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Abstract: This paper proposes an Discontinuous Galerkin finite element method with penalty 

parameters for biharmonic eigenvalue problems under fixed boundary conditions. A comprehensive 

error estimation is provided in the study, encompassing both improved a priori error estimation and 

posteriori error estimation techniques. These estimations highlight the reliability and effectiveness of 

the posteriori error estimation method for higher-order eigenfunctions as well as the accuracy of 

eigenvalue estimation. Through adaptive numerical experiments and theoretical analysis, it is shown 

that the convergence order of this method is effective. The adaptive numerical experiment and 

theoretical analysis show that the convergence order of the proposed method is effective. 
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I. Introduction 
The Biharmonic Eigenvalue problem is one of the most fundamental model problems in 

mathematics. They have wide applications in various fields such as modeling of thin plate vibrations 

[1], fluid-structure interactions [2], inverse scattering theory [3], and electronic structures [4]. The 

biharmonic operator, along with appropriate Dirichlet and Neumann boundary conditions, is widely 

used to model the isotropic elastic behavior of thin plates and membranes. It has been proven that finite 

element methods (FEMs) are highly effective in numerically solving such fourth-order elliptic 

problems. Many FEM models have been developed, which can be roughly classified into three 

categories: consistent, non-consistent, and mixed finite element models. Fourth-order compatible finite 

elements require the finite element space to be a subspace of the Sobolev space H2(Ω), where Ω represents 

the com- putational domain. Traditionally, a C1 consistent space is introduced [5] for this purpose. 

However, implementing such a finite element space is extremely challenging, especially when it involves 

high-order basis functions or three-dimensional domains, which is why it is rarely used in practice. 

Another approach is to reduce the higher-order problem to a lower-order problem and then use mixed finite 

element methods [6–8]. Of course, for fourth-order el- liptic problems, there are also nonconforming finite 

element methods and inconsistent finite element methods [5, 7, 8]. 

In recent years, the DG finite element method has emerged as a highly effective dis- cretization 

technique for solving non-conforming eigenvalue problems. This method has gained widespread 

popularity due to its remarkable performance in this field. The  DG method was first used in elliptic 

problems in 1977 [9]. The DG method is capable of op- erating on completely discontinuous finite element 

spaces, offering significant flexibility in mesh design. This makes it an ideal choice for adaptive 

algorithms,  where the mesh size  h can be adjusted based on specific adaptive criteria. This adaptability 

allows for efficient and accurate simulations in a variety of scenarios. 

Reference [10] provides an in-depth discussion on the non-conforming finite elemen- t method 

applied to linear plate eigenvalue problems. It explores the application of this method and offers 

valuable insights into its implementation and effectiveness for such prob- lems. References [11, 12] discuss 

the C0IPG method for plate vibration redetermination and eigenvalue problems. References [13, 14] 
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discuss lower bounds for vibration redetermination and eigenvalue problems. Reference [15] discusses 

posteriori error estimation for fourth-order problems using Morley elements. Reference [16] discusses the 

application of plate vibration redetermination and eigenvalue problems in engineering fields such as 

aerospace and nuclear energy. Reference [17] investigates the relationship between characteristic pairs of 

plate vi- bration redetermination and eigenvalue problems. Reference [18] provides a detailed analysis of 

the posteriori error estimation for the biharmonic problem, specifically utilizing quadratic basis functions 

and the C0 interior penalty method. 

The purpose of this paper is to further analyze the priori and posteriori error analysis of biharmonic 

eigenvalue problems using the SIPDG method under fixed boundary conditions, building upon the 

aforementioned studies. Our work is as follows: 
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