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ABSTRACT: In this paper, we propose a new SELIQHR (susceptible-exposed-latent-infected-quarantined-
hospitalized- recovered) COVID-19 spreading model with isolating mechanism. The global stability of the
COVID-19 free equilibrium is proved in detail, and the basic reproduction number R, of the model is obtained.
The existence of COVID-19 equilibrium and the dynamic behavior of the model are determined by the basic
reproduction number Ro. The global attractivity of the COVID-19 prevailing equilibrium is proved by monotone
iterative technique. Numerical simulation verifies the analysis results.
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I.  INTRODUCTION

Coronavirus is a new, fatal and highly transmitted infectious disease, which is widely spread all over
the world. Coronavirus is a kind of related viruses that cause diseases in birds and mammals. In humans,
respiratory infections induced by coronavirus may be negligible, such as the common cold. But other viruses
can be lethal, such as SARS, MERS and the novel COVID-19. So far, seven kinds of human coronavirus have
appeared in the world: human coronavirus OC43(HCoV-0C43), human coronavirus 229e(HCoV-229E), severe
acute respiratory syndrome coronavirus(SARS-CoV), human coronavirus NL63(HCoV-NL63), human
coronavirus HKU1(HCoV-HKU1), Middle East respiratory syndrome associated coronavirus(MERS-CoV) and
novel coronavirus (COVID-19) which is a worldwide epidemic disease[1].

Since people have different understanding of COVID-19, and different preventive measures have been
taken, the effect of epidemic prevention and control is also different. According to official information, the
initial symptoms of COVID-19 infection are fever and dry cough, similar to the common influenza. However,
COVID-19 can develop into pneumonia, dyspnea and even death. Some patients infected with COVID-19 virus
have no obvious symptoms, and the incubation period of the virus is about 14 days, but asymptomatic infected
people are also infectious[2,3]. COVID-19 virus is mainly transmitted through the air. When people are in close
contact with virus carriers (within 2 meters), they may be infected with COVID-19. At present, maintaining
social distance and reducing the flow of people is considered to be the most effective epidemic prevention
measures[4,5].

Mathematical models describing infectious diseases play an important role in theory and practice[6].
The establishment and analysis of these models will help us to understand the transmission mechanism and
characteristics of diseases, so as to put forward effective strategies for disease prediction, prevention and
suppression[7,8]. Recently, the mathematical model of COVID-19 epidemic has attracted the attention of many
scholars, and many significant and important results have been obtained [9-14]. It can be considered as an
effective way to study, simulate and predict the mechanism and transmission of COVID-19.

At present, there is no specific drug for the COVID-19 virus. In order to effectively deal with COVID-
19, the first step is to speed up the detection of COVID-19, detect the infected person as soon as possible, and
effectively isolate the close contacts; Secondly, we should reduce the gathering of personnel and impose strict
restrictions on the population flow in the areas where the epidemic spread. In this paper, a new mathematical
model of COVID-19 is established. The whole society is regarded as a complex network. The community
members are divided into seven categories: S (susceptible), E(exposed), L(latent asymptomatic infected),
I(symptomatic infected), Q( quarantined), H (hospitalized) and R(recovered). Each community is
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interconnected. The purpose of the model is to study the impact of isolation measures on the COVID-19, and
put forward effective strategies for epidemic prevention and control.

The rest of the paper is organized as follows: In Sect. 2, we present a new SELIQHR model in social
networks. In Sect. 3, it shows that COVID-19 free equilibrium exists and proves the COVID-19 free equilibrium
is globally stable. In Sect. 4, the system has a COVID-19 prevailing equilibrium, and proves the COVID-19
prevailing equilibrium is globally asymptotically attractive. In Sect. 5, numerical simulations are given to
illustrate the main results. Finally, the conclusions are given in Sect. 6.

Il. MODEL FORMULATION

Figure 1 Transfer diagram for COVID-19 spreading model

In this paper, it is assumed that the whole population is an associated social network. The nodes in the
network represent the individuals, and the edges connecting the nodes represent the connections between the
individuals. The community members are divided into seven categories: S (susceptible), E(exposed), L(latent),
I(infected), Q(quarantined), H (hospitalized) and R(recovered). Each community is interconnected. Each
individual adopts one of the seven states of S, E, L, I, Q, H and R. S refers to people who have never contacted
COVID-19 without immunity (susceptible); E refers to the close contacts of the infected individuals with
COVID-19, which should be isolated and observed for 14 days(exposed); L refers to asymptomatic infection
without isolation, which is in latent state and may develop into symptomatic infection(latent); | refers to non
isolated patients with clinical symptoms who need to be hospitalized(infected); Q refers to the close contacts in
the isolation period, which need to be observed for 14 days to remove the isolation(quarantined); H refers to
COVID-19 patients admitted to hospital(hospitalized); R refers to the recovered and has immunity to COVID-
19 (recovered). Sk(t), Ex(t), Li(t), lk(t), Qu(t), Hi(t) and Ry(t) express the relative density of susceptible, exposed,
latent, infected, quarantined, hospitalized and recovered nodes of the community k at time t, respectively. The
COVID-19 propagation model is shown in Fig. 1.

In the SELIQHR model, COVID-19 spread according to the following rules: The parameter o (k) > 0
is the degree dependent rate, which indicates the accessibility of community k to COVID-19. Close contacts
who have been found will be isolated for 14 days at rate 8, some of close contacts who have not been found
become asymptomatic infected individuals at rate y, some of close contacts who have not been found become
infected individuals with clinical symptoms at rate . Some of quarantined individuals infected with virus are
hospitalized at rate , part of the quarantined individuals recover from the virus infection during the isolation
period, and become into recovered individuals at rate ¢, some of the quarantines terminate isolation 14 days
later and become into susceptible individuals at rate m. Latent individuals become into recovered individuals at
rate €, and become into infected individuals at rate . Infected individuals become into recovered individuals at
rate p, become into hospitalized individuals at rate t, and the case fatality rate of infected individuals was &; due
to COVID-19. Hospitalized individuals become into recovered individuals at rate 9, and the case fatality rate of
infected individuals was &, due to COVID-19.

The degree-dependent parameter V(k)>0 represents the number of newly immigrated individuals in
community K per unit time, and each newly immigrated individual is susceptible, the reconnection of these
nodes follows the above propagation rules. This type of rewiring preserves the network mean degree(the total
number of links remains constant) but changes the mean degree of susceptible and infected nodes. The natural

*Corresponding Author: Abdalftah Elbori 39 | Page



COVID-19 Spreading of SELIQHR Model in Complex Social Networks with Isolating Mechanism

mortality rate in community K was p. The parameters are all nonnegative. The model can be described by the
following system of ordinary diff erential equations.

(S = V(k) - a()POS) — pSi(®) + mQy(t)
dEgt(t) a()POSK(®) = (v + B + 8 + WE()
dLgt(t) YER(®) — (0 + £ + W)Ly (t)
D = BEL () + L) — &y + T+ p + Wh(®) .
de_*ft) = 8Ex(D) — @+ 0 +m + 1) Qi (D)
dekt(t) The(t) + 2Qi(t) — (&2 +9 + WH(Y)
de_kt(t) = pl(t) + Ly (t) + 0Qu(t) + SHy(t) — pRy (D)

®(t) denotes the probability of susceptible individuals contacts with a virus carrier(infected individual
or latent individual) at time t, which satisfies the relation:

B(0) = z @1 () 1;(t) <pz(1) L (t)
N;(t )" N; (D)

Here P(i|k) is the conditional probablllty of a node with degree k connecting to a node with degree i.
Because of the uncorrelated network [15], P(ilk) = iP(i)/(k). The probability of a randomly selected
node with degree k is P(k), thus Y_,P(k) = 1, (k) = Y_,kP(k) denotes the average degree, and
@1(i) indicates the probability of infection of a node with degree i caused by infected individuals; (i)
indicates the probability of infection of a node with degree i caused by latent individuals. 1/i denotes
the probability of contacting an infected neighbor node with degree i at the present time step. The size
of the population is constant.

Si(t) + Ex (t) + Li(t) + I () + Qi(t) + Hie(t) + Ry (t) = Nie(t) = mg = V(K) /p (2.2)
So we can obtain:

(1) = 55 Ty PO + 55 Ty 22 PIOL(D) (2.3)

The initial conditions for system can be given as follows

Sk(0) = ng — Ex(0) — Li(0) — I (0) — Qk(0) — Hx(0) — R (0) >0
Ex(0) =0 Lg(0)=0 I.(0)=0 Qx(0)=0 Hi(0)=0 Ry(0)=0 ®(0) >0
The parameters of the system are all nonnegative.

I1l.  THEBASIC REPRODUCTION NUMBER AND STABILITY
ANALYSIS OF COVID-19 FREE EQUILIBRIUM
We define the solution vector of the system (2.1) as:

X (©) = [ (), Ex (1), Ly (1), I (1), Qi (1), Hy (1), Ry (D] (3.1)
The basic reproduction number is defined as:
R, = Blot+et+w+yw (a(®) ¢4 (k) Y (a2 (k) (3.2)

(y+B+8+p) (w+e+p) (1 +T+p+) (k) (y+B+8+p) (w+e+p) (k)

Theoreml If Ry < 1, the COVID-19 free equilibrium X, = [nk, 0, 0, 0, 0, 0, 0]T of system (2.1) is locally
asymptotically stable, and it is unstable when Ry > 1.

Proof:

Obviously, X, is a special solution of the equation(2.1), which is an equilibrium state. Next, we will prove that
Xo is locally asymptotically stable by Lyapunov's first method.

Jacobian matrix of the equation at Xo=[ny, 0, 0, 0,0, 0,0]Tas follows:

Ay A o Agy
] = Ay Ay Azn
Anl An2 nnd; o7
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Akk ) (K) @, (K)P(k) )1 (P
- _a9ex00P0) a1 (0PGR)
g 0 (k) ®) m 0 0
0 —(y+B+8+p “(“)‘P?k()k)"(k) oc(k)<p<1k()k)p(k) 0 . .
0 Y —(w+e+p 0 0 0 .
0 B ©  —E+THpHw 0 0 .
0 . 0 0 —(0+7+m+p) 0 0
: 0 : ' ¢ —(E+9+w) 0
L 0 0 € p o o 2
[ e (PR)  a()e; (WPK)
00 k) W) 000
0 0 a(i)(P?lil;)P(k) a(i)(p:g()p(k) 0 0 0
A.ik 10 0 0 0 0 0 0
(=1%o o 0 0 000
00 0 0 00 0
00 0 0 00 0
00 0 0 00 0

i=1,23..n k=123...n

The characteristic equation of Jacobian matrix as follows :
E+WE+o+l+m+ W E+E+I+ W " G+Y+B+S+ WO VE+ w+e+ 0D x
E+HE+T+Hp+ WO & +y+B+8+WE+o+e+WE+EG +T+p+p) —

[Bx+w+e+p)+yw] —<a(k)<$)1(k))—y(x+ +Tt+Hp+ W —m(k)((]f)z(k))} =0

Factors:
x+y+B+8+WE+wt+e+WE+E +r+p+u)—[B(X+w+s+u)+yw]%—
Yo+ + T4 p ) SR = 33)

(k)
According to the Routh criterion, all characteristic roots of the system have negative real parts if the following
conditions are satisfied:

+B+o+Wlw+e+wW@E +t+p+w—[Blw+e+w +yw]

() (10)
Y& +THp )T

@@
K
>0

yY+B+d+tputwt+etp+gG+t+p+ W[ ++é+wWw+et+tw+(w+e+WE +t+p+p+

k K)) k k
(V4 B+ 8+ +T+p+p) - plld —y LEEN (4 B+ 6+ W0 +e+WE +T+p+1)

(a(k) @4 (k) (a(k) @z (k)
—[Blw +e+ W) +yo] =S —yE T pH )T ) > 0
After simplification, there are:
R — B {a® @1 (K)) Y (a®) @2 (K)) N
07 (v+B+8+WErt+tHp+) (K @ (v(+t)3;r8+u)(m+s+u) (k)
Yo a(k)pq(k
(Y +B+8+W) (w+e+p) (5 +T+p+1) (k) <1 (34)
_ B a®ei(®) | v (a®eaK)y yo (a® @1 (K)
10w Tar ) grerenabaoeronn G0 <1 (3.5)
Here:
AM=F+B+6+Pw+e+W+(w+e+wWE+t+p+W+Y+B+8+wWE +t+p+ +
(0 + &+ p)?

N=F+B+s+wWw+e+wW+(@+e+wWE +t+p+wW+F+B+6+wWE +t+p++
(51+T+p+|1)2
thereare: R; <R, <1

So just satisfy the following:
— Blwte+w+yw (a(K) @4 (K)) Y (k)2 (K))
(y+B+8+w)(w+e+pw)(E1+T+p+) (k) (y+B+8+p) (w+e+p) (k)

<1 (3.6)

0
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If Ry < 1, all characteristic roots of the system have negative real parts, then the equilibrium state X, is
asymptotically stable. If Ry > 1, at least one characteristic root of the system has a positive real part, then the
equilibrium state X, is unstable.

The proof is completed.

Theorem2 If Ry < 1, the COVID-19 free equilibrium X, = [ng, 0, 0, 0, 0, 0, 0]T of system (2.1) is globally
asymptotically stable.

Proof:

We will prove that X, is globally asymptotically stable by Lyapunov's second method.

Sk + Ex + Iy + Ly +Qx +Hy + R =1 isaconstant, six equations can be taken

S = a(PW)S (1) — (v + B + 6 + WE (1)
L = YE(D) — (0 + £ + Wi (D)
O = BE(® + 0Li®) = (& + T+ p+ WI(®)
= 8Ex() — (C+ 0+ m + w)Qi(t)
= Tl (O + 3Q(®) — (& + 9 + WH (D)

= pl(t) + €Ly () + 0Qi (1) + IH, () — pR (V)
We deflne the solution vector of the system as:

X = [Ex(®), L), L), Qc(t), He(t), R@®]T

Let's take the Lyapunov function:
<P1(k)P(k) wl(k)P(k) (w+8+u)(v+6+8+u) @1(KPK) w(y+B+8+W)
V(X) - Z k(t) + (k)Z Blw+e+w)+wy k(t) + (k)Z nK Blw+e+w)+wy k(t) +

(k) nK
Z CPz(k)P(k) Ek(t) + Z <Pz(k)P(k) (Y+B+8+p—) L (t) (38)

(k) nK (k)
Since all parameters are positive, the functlon V(X) is a positive definite function.

(3.7)

A

ko ®
dt
dHy (t)

dt
de ®)

dv(x) _ V() dEx(t) , 9V(x) dIx(t) , V(x) dLi(t) , V() dQ(t) , AV(x) dHi(t) , AV(x) dRy(t)
dt _BEk(t) dt () dt oL dt Q) dt 6Hk(t) dt ORg(H dt

L5200 0 000)5,0) = (1 + B+ 5+ WD) + 5 5 LI LIB0) @ y 4 1, () -

Blw+e+ u)+coy
@ (k)P(k)
3 22

Tk

@1 (P w(y+B+8+)
& +T+p+ WO} + @Z e Berennray VE® — (@ + e+ WL(O} + 5

K)P(k 3
PO ~ (4 B+5+ELD) + 1 L ETR I (B (0) ~ (w e + L)
_ @1 (K)+¢3 (k) @1(RWPK) (w+e+W(y+B+8+W(E1+t+p+W
= 52 22O PR P8O — 15 2 () -

nK Blwte+tw+wy
1 sz(k)P(k) (Y+B+5+u)(w+8+u)L L
(k) nK

1 ®+e2K) IP(K) (y+B+8+W) (w+e+n)
(wz%mk) )OS, (D) — 5 3 O BRI (1)
_Z @2(KPK) (y+B+8+W) (w+e+w) Ly (O) — (k)Z%(k)P(k) (v+B+8+W(0+e+ W[y +T+p+) —Blw+e+)— @yl NG

((k>ﬁ s T)]E( ) 940,00 nK Y(B(w+e+p)+wy)
_ #p+d+(wte+p) (1 @1 (K)+¢p Y _ _
= (g 2 B P9 a(K) s b s (8,0 — 0 ()
LZ @1 (K)PK) [y(§1+T+p+u)—6(w+8+u)—mv]I ®}
(k) nK (Blot+etw+wy) k

At the equilibrium point, the right side of equation(3.7) should be equal to 0.
aK)POS— (Y +B+8+WE =0

—(w+e+pwLly=0
BEk+wly— (G +t+p+ Wl =0
—(C+o+m+wWQ =0
e +0Qx — G+ 9+ WH =0
ply + €Ly + 0Qx + O9Hy —pR =0
We can get the expression: I = — Bi?jﬁiﬁf:f&;:fjpw) K
Substituting it into the following:
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dVx) _ (rHB+8+(w+e+p) {éz @1 (K)+@, (k) P(K) (k) Y

dt (y+B+8+pw) (w+e+p)
1 o @1RaPEK) [yEitt+p+w—Blwtetp)-wy]
)

nK (Y+B+8+W(w+e+pw) (1 +Tt+p+1) K}

PO)SK(®) — (D) —

» 1 K ° N
O 50+
w0 (3$B+8+u)(m+s+(J)+B:8+u)(m+£+u) k oy
s e@T @Zq;l (OP(Ya(l) —tetenie
15 202 (0PI e — 1)
= d(b) (y+B+8+w)(w+e+p) {(a(k)cpl(k)) Blw+e+p)+oy

(k) (Y+B+8+p(w+e+p)(§1+T+p+p)
(a(k) @2 (k) Y

(k) (+B+8+(@+e+) 1}
— q)(t)w{l% -1}

If Ry < 1, dV(x)/dt<0, and only if x = 0, ®(t) = 0, dV(x)/dt = 0.
Therefore, the equilibrium state of origin X = (0, 0, 0, 0, 0, 0) is asymptotically stable.
When | x |—o0, V(x)—0o0, then the system(3.7) is globally asymptotically stable at the origin X = (0, 0, 0, 0, O,

0)". Because Sy + E, + Ly + I + Q. + Hy + R, = ni is a constant, the system(2.1) is globally asymptotically
stable at X, = [nk, 0,0,0,0,0,0]T
The proof is completed.

IV. EXISTENCE OF COVID-19 PREVAILING EQUILIBRIUM

Theorem3 When R, > 1, the system (2.1) has a COVID-19 prevailing equilibrium:
X = (Sk, B, L, I, QL HG RO

Proof:
B0 — y(1) — a)POSK(O — pS() + mQ (D)
EO _ G1)DWOSO) — (v + B+ 5 + WED
deLt(t) =YE () — (w+ &+ WL (D)
dlf;—t(t) = BEx () + wLy () — & + T+ p + W () (4.1)
9O _ g (1) = (4 0+ m+ QD
PO 1 (0 + 2Qu0) — (& + 8 + W HK (D
\ dR;t(t) = pl (1) + €Ly () + 0Qy (1) + OHy () — pR (t)

At the equilibrium point, the right side of equation should be equal to 0.
V(k) —ak)®*S; — uSi; + mQ =0

akK)P*Sy —(y+B+8+WE, =0

YEx — (0 + e+ WL} =

BEx+ wLly — & +T1+p+ I =0
SEp—((+o+m+ Q=0

Tl + {Q4 — (5 + 9 + WH; = 0

plx + Ly + oQy +9Hy — uR}, =0

Sk +Ep + I + Ly + Q) +Hy + R}, =1k

So we get the following :
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(Y+B+8+ ) (w+e+p) | 4

Sk a(k) d*y k

x _ (o+e+p) o

+ _ Blot+e+p)+ym

k — k

yGE1tt+p+p)
<Q* _ S(otetw) . (42)

K7 y@rormep K

Hr = T(Blw+e+W)+yw)(C+o+m+p)+8(w+e+p) (E1 +T+p+p) L
k™ Y(@+o+m+p) (§g +T+p+1) (B2 +9+1) k
* A3 *
k=

WY@+ o+m+) (§y +T+p+ 1) (G +9+1) K
AB=ey@+o+m+ W@ +t+p+WE+9+ W +pBlw+e+w +yw)(@+o+m+p) X
EG+HI9+w+od(w+e+wWE+t+p+WE 9+ + 9B +e+ W +yw)(@+o+m+p)

+96(w+e+wWE +t+p+ 1)
« _ NKYR@+o+m+p) (1 +1+p+ ) (2 +9+pa() @*
Ly = 4.3)

I = ﬂKH((+°+m+H)(§2+3+ﬁ‘)l-a(k)¢’*[8(w+€+u)+yw] (4.4)

A4 = a(k)®” {SV(Z+0+m+u)(‘§1+T+p+u)(‘§z +9+ W +pBlw+e+w)+yw)((+o+m+p) X
EGFrI+w+od(w+e+wWE +t+p+wWE +9+w +9t(B(w + e+ ) + yw) X
C+o+m+W+9B(w+e+wWE +t+p+ Wi+ Y+B+6+W(w+e+ W@+ 0o+ m+ ) X
G+t+p+WE+9+w +al)P p@+o+m+WE +t+p+WE +9+W(w+e+p +
a@P'p@+o+m+pPWE +9+WPRw+e+p +yw) +yp@+o+m+pE +t+p+p X
G+ 9+ wWae +8(w+e+WE +t+p+ PWa()Pp(E, +9+ 1w + alk)d p x
[T(B(w+8+u)+Yw)(l+0+m+u)+Z3(w+€+u)(51+f+p+u)]

k K *
Zk 1’~P1( )P(k)lk+ Zk 1‘9;( )P(k)L

(k) (k)
= Zk L <P1]](zk) P(k) nxu((+o+m+u)(22+8+Zia(k)[g(w+s+u)+yw]¢* N
(k) (C+o+m+p) (&1 +t+p+) (§2 +9+ ) a(k) P*
Ly, 220 pgo nGrosmi Gyt p e elOn’ g 1) s

Apparently, ®*= O is a trivial solution of (4.5), i.e., F(0) = 0. In order to let (4.5) have a non-trivial solution, i.e.,
0<d*<1, the right side of (4.5) must satisfy the following conditions:

dF(®*)
do* | cp* > 1
dF(®*) a(K)[Blw+e+w)+yw] 1 a(k)y
do* (k) Zk 191(K) P(K) (Y+B+8+) (w+e+p) (g +T+p+1) +( k=192 (K) P(K) (y+B+8+W) (w+e+w)
_ {oa®ak) Blwte+w+yw {@2(K)a(k)) Y —R.>1
(k) (y+B+8+WErttptp)(w+e+w) (k) (y+B+8+p) (w+e+p) 0

So, a nontrivial solution exists if and only if Ry > 1.

Inserting the nontrivial solution into Eq(4.3, 4.4), we can obtain I, and L. By I, and L we can easily get:

0 < Sk <mk, 0<Ex <1, 0< Ly <my, 0< I <my, 0< Q¢ <my, 0< He <my, 0< Ry <

Thus, the COVID-19 prevailing equilibrium X, = (S¢’, Ex, Lic, I, Qc, He, Ri)" is well-defined.

Hence, when R, > 1, only one positive equilibrium X, = (S, Ex, Lic, I, Qc, He, Re)" of system (2.1) exists.
The proof is completed.

Remark The basic reproduction number R, depends on some model parameters and the fluctuations of the
degree distribution. Next, we discuss the influence of network topology and model parameters on the basic
reproduction number Rq.

R, = {e1®al) Blw+etw)+yw (02 a(K) Y

0 k)  (y+B+8+W(Er+T+p+) (w+e+p) (k) (y+B+8+W(w+e+p)
9Ro _ _ {@1(a(k)) (Blw+e+w+yw) _ {e2(K)ak) Y <0
a5 (K)  (y+B+S+W2(E +THp+)(w+e+p) (K (y+B+8+W2(w+e+p)

(m(ﬁi;x @ and WZ(TQ;‘ @) reflect the complexity of the network. The larger “"1(22)“ ) and (‘”(](2)“ @ the

more network connections, the greater population density, the more contacts between people, and the larger R,
which is conducive to the spread of the COVID-19. Therefore, reducing the gathering and flow of people is
conducive to reducing the spread of the COVID-19.

Among all the parameters, the most important parameter is the isolation rate 6. B and y denote the infection rate
of close contacts without isolation, so 6 +  +y < 1. If the government takes compulsory measures, the isolation
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rate may reach 0.95, then B and vy are relatively small, R, is also very small, and the COVID-19 transmission
will be blocked ; When an epidemic occurs, if the government does not take compulsory measures, & will be
very small, and some people will isolate themselves to make 6 > 0.2. § and y will increase, and R, will increase,
accelerating the spread of the COVID-19. Therefore, the key to block the spread of the COVID-19 is to increase
the isolation ratio.

Next, the global attractivity of the COVID-19 prevailing equilibrium is discussed. The main result is
given in the following theorem.

Lemmal ([16])
If a>0,b>0, and dx(t)/dt <b — ax, when t > 0 and x(0) > 0, we have

b
tlim supx(t) < 3
If a>0,b>0,and dx(t)/dt >b — ax, when t > 0 and x(0) > 0, we have

lim infx(t) > —
too0 a

Theorem4 X = (Sk, Ex, Lk ks Qi Hi, RQ)' is @ solution of system (4.1) satisfying initial conditions

0< Ex <k, 0< Ly <1k, 0< Iy <my If Ry > 1, then

Lim t—% Xy= (Sk, Ex Lis I Qi Hi, R)T = X = (S, B, L, I, Qs He R)T

where X, = (S, Ex, L, e, Qi , Hi, R¢) " is the COVID-19 prevailing equilibrium of (4.1) satisfying (4.2)
fork=1,2,...,n

Proof:

In the following, k is fixed to be any integer in (1, 2,...,n)

By Theorem 4  0< Ex <y, 0< Ly <my, 0< Iy <mk

there exists a sufficiently small constant p(0 <p< 1) and a larger enough constant T > 0
suchthat I (t) =p Ly(t)=p fort>T.

Thusfort>T

k k k k
PO = 15 ey B PO + 55 Ty 2 PUOL(D) 2 5 Th, 2P = Yp > 0 (46)

Y — Zk:1 Lpl(k)nlLPZ(k) P(k)
Step 1:
Submitting this into the equation of (4.1)
S <V — a()S(OYp — 1S (D) + m( — S(D) €>T

dt
V(K)+mny
By Lemma 1 ll_)m sup Si(t) < W Yprmin

V(K)+mny
2[a(K)Yp+m+p]
There exists t;>T, for t>t; Sk (® <X —p,

1) V(K)+mny
X < a(k)Yp+m+p 2p1 < Nk (47)

For any given constant 0<p <

Step 2:

D) < 15701 () + 9, 1P =1 (48)
we obtain from the second equation of system (4.1) that
O < aOM(y — Ex(9) = (v + B + 8 + WE () >t

a(k)Ang
a(RA+y+B+8+p <Mk
O((k))\T]k }
2[a(R)A+y+B+8+p]

By Lemma 1 !im sup Ex(t) <
For any given constant 0<p, < mm{ , P

There exists t,> t;, for t>t, Ex(D) < Y}E ) — py <Mk
Y(1) _ a(k)Ang

k a(R)A+y+p+8+u 2py <M (4.9)

Step 3:
Then it follows from the third equation of (4.1) that

SO < y(ni - Lk(t))—(m+s+u)Lk(t> t>t,

Nk
By Lemma 1 lim sup Ly (t) < Y+m+£+u <Mk
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. .1 YNk
For any given constant 0 < p; < min {3, P2, 2(Y+m+£+u)}

There exists t> t, for t>t; L (t) < Zl((l) —p3 <Mk
1 _ ¥k
2= Y+o+erp +2p3 <Mk
Step 4:
Then it follows from the fourth equation of (4.1) that

di (t)
=< B~ L®) + o~ L®) = G +T+p+WLOB  t>t
(B+w)nk
By Lemma 1 ltl_{l;lo sup [ (1) < Frortriprn <Mk
(B+w)nk }
2(B+w+E1+T+p+p)
There exists t> tg, for t>t, L (H) < Wﬁl) — P <My

@ _ Brome
Wi B+w+E; +T4+p+p +2ps <Mk

For any given constant 0 < p, < min E Pz,

Step 5:
Then it follows from the fifth equation of (4.1) that

ko(t) < 8(e — Q(®) — @+ 0 + m + PQ, (V) t>t,
U 3

8+{+o+m+p
. . (1 Snk }
For any given constant 0 < ps < min {5, P4 Zorlrotmin

There exists ts> ty, for t>ts  Q (t) < BS) —ps < Mg

® _ Snk
B - 8+(+o+m+p 2p5 < Tk

By Lemma 1 tlim sup Qi () <

Step 6:
Then it follows from the sixth equation of (4.1) that

dH (t)
k < t(nk — He(®) + (i = Hk(®) — & + 9 + H,(©) t>1ts
: (T+Omk
By Lemma 1 tll_)rzl0 sup Hy(t) < T ITY < Mk
(t+9nk }
2(T++Ex+9+p)
There exists tg> ts, for t>ts  Hy (t) < G}((l) —Pe < Mk

1) _ _ (+Omk
G - TH{+HE+0+p + 2p6 <Mk

For any given constant 0 < pg < min {% Ps,

Step 7:
On the other hand, we substitute this into the first equation of (4.1)
SO > V() — alAS (1) — pSi(®) + m (e — Sii(©) >t

dt
V(k)+mny
ByLemmal  lim infSy(t) = Z =

. 1 V(&) +mng
For any given constant 0 < p, < mm{ » Pes a(k)me]}
There exists t;> tg, for t>t; S, (t) > XS) +p7

M _ VO+mmg 4

kK 7 a(A+m+p P7
Step 8:
It follows that

. . a(k)pr(l)
By Lemma 1 lim infE(t) 2 —v+B+8+u
] (1 a(k)pr}(:)
For any given constant 0 < pg < min {8, P71 Syrprotm
There exists tg> t7, for t>tg Ec(t) = y}((1) *t Ps
(1) a(k)pr(l)

k Y+B+6+p 8
Step 9:
The third equation of (4.1) implies that

deLt(t)_ M _(0+e+ L) t>tg

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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By Lemma 1 llm inf L (t) = ——

m+s+u

@
. . )1 Y¥k
For any given constant 0 < py < min {9, Ps, et }

There exists to> tg, for t>ty Ly (t) = Z}({ﬂ + Do
()

2D = myf;u —2po (4.16)
Step 10:
It follows that ‘"gt(t) > By +wz — G+ THp LD t>t
Byt wz®
By Lemma 1 llm 1nf1k(t) = m

Byl((l) +a)zl((1) }

. 1
For any given constant 0 < p;o < min o Po 2ot

There exists tio> to, for t>ty I (t) = wk )4+ P10

By 4oz
wi) = e — 204 (4.17)
Step 11:
It follows that dQ—“(t) > Syl((l) — @+ 0o+ m+ Qb t>tyq
sy
By Lemma 1 hm inf Q(t) = Gc};mw
€Y
H k
For any given constant 0 < p;; < min 1, P10 —2(<+c+m+u)}
There exists t;> tyo, for t>t;; Q(t) = bl((l) + P11
sy
b1(<1) = frormin 2p11 (4.18)
Step 12:
It follows that de—“t(t) > rwl((l) + Zb(l) — (& + 9+ wWH (D t>tyy
@, p®
) ) ‘th +C bk
By Lemma 1 !Lm inf Hi (t) > rrom

. wDzp®
For any given constant 0 < p;, < min bk

There exists t;2> ty3, for t>t;, Hy(t) = gk ) 4+ P12

@ _ TWI((1)+( bl((l)

K = Toremm 2Pz (4.19)

Step 13:
Due to p being a small positive constant, we can derive that

0<x® <x® 0<y®<y® 0<®<z®,

0< W1(<1) W(l) 0< b(l) < B}((l), 0< g(l) G]((l)

i 1 @1 (DP() @ (i)P(i) j @1(DPA) 14, 1 @2(DPM

h® 2@ n 1m (l) +<k)z ZT]j Zi(J) HO _@ n 1m Wi(]) +<k) n_ ZT]' Z(J) (4.20)
We can easily get 0 <h® <o) <HD <2 (4.21)

Again, from the first equation of (4.1), we have

dS, (t
é}( ) < V09 — a0OhDS, () — i, (0 + m(n = 5, 0)  t> ty,
By Lemma 1 lim sup Sy (1) < —a(‘}i)(}}:)(f)rrlkw

For any given constant 0 < p;3 < min{1/13, py, }
There exists tig> tyy, for t>tis S (t) < XP

@) _ .. [¢)) V(k)+mny
X, = min {Xk - P1 —a(k)h(1)+m+u+ p13} (4.22)

Step 14:
Then, from the second equation of (4.1), we have
FE < a@OHOXD = (v + B+ 8+ B t> 1t
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] a(OH®XP
<L — =
By Lemma 1 !Lrg supE,(t) < e pro

For any given constant 0 < p;, < min{1/14, p;5}

WHDXP
=k 4o, (4.23)

There exists t14> ty3, for t>ty, E(t) < YIEZ) = min {Y]E” ~ P2 oiera
Step 15:

Consequently, from the third equation of (4.1), we have

deLt(t) SV —(@+e+ L) t>ty,
@
By Lemma 1 11m sup Ly (t) < LAl

w+e+p
For any given constant 0 < pys <min{l1/15, py,}

- @ _ . o,m v
There exists ty5> tyy, for t>t;5 L (t) < Z,” = min{Z; "’ — p3 , oremn + pis (4.24)
Step 16:
from the fourth equation of (4.1), we have
L < gy ® 4 Z® — (E + T+ p+ WD) >ty

dt
() ()
BY) ' +wZy
By Lemma 1 llm sup [ (t) < m

For any given constant 0 < p1g <min{l/16, pys}
There exists tig> ty5, for t>ty

L(®) < WP = min {wlfl) - Pa, fﬁ‘%ﬁf‘: + P16 } (4.25)
Step 17:

from the fifth equation of (4.1), we have

de—“t(t) <SYP —@Q+o+m+ Q) t>ty

By Lemma 1 tll_)n;lo sup Qi (t) < av

{+o+m+p
For any given constant 0 < p;; < min{1/17, py4}
There exists t17> tyg, for t>t;7

_ sy®
Q(® <B? = min {Bl((l) - ps, m +pys } (4.26)
Step 18:
from the sixth equation of (4.1), we have
O < W@ 4 BP — (5, + 9+ WH(D)  t>ty,

dt
(2) (2)
. TW ' +(B
By Lemma 1 lim sup Hy (t) < —%—%
y tooo p k( ) T Gtdtu

For any given constant 0 < p;5 < min{1/18, py;}
There exists t1g> ty7, for t>t;5

w478

Tt o+rn 18

E+9+u

He(® < G = min {ij) - Pe

Step 19:

Turning back, one has

BB > V(K) — alOH@S, (6) = uSic(®) + m@e = Sc(®)  t>tyg
V(K)+mny

a(H@ +m+p

For any given constant 0 < p;o < min {% Pis »

(4.27)

By Lemma 1 ltim inf S (t) =

V(K)+mny }
2[a(K)H@) +m+p]

There exists tio> tyg, for t>tyy  Si(t) = x? = max {x]((l) + p;, % — P10 } (4.28)
Step 20:

It follows that

dEk(t) > a(h®x® — (y + B + 6 + WE() >ty
o a(k)h(l)xf(z)
By Lemma 1 lim inf Ey(t) 2 ———"
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. (1 a(k)h(l)x{f)
For any given constant 0 < p,o < miny—, P19, — o —

20 2[y+B+8+u]
. @ _ o a@h®x? }
There exists tyo> tyg, for t>tp  Ei(t) =y, = max {yk + pg, eproen P20 (4.29)
Step 21:
The third equation of (4.1) implies that
deLt(t)Zy ) _ (@ + & + WL (D) t> ty,
By Lemma 1 11m inf L (t) = —— m+£+u
. Vyl(f)
For any given constant 0 < p,; < min 1, P20 » Zatern)
@
There exists ty;1> ty, for t>ty; L(t) = zf(z) = max {z(l) + po, Jf:w — P21 } (4.30)
Step 22:
It follows that
‘““(t) > By + wzl? — (& + T+ p + W (D) t> ty,
By P +wzl?
By Lemma 1 hm infI.(t) = m
. e By +ar?
For any given constant 0 < p,, < min > P21 2y trpti)
) by Ptz
There exists t> toy, for t>t, L () = w® = max {w](( )+ pio s ﬁ — P22 (4.31)
Step 23:
It follows that
dQg (V)
> §yP — @+ 0+ m+ Q. t>t,,
P 5}’1((2)
By Lemma 1 ltggo inf Q. (t) = Trormin
@
. . )1 Yk
For any given constant 0 < p,3 < min 53 P2z, —2(Z+c+m+u)}
@
. 2 1 8y
There exists ty3> ty,, for t>ty; Q(® = b}(() = max {b]&) + P11, m — P23 } (4.32)
Step 24.
It follows that
dHy (1)
= w? + P — (&, +9 + WH, (D) t> tys
@, @
i . ‘th +Cby
By Lemma 1 ltggo inf H, (t) = Ty
@, @
. L)1 W +Hiby
For any given constant 0 < p,, < min 2 P23y TR }
i @ leN) wi? 47
There exists ty;> tys, for t>ty, H(t) = g, = max{g,’ + p12, o P2 (4.33)

Repeating the above analyses and calculations, we get twelve sequences:

g0 0 WO b0 O O yO 70 WO O GO 123
Due to the first six being monotone increasing sequences and the last six being monotone decreasing ones
there exists a sufficiently large positive integer L>2, such that | > L:

M _ _ V&+mny yO = a(k)H(l_l)X}((l)
kK = Q@on0—Dimep @ P121-11 k vipromn T Pr2i-10
W _ m _ BYilroz)
Zy F% P121-9 W' = W P12i-8
8Yy W, "+(B
Q= Trormmn T Pizi7 Gy = EzTiuk + P12i-6 (4.34)
O _  VE+mn @ _ alonh@DxD
kK = a@HO+mip  P121-5 kK = W ~ P121-4
o _ o o _ ByOsar®
K = orerp  P12t-3 Wi = Yttrprn | P121-2
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We can easily get that
xP <50 < x¥

l l
2 < L < 700

vy < E® < YP

(4.35)

g < H(® <GP

b < Qu(t) < BY
Noting that 0 < p; < 1/1, one has: |-, p—0

wd <. < w®
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_ 1 vn @1®OPD 21y @2(DHP() ) _ 1 ¢vn @1OP® 3 1 yn @2(DP>) )
STy Wit ggRiaT Shgdim Ty Mitgglim T, Tk (4:37)
Further
— B a(k)h (VK +mmny) o) Y a(k)h (V(K) +mny) (4 38)
K™ (g ttrptw) (v+B+8+1) (@(OHAM+)  (Eq+t+p+) (@+e+p) (YHB+8+1) (alH+m+u) ’
W = B a(k)H (V(K)+mny) o Y a(k)H (VK)+mny) (4 39)
K™ € tthp ) (y+B+8+10) (a(Oh+m+p) (G +THp+R) (@+etp) (y+B+8+1) (a(h+m-+u) ’
_— Y a(k)h (V(K)+mny) 7 Y a(k)H  (V(K)+mnyg) (4.40)
k = (w+e+p) (Y+B+8+w) (a(K)H+m+p) k ’

= (w+e+p) (Y+B+8+w) (a(k)h+m+p)

Substituting (4.38, 4.39, 4.40) into h and H(4.37), respectively, one has

— i B Z a(k) @1 (KPEK)(V(K)+mny) i wy %
(K N G1+T+p+p) (v+B+8+w) (a(KH+m+p) (k) ng@E1t+T+p+p)(0+e+p)(v+p+8+p)
¥ a(k)@1 WP (VEI)+mn) | 1 Y ¥ a(k) @2 (K)P(K)(V(K)+mny)

(a(KH+m+p) (k) ng(w+e+w) (Y+B+8+p) (a(k)H+m+p)

1 B 3 2K @1 WPI)(VK)+mn,) | 1 ®y %
(k) g1 +t+p+) (v+B+8+1) (a(h+m+p) (k) ng@E1+t+p+p)(w+e+p) (y+B+8+p)
3 a(K)@; WP (VE)+mn) | 1 Y ¥ a(k) @2 (K)P(K)(V(K)+mny)

(a(h+m+p) (k) ng(w+e+w) (Y+B+8+p) (a(k)h+m+p)
Ly
| L
. oo — 1|
I S N
105 1‘20 135 150
(b)
] =}
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.
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Figure3 Density of Hy, Ly, Ix and Ei versus time(d=0.5, R;=1.61>1)

By subtracting the above two equations, we arrive at
_1 B 5 ()21 (PR (VI +mn)(h-H) | 1 wy
(K @1 +t+p+p) (Y+B+8+1) (a(K)H+m+p) (a(k) h+m+p) (k) @1 +t+p+p) (@+e+p) (Y+B+8+R)

X
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¥ a2 WPER) (VK)+mn)(h-H) 1 Y 3 (k)% @2 (K)P(K) (V(K)+mn) (h—H)
(a(k)H+m+p) (a(k)h+m+p) (k) ng(w+e+p) (y+B+8+1) (a(k)H+m+p) (a(k)h+m+p)

It is obvious that: H=h
H—h= % ?:1%):)(1)(Wi —wj) +$ ?:1%):)0)(21 -2z)=0
That Wi = W; Zi = Z; i= 1,2,3, ..
we can arrive at Wi =W Xi = Xj Yi =YV Zi = Z; Bi = bi Gi = 8i i= 1,2,3 N
It follows that:

limt_wo Sk(t) = Xk = Xk limt_,oo Ek(t) = Yk =¥k limt_wo Lk(t) = Zk = Zy

limt_wo Ik(t) = Wk = Wy limt_,oo Qk(t) = Bk = bk limt_wo Hk(t) = Gk = gk
Finally, substituting h = H into (4.35), in view of (4.2) and (4.36), we obtain:

Sy = Sk* Ex= Ek* L= I—k* = Ik* Q= Qk* H = Hk* Re= Rk*

thatis:  Xi= (Sk Ex Li Ik Qo Hio R)T =X = (S, B, L, I, Qi He, Re)T
The proof is completed.

V.  SIMULATION RESULTS AND ANALYSIS

In this section, we present several numerical simulations to illustrate the analysis results. We take the
community degree distribution to be P(k) = ck™ (2 < 1 < 3), in which | = 3 and c satisfies Yk=1P(K) =1, n=1000.
We choose a(k) =ak, @1(K) = Kk, @2(K) = 0.7k, V(K) = vin.
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In Fig. 2, the parameters are chosen as, y= 0.06, f= 0.03, 6= 0.8, u=0.007, £;=0.08, £,=0.04, t=0.5,
p=0.3, ®=0.15, ¢=0.8, 9 = 0.9, (=0.08, 6=0.005, m = 0.9, Ry = 0.49 < 1. In the early stage of the outbreak, strict
isolation measures are taken. The isolation ratio reaches 80%, Ry, = 0.49 < 1. The H peak value of hospitalized
patients reaches 0.8 x 10, the L, peak value of asymptomatic infection without isolation reaches 0.17 x 10,
and the I, peak value of patients without isolation reaches 0.05 x 10, After 70 days, all the three cases are
cleared and achieve good epidemic prevention effect.

In Fig. 3, the parameters are chosen as, y= 0.17, p= 0.08, 6= 0.5, u=0.007, £;=0.08, £,=0.04, t=0.5,
p=0.3, ©®=0.15, £=0.8, 9 = 0.9, {=0.08, 6=0.005, m = 0.9, Rp = 1.61 > 1. In the early stage of the outbreak, no
strict isolation measures are taken. The isolation rate is 50%, which is a medium level of isolation. Ry = 1.61 > 1,
the H, peak value of hospitalized patients reaches 0.7 x 10, the L, peak value of asymptomatic infection
without isolation reaches 0.6 x 10, and the I, peak value of patients without isolation reaches 0.5 x 107,
Infected people always exist, and finally reach equilibrium. The effect of epidemic prevention is not satisfactory.
Because the infected people always exist, once the epidemic prevention is relaxed, the epidemic will break out
again.

(a) Density of Hk, Lk and Ik versus time(6=0.9 R0=0.24<1)
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(b) Dynamic behavior of Ik with different degree (6=0.6 R0=1.21>1)
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Figure5 Dynamic behavior of Hy, Ly and I, versus time

In Fig. 4, the parameters are chosen as, y= 0.26, f= 0.14, 6= 0.2, u=0.007, £;=0.08, £,=0.04, t=0.5,
p=0.3, ®=0.15, £=0.8, 9 = 0.9, (=0.08, 6=0.005, m = 0.9, Ry = 3.21 > 1. Relatively loose isolation measures
have been adopted, the isolation ratio is 20%, which is a low level of isolation. Ry = 3.21 > 1, the H peak value
of hospitalized patients reaches 0.45 x 107, the L, peak value of asymptomatic infection without isolation
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reaches 0.65 x 107?, and the I, peak value of patients without isolation reaches 0.55 x 102, Infected people
always exist. Finally, a balance state of high infection rate is achieved.

In Fig. 5(a), the parameters are chosen as, y= 0.03, = 0.016, &= 0.9, u=0.007, £,=0.08, £,=0.04, 1=0.5,
p=0.3, ©®=0.15, e=0.8, 9 = 0.9, {=0.08, 6=0.005, m = 0.9, Ry = 0.24 < 1. At first, the COVID-19 is not well
understood, resulting in a high infection rate. The initial infection is very high, the initial value of Hyis 0.3 x 10°
2 the initial value of I,.is 0.44 x 10, and the initial value of Lis 0.5 x 10 Strict isolation measures are taken,
the isolation ratio reaches 90%, Ry = 0.24 < 1. The Ly and I of infection cases reach the peak in about two
weeks, and reach the peak after 30 days of hospitalization. The Ly and I cases are cleared after 100 days, and all
cases are cleared after 135 days, satisfactory results have been achieved.

In Fig. 5(b), the parameters are chosen as, y= 0.13, = 0.07, 6= 0.6, u=0.007, £;=0.08, £,=0.04, 1=0.5,
p=0.3, ®=0.15, =0.8, 9 = 0.9, (=0.08, 6=0.005, m = 0.9, Ry = 1.21 > 1. The Fig. 5(b) describe the time series
of the infected individuals I with different degree. Obviously, we can see that the positive level will be higher
with the increase of degree. The more network connections, the more contacts between people, and the larger Ry,
which is conducive to the spread of the COVID-19. We find that the larger degree leads to a larger value of the
spreading level. Therefore, reducing the gathering and flow of people is conducive to reducing the spread of the
COVID-19.

VI. CONCLUSION

Considering isolating mechanism, this paper proposes a new SELIQHR model of COVID-19
spreading in complex social networks. With the mean field theory, the spreading dynamics of the
model is analyzed in detail. By Lyapunov's first method, it is proved that the COVID-19 free
equilibrium X, is locally asymptotically stable, and the basic reproduction number Ry is obtained. The
global asymptotic stability of the COVID-19 free equilibrium X, is proved with Lyapunov's second
method. The basic reproduction number R, not only determines the existence of COVID-19
equilibrium, but also determines the global dynamic behavior of the model. If Ry < 1, then X, is
globally asymptotically stable. No matter what the initial value of the infected individuals, the
infected individuals will disappear eventually. If Ry > 1, then the COVID-19 prevailing equilibrium
X is globally asymptotically attractive, it is that the infected individuals will continue to exist and
converge to a positive stable level.

We also investigate the influence of some model parameters on COVID-19 spreading. With
the increase of degree, the COVID-19 spreading level will be higher. The larger isolating factor 6 can
weaken the spread of COVID-19. The larger infection factor f and y will lead to the enhancement of
COVID-19 spreading. These results will help to formulate policies to block the COVID-19 spreading.
The study has important significance for effectively predicting and preventing COVID-19 spreading.
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