

1 o0 o0 0
Wfo fo fo I [=(0%x + p?y + 620)%] f(x,y,1)(d)* (dy)* (dr)*"
Then
1D £ (x,y,7): (0, p, 8)]
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1 o0 o0 0
= g |, || | el 0ty 4 8200 £ ey 0y

1

) 0 1 o0
= g |l - @) UO L[=(*»)7] [0— J Ia[—(crzx)“]f(“)(x.y.f)(dX)"‘] (dy)*(dD)®.

Applying the integration by parts to the expressions inside the square brackets on the right-hand side of the
above equation we have

I[DY f (x,y,7): (0, p, )]

= ,0- 2a152a f Iu[—(é‘z-[)u] [f I, [_(pZy)a] {O_ia [F((x + 1)f(x, y, T)Iu[—(azx)a]]og
0 0
o f Ia[—(ozx)“]f(x,y,r)(dx)“}] (dy)“(dr)°
0

o |, 0| [ 1 e

oz [ 1= 0@ | ancanr
0

I'a+1)f(0,y,1)

1 ] 0 0
= /Wfo 1, [—(8%1)4] [fo I, [ (p%y)*] Uo I,[—(0?x)*] f(x,y,7)(dx)*
1
ol (e +1Df(0,y, T)] (dy)*(dr)”
= 02?13 (0, p, ) «(0,p,0)

4. Applications
In this section on the assumption that the inverse fractional triple Iman transform exists, we use the
inverse fractional triple Iman transform to obtain the exact solutions of the partial differential equations of
fractional order in three dimensions with initial and boundary conditions.

Example 4.1.

Consider the following partial differential equation of fractional order
2

Deflay, D) =L, 0<a<1 (4.1)

with the following initial and boundary conditions

f0,y,7) =0, £,(0,y,7) = cosyl,(=1%)
f(x,y,0) = cosxcosy

Solution.
Taking the fractional triple Iman transform of Eq. (4.1) and the fractional double Iman transform of the initial
and the boundary conditions gives

Lye [DEF (%, 7, D)] = Ly [aZf(x y,’[)]

8% Ly [f (1,9, )] = 5 T (@ + Dy [f(x, y,0)]

o (42
= 04AXYT [f(x' YV T)] xyr [f(o Y T)] xyr [af(;);cy' :
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K3 (0p0,6) 1 I'(a+1)
ax T (+ph) 522 (1+6%)

L1 _13(0,p,6) =0,

a2(1+a?) (1+p*)’

L3(0,p,0) = (4.3)

Then Eq. (4.2) becomes

1 1 1 1 r(a@+1)
a?(1+a") (A +p*) 21 +pH 821 +62%9)

1
Ixyt [f(x,y,f)](52“ - 0-4) = 570511(6‘( + 1)

(62¢ — g")I(a + 1)
026%2¢(1+ 02)(1 + p*)(1 4+ 6%%)

Ixyr [f(x' Y, T)]((Sza - 0-4) =

I'a+1)
026%2¢(1+ a2)(1 + pH)(1 + 6%%)

Ixy‘r [f(x: Vs 0] =

Applying inverse fractional triple Iman transform, we get
f(x,y,7) = sinxcosyl,[-1%]
which is the required exact solution of Eq. (4.1).

5. Conclusion
This work introduces the definition of the fractional triple Iman transform and the various properties like
the linearity property, the first and the second shifting properties, the periodic property, theconvolution theorem
and the operational formula are deduced and the results obtained are applied to find the exact solution of a
fractional partial differential equation in three dimensions satisfying some
initial and boundary value conditions.
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Table of Functions and their Iman Transform
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