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ABSTRACT:This paper investigatesthe prescribedtime bipartite formation-containment tracking control for
the layered multi-agent systems (MASs) under the signed digraphsbased on the observer. In this system, the
leader layer track the trajectory of the tracking leader and engages in a purely cooperative relationship, while
the follower layer engages in both cooperation and competition. Moreover, there exists a restraining
relationship between the leader layer and corresponding follower layer. By introducing a time-varying function,
a distributed prescribedtime observer is designed for the leader layer to accuratelyestimation of the tracking
leader’s state within the prescribed time. A novel prescribedtime distributed control protocol is designed to
drive leader layer to approach the tracking leader and form a formation within a prescribed time, while the
follower layer simultaneously converges into the convex hulls formed by the states and the sign-inverted states
of the leader layer. By using graph theory and Lyapunov stability theory, the validity of the designed control
protocol is proved in detail, and the corresponding sufficient conditions for the prescribed time stability of the
MASs are derived. Finally, a simulation example confirms the effectiveness of the analytical results.
KEYWORDS: Layered multi-agent systems;Observer;Prescribedtime control; Bipartite formation-
containment;Signed digraphs
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I. INTRODUCTION

In the last 20 years, a large amount of literature has been devoted to investigating the emergence of
cooperative behaviors such as consensus [1], [2] and synchronization over multi-agent systems(MASSs) which
have good expansibility to formation tracking [3-5], containment control [6], [7] and formation-containment
control [8-10].

As one of the most critical cooperative behaviors in multi-agent network, formation-containment of
MASs has been studied under various scenarios in the past decades including formation-containment of MASs
with second-order dynamics [11], [12], formation-containment of MASs with general linear dynamics [13],
formation-containment of MASs with sliding mode control [14], formation-containment under adaptive event-
triggered strategies [15], and Finite-horizon robust formation-containment [16], to mention just a few. The
aforementioned works, however, were derived under cooperative networks, meaning agents have only
cooperative relationships with their neighbors. In many realworld scenarios such as social networks and
biological systems, different individuals have varying perspectives on the same issue, resulting in competitive
relationships between them. And then generate signed networks [17], [18] which can be characterized by graphs
that accommodate not just positive, but also negative adjacency weights. Bipartite consensus was first proposed
in [19], the term “bipartite” indicates that all states tend to be equal in magnitude but opposite in sign. Studying
MASs under signed networks is more practically meaningful.

It is important to note that all the aforementioned works on formation containment control concentrate
on the analysis and application of synchronization in single-layer complex dynamical networks, which may
oversimplify certain real-world systems. Unlike MASs with a single layer, the practical applications of layered
MASs in real-world domains have garnered significant attention from researchers. This heightened interest is
due to the potential advantages of layered MASs in modeling real-world networks, such as power grids and
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social media networks. In aforementioned formation containment control studies, the follower be required to
track the convex combination of all leaders' states, rather than the states of a particular leader. These mean that
the follower's behavior and control inputs are influenced by the states of all leaders. However, this consideration
of localized interactions between leaders and followers does not align with certain real-world scenarios. For
example, in the multi-robot systems, the follower robot may need to closely follow a specific leader robot while
disregarding the movements of other leader robots. Building upon these observations and the concept of
consensus tracking, Wen et al.[20] introduced the notion of node-to-node consensus. Scholars have carried out
theoretical research on MASs in two-layered networks [21], [22]. In this framework, MASs are composed of
two layers: a leader layer and a follower layer. Each layer consists of an equal number of agents, and during the
evolution of the systems, certain agents in the follower layer are "pinned”. The layered MASs can achieve the
global objective of the networks by designing a local control strategy within each layer. This approach
significantly reduces the complexity of the network model design. Therefore, it is meaningful to discuss the
formation containment control problem of MASs in layered network.

In real-world applications, convergence time is an essential criterion for evaluating the effectiveness of
distributed control algorithms. Initially, the convergence time of the distributed control and observer algorithms
is infinite, which implies that the convergence speed of the system can be slow and even unpredictable. This
consequently motivates the development of finite-time distributed control and observer algorithms to achieve
various collective behaviors, including formation tracking [23], formation containment tracking [24]. In the
reference [25], several innovative finite-time and fixed-time average tracking algorithms have been introduced,
effectively addressing the fast distributed average tracking problem of MASs. In the reference [26], the fixed-
time formation tracking control problem for MASs with model uncertainties and no leader’s velocity
measurements has been addressed by using a novel fixed-time cascaded leader state observer. Note that the
convergence time of all the above-mentioned results is determined by the initial condition and the control
parameters. Ensuring a short completion time is vital for certain time-sensitive applications, such as multi-
missile cooperative attacks. As a result, the prescribedtime algorithms for controlling and observing, which is
able to specify the convergence time by the designer via the parameters in the controller and observer, was
developed recently and has received considerable attention [27].

The above observations inspire us to tackle the challenge of prescribedtime formation bipartite
containment of two-layered second-order MASs. This paper presents a novel prescribedtime observer-based
control algorithms for formation bipartite containment of two-layered MASs in which the finite convergence
time can be explicitly prespecified. Ultimately, the states of the leader layer form a predefined formation while
tracking the state of the leader within the specified time, while the followers achieve convergence within the
convex hulls formed by the states as well as the sign-inverted states of the leaders at the same time.

The rest parts of this paper are organized as follows: Section 2 offers crucial background information
on graph theory and matrix theory, alongside the formulation of the model. The main analytical findings are
detailed in Section 3. A numerical example is provided in Section 4 to illustrate the effectiveness of the
analytical results, followed by conclusions in Section 5.

IO.PRELIMINARIES AND STATEMENT OF PROBLEM
2.1 GRAPH THEORY

Consider MASs with 2n+1 agents, which consisting of one tracking leader,a leader layer and a follower
layer,each layer contains n agents.

LetG =(V',&",B) represent the communication topology of the leaders, which is a directed non-
negative graph with nnodes. Here, V-={v/,v;,L ,v-} represents the node set, where the indices of nodes
belong to @ ={,2,L ,n}; &" ={(j,i):b; >0} represents the edge set, where a; denotes the weight of edge
(§,1); A=[a;]e R™"is the adjacency matrix, wherea; >0. The G. = (VF,&",A) represent the communication
topology of the followers, which is a symbolic graph with n nodes, V- ={v;,v} ,L ,v' }represents the node set,
& ={(j.i):a; # O} represents the edge set, where b, denotes the weight of edge (j,i). A =[a;]eR™" is the
adjacency matrix, where b, >0 indicates a positive connection (cooperation) between agent nodesi and j,
b; <0 indicates a negative connection (competition) between agent nodesiand j, and b; =0 indicates no
connection between agent nodes i and j .Moreover, the matrix g =diag{g,,L ,g,} is utilized to depict the
interaction between the leader and the ith follower. g, > 0 indicates direct information flow from the leader to
the ith follower and g, =0 otherwise.Let the Laplacian matrices of graphs G and G. be denoted as
L =[lj1eR™and L. =[If1eR™", they are written as:
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Let q; represent the weight assigned to the pinning edges connecting the leader j and the follower j,

j=12,L ,n. By relabeling the leader layer as a single agent O, we can reconstruct a graph G which its
Laplacian matrix can be expressed as follows:

:
L=[ 0 on],
_Q A
where Q=[p,L ,p,I',A=L. +q, g=diag{q,L ,q,}, A, =g+L,.

2.2 SOME LEMMAS AND DEFINITIONS

Assumption 1In the directed graph G, there exists a spanning tree where the root serves as the leader. This
implies that there is at least one directed path from the leader to each follower.

Before moving on, our control laws will be subjected to a time-varying scaling function, taking the
following form:

T
t) = (—=—)" telt,t, +T.],
7O= (g el 4T

inwhich p>1,t,and T, > Oaretheinitial time and user-specified constant.

Assumption 2 At each time instant t>t,, " c&".
Lemma 1Consider a system characterized by

@) = f(t.a(t)), 9, =9(0). 1)
Where q(t) e R"is the state and f :R_xR™ — R™ is a vector field bounded in time.
There exists a valid Lyapunov function V(t,q(t)) with V(t,0)=0 for (1), we use V to denote
V(t,q(t)), if it such that
V< ¢V —de(t)V, telt,t,+T.]. )
with ¢>0,d >0 being two constants and ¢(t) being defined as
&,t0 St<ty+ Ty,
o)=1 %
%,t >t +T,,
then for t e[t,,t, + T, ], it yields
{v < 2(®) " exp(-c(t —t)V (@) t e lto, ty +T,)
V =0telt,+T,, o).
Lemma 2 There exists a positive define matrix M =diag(y, / x,) such that N =MA +A"M is positive define,
where y =[y,,¥,,L ,y,1=AT1,, x=[x,%,L ,x,]=A"1,,and A=L, +q, q=diag{q,L ,q,}.

2.3PROBLEM STATEMENT

Consider MASs with 2n+1 agents, which consisting of one tracking leader, n formation leaders, and n
followers. Consider the tracking leader agent with dynamics as follow:

(1) = Vo ()

&(1) = U, 1) ®)

where X, , v, € R™ are the position and velocity of the leader, respectively, u, is the control input or the
acceleration of the leader.

The dynamics of the formation leaders are indicated as:
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)%i t= Vi ®

4
& (1) =u (t) @

where the position x, (t) € R™, the velocity v, e R™, and u, (t) e R™ is the control input.

The dynamics of the followers are indicated as:

% (1) = Vi (1)

5
(1) =ug () ©

where the position x,(t) e R", the velocity v, € R™, and u,(t) e R"™ is the control input.

Definition 1 The prescribedtime formation bipartite containment tracking problem of the second-order MASsS is
solved if the errors converge to zero within the prescribedtime T, namely,

!LrTT] "XLi (t) =Xy — hi " =0

[%;®) =%, —h[=0,vt>T

!LrTT] "VLi 1) -V " =0

Vi =V =0, vt > T ©)

X (1) — Z::l (o4i% (1) = BXy (t))“ =0,k=12L ,n

X O 2], (@0 O = Byxy )] =0, 7> T

lim
t->T

where T > 0 is an arbitrary time-independent constant, and h, is the offset from the ith agent to the center of the

formation shape. Nonnegative constants «; >0, ; >0(j =12,L ,n)satisfying ZL(“H +B4)=1.

IMCONTROL PROTOCOL DESIGN AND STABILITY ANALYSIS

In practical applications, it is unrealistic to assume that all the followers have access to the states of the
leader. The leader’s states X, and V, are only accessible to the followers that are adjacent to the leader.

Therefore, we construct a distributed observer for formation leader i to estimate the tracking leader’s states. In
Error! Reference source not found., a prescribedtime observer was designed as

{‘}Su‘ =U, — B(c, +d,¢, (1))0; )

g% = _ﬂ(cl + d1¢72 (t))52i

where &, = > 2, (6 —6) +B (6 Vo), & =D 3(65 —54) +B (55— %), s G are the observed states

of X,, V,, respectively. g, F, are the observer gains, ¢, d are the control parameters. ¢, (t) (Vk =1,2,3) is
defined as

@:to <t<ty +KT,,
Z ()

%,t2t0+kTK,

o (t) =

KT,

where t) = (———),teft,,t, +kT,.].
;{’k() (tg"‘kTK —t) E[0 0 K]

Having completed the aforementioned preparation, we are now able to introduce the prescribedtime
control protocol control protocol. The control protocols for leaders and followers are designed separately:
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U (t) = _kugog? (t)(z ’j\‘:laij ((Xu - hi ) - (XLj - hj )) +0; (XLi —X - hi ))

N @)
- kLz% (t)(z j=1 aij (VLi - VLj ) +0; (VLi Vo )) +U,

Ug (t) = _k|:1¢32 (t)(z’j\‘:lbij (Sign(bij )XFi - XFj) +G; (Sign(qi)xpi — Xy ))

—Ke,0s (t)(z ’j\lzlbij (Sign(bij Wei _VFj) +0,(sign(g; Ve — Vi) ©)
+(Ap® )i (1)

Theorem 1. Suppose that Assumptions 1 hold. By using the prescribedtime observer-based control algorithm, if

B=e,,
EstEH
P K
Kngz - Kfz <0,

Krg, — K, <0, (10)
&QBcT+dp+D)+K,(2+3cT +dp) - pK,, <0,

&[Ku(@2p+1)+@BcT +dp) (K, + KLz)]_pKfz <0,

&3¢, T+d,p+)+ K, (2+3c,T +d,p)— pK., <0,

& [Ke, (2p+1) +(3c,T +d, p) (K¢, + K, )1- pKE, <0,

then the predefined-time control protocol tracking errors converge to zero within T =t, +3T, , where ¢,,c >0,

A (M) A (M)
dz,d 20,51=m, &, =m.

Proof: After t > 2T, , the information of the target’s states X, and V, can be obtained by formation leaders.
Firstly, it is proven to achieve formation tracking control within T .

Let f(u =X, —%—h, (/Li =V, — X, f(L :col(f(Ll,f(Lz,L ,f(Ln), (/Li :col((/Ll,(/Lz,L ,(/Ln). Define two
auxiliary states as §<Li =@, (t)f(Li , \3“ :(/U . By deriving §<Li , itresults in

& _ b ok, ro.0b, where

é3(t):(5’3(t) %(t)’to St<ty +3Ty

= (11)
20 ot 4.
Therefore, it can be derived that
&= b0k +o0 W)
\9% =@, ® Im)(ku)(<|_ + kLl\gL)

where % =col (X, X,.L .X,), ¥ =col(¥,.V,.L %), A, =g+L,. Define X =[X",¥."T", it follows that
X=X , where

@{ HOL, a0, }@m
kLo, (A, =K, (OA,
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The Lyapunov function candidate is formulated asV, = % X, (Q®1,)X, , where

KN Koy
Q — I(LZ ,
I(LZ

M, N are defined in Lemma 2. According to Lemma 2, M is positive define, then based on the fourth
inequality of (12), it follows that V, > 0. By taking the derivative of V, , we obtain that

\&——%(t)& (N1, ——%(t)ﬁl(mwl 1%

+A¢3(t)$[<M ®1.)% ~kLe ¥ (M @1,)f, (13)

L2

A ko ONS®I )+ kku

L2

2, OM @ 1)) —kup K (N @1,

Utilizing Lemma 2, the following equality holds.

ki kT aM 1k = OX(N®1 )%
ke, (14)
koo, (AM®1,), ——%a)& (N®1,),.

Consequently,

\f?%%(t)(ﬁ—k—flﬁ[(N@lm)&L
P 2K,

kLl

o, 0 =

frne ) — X2 {rinei i) (15)

L2

Lo M1 )Y,

L2

Applying Lemma 1 and Young’s inequality, it is readily concluded that

A (XX <XT(N®I)Y <A (N

mln

k@ 1) <2 A ondik ), o
Substituting (15) into (14) yields
ki _ kfl L1 T
W 5 A (V)4 5 1, () &k
- (N 8, )

g anase 08,
2p

L2

Referring to (15), it can be deduced that
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kL2 ﬂ (N); & +— )Lmax(M )\gl\gl-
K., /1 (M)&)Q +\G\(I)

(18)
:(—ﬂmax(N)+2kL2/1 Mk
F Gt D) 2, I,

Define 7, (t) =\»‘lg<+(c2 +d,@;(t))V,, From (10), it indicates that 0 < l(t) sﬁ. Let 7,(t) <0. It follows that
Ps P

k
n(t) < X L [(k,(2+3c, T +d,0) =K1 2) A (N)

L2

36T, +dyp) A (MK,

[Pk A (N) + K1y (20 +1) A, (M) (19)

+
2k ,p
(36T, + 0y ) (K + K ) A (MO,
<0

We can deduce that the conditions (10) hold. It thus concludes that V&< —c, —d, ¢, (t)V, . In accordance

with Lemma 1, it ensues V, < ;% (t)exp(—c, (t —t,))V,(t,) . Based on Lemma 1, it obtains lim 2% (1) =0,
where T =t, + 3T, , it further obtains !inT"|||>’<L |=0and !inT1||3/L |=0.For te[ty,), It can be derived that V, =0,

thus, it concludes that ||>’<L =0 ||?/ | =0. Namely, the prescribedtime formation tracking is achieved within

T=t,+3T,.

Next, it is demonstrated to achieve bipartite containment control within T .

Let % = X ()= (A p®I )X (1), V= Ve (1) — (A p®I,)v, (t) . Define two auxiliary states as

X = (/)B(t)f(, V=V, Upon deriving X | it results in

£ &)k + o) %
= Ok + 00080~ (Ap@1,)8(0) 20
b0+ o000 - (A1, )V (1)
= 0% +0,0)

By deriving V , it yields

Eew-(Ape1,)&0
= _kF1¢§(t)((A® L)X —(P®1,)%)

—Ke s O((A® T Ve = (p® 1)V, )
=—kF1¢§(t)((A®I )%)—szws(t)((A®| W)
=K, (A ®1)X —Ke, 0, (O(A B, )3)
==, ()(A® 1, )(Ke, X +Ke,V)

Define X =[X",Y"T , it follows that X&= =X , where
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t)1 t)1
E{ HOL e, }@r 1)
—Keips (DA —Ke,0, (DA
ke, N ::iM
The Lyapunov function candidate is defined as V = % XT(¥®1,)X , where ¥ = F2
ZFL M M

kFZ

N, M are defined in Lemma 2. From Lemma 2, it obtains that M is positive define, then according to the
fourth inequality of (10), it follows that V >0.

Taking the derivative of V with respect to time, it follows that

B e, b (v e )>(<——¢3(t)>(<T(AM o1k
Yo,

FZ

a0 M @1l —kp 08 (M @ 1) (22)

F2

H N1+

F2 P

2,OM @ 1)~k OF (N @ 1)

Utilizing Lemma 2, the following equality is established.

Kes b 08 (AM @ 1)k = K5 f (v e 1)k
sz kF (23)
a8 (M @1 =2 o 0 (v o1 )

It thus follows

»gemt)(ﬁ—k—ﬁl)@m ®1,)k
2Ke, (24)
oG ke frimenyf - F2\9 T(N®I, )\9)+k 2O M @1 )

Ke, F2P

Drawing upon Lemma 2 and Young’s inequality, it can be readily concluded that

A (NE k< (Ne1)Y <A, (NK&

mlﬂ

M1y sE/lmaX(M)o((U(( iy (25)
Substituting (24) into (23) yields
Kes _K_|§1 Kes T
V[ S (V) 2 (M), (0§ "
Koz g 08§ Re a2y b
2 Kes 2p

Referring to (24), it can be deduced that
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v < Kez /lmax(N)>(<T§<+%ﬂmax(M)\gT\§ +2T%zmax(|v|)(§T£ iy

2
@)
KFZ KFl T 1 KFl T
= 5 A )+ 5 A (DR G 02, (Y

Define 7(t) =& (c+de(t))V . Let 7(t) <0. It follows that

n(t) <
2Keop

1
2Ke,p

[(Kep (2+3T +0.) Ky o) A (N) + (36T +d p+2) 4, (MK &

b P2, A (N)+ Ky (20D 2, (M) + (BT +d p)(Kpy + K ) A M <0

It can be inferred that the conditions (10) hold. Consequently, it concludes that V& —cv —de, )V,
According to Lemma 1, it follows V < z,* (t) exp(—c(t —t,))V (t,) - Based on Lemma 1, it obtains !LITT1 7 () =0
, where T =t, +3T,, it further obtains lim ||}<|| =0and !Tg"?/" =0. For t e[t,,), it can be obtained that V =0,
It thus concludes that ||?<|| =0, ||3/|| =0. Namely, the prescribedtime bipartite containment is achieved within
T=t,+3T,.

IVSIMULATION

To evaluate of the effectiveness of the proposed algorithms, we perform simulations using the multi-
agent networks with nine agents. The systems comprise one tracking leader, four formation leaders and four
followerswith the signed communication digraph G depicted in figl.These relationships correspond to the
adjacency matrix of points:

Leader layer,

- b
Follower layer -1l A T{
(= ()
AN N

Fig.1. Communication topology

0100 01 0 O
1 011 1 0 -1 -1

B= , A= , p=diag(1,0,0,-1),G =diag(1,1,0,0) . There is a restrainin
1001 10 o0 p = diag(l, ) g( ) g
1010 0 01 O

relationship between the agent 1 and agent 4 in the leader layer and the agent 1 and agent 4 in the follower layer,
which is represented as the Error! Reference source not found.. Follower agent layer can be divided into
two groups: v; ={1,2} v; ={3,4} .We have:
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n"={12),(21),(31),(2,4),(34).(43,(2.3),(4D}, 77 ={1.2),(2.2),(3D.,(2,4),(34).(4,3),(23)} , and it
follows that " e ", while 7" is not equal to " .Thus Assumption 2 holds.

Let p=6, t,=0s, T, =0.75, K, =60, K_, =30, K., =0.01, K., =60, ¢, =0.1, d, =50, #=0.5. The

virtual leader serves the purpose of furnishing trajectory guidance for all the followers. The trajectory of the
virtual leader is delineated as

X, =[2+4cos(0.5t),~1+ 4sin(0.5t)]"
v, = [-2sin(0.5t), 2cos(0.5t)]"
u, =[-cos(0.5t),—sin(0.5t)]"

* Xy 18 *
7
exm eVZG
exw 1.6 SVSO
6 ex ev
40 40
1.4

0 05 1 15 2 0 0.5 1 15 2
Time(s) Time(s)
(a) (b)

Fig. 2. Pictures (a) and (b) show the observer errors ¢, and ¢, converge to zero within the
prescribedtime t, + T, and t, + 2T, , respectively.

The initial values of X, X;, Vg4, Vi, 64, G, are selected randomly. the simulation results are shown
in Figs. 2-6. Fig. 2 shows that the observer errors ¢, and ¢, converge to zero within the prescribedtime t, +T,
and t, + 2T, , respectively. Fig. 3-Fig. 6 are the drawing of agents in different time, within a specified time, the
convex hull formed by leaders is indicated by solid lines. Follower 1 and 2 in the square formed by leaders,
follower 3 and 4 into the square, which is formed by the symbolic opposite state of the leaders is marked by
dotted lines. From Fig. 6, it can be observed that the positions of the leaders maintain the desired regular square
formation, and the positions of the followers remain within the convex hull formed by the leader positions in
both the simulation and the experiment. Therefore, the specified time control protocol control is achieved.

O Leder 1 151
Leder 2 O Leder 1
<O Leder3 Leder 2
10k Leder 4 10+ O Leder3
O -Leder 1 Leder 4
-Leder 2 O -Leder1
£la O -Leder3 -Leder
51 I “Leder 4 5T R o -::e:eri
RN % follower 1 ' AT -Leder 4
NN follower 2 | . % follower 1
~ o g | 7 o o Q\ i
© * tracking leader follower 4
5 5h * tracking leader
-0} -0+
151 L L 1 1 L L - 15t Il 1 L I L L L
-15 -10 -5 0 5 10 15 -15 -10 -5 0 5 10 15
X X
Fig.3. The trajectory of each agent at t =0s Fig.4. The trajectory of each agent att = 0.198s
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15 15
O Leder1
Leder 2
O Leder3
L Leder 1 L
10 o de:; 2 10 Leder 4
O Leder3 O -Leder1
Leder 4 * -Leder2
5 ki O -Leder1 Sr O -Leder3
........ -Leder 4
v < -Leder 2
' . * O -Leder3 pmmmmmmm 9 * % follower 1
> 0 1 L _Leder 4 > 0FfF 1 ' follower 2
i i *  follower 1 H ' & follower 3
Lo | | D e
L R = follower 3 =l ! ! i T
N o follower 4 5 S, = é
*  tracking leader
-10 [+ 10
15 + -15
. . . . . . . . . . . . . .
15 10 5 0 5 10 15 15 10 5 0 5 10 15
X X
Fig.5. The trajectory of each agent att = 0.998s Fig.6. The trajectory of each agent at t =2s

V. CONCLUSION

This paper has investigated the bipartite formation-containment tracking control of a class of two-
layered MASs under signed graphsbased on the observer. A new state observer has been developed to estimate
the unmeasurable state of the tracking leader within a prescribed time, which can be predetermined by freely
adjusting a time-independent parameter. Subsequently,a novel prescribed time distributed control protocol has
been devised to effectively address the bipartite formation-containment problembased on prescribedtime
observers. The simulation and experimental results were provided to illustrate the effectiveness of the obtained
results.
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