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ABSTRACT: Based on a novel fast terminal sliding-mode control (FTSMC) method, this paper studies the
finite-time formation tracking control of leader-following multi-agent system under directed graph. The goal is
to control all followers to converge to the desired formation at a faster speed in a finite-time, while the centroid
of the followers tracks the leader's trajectory. Firstly, in response to the problems of chattering and long
convergence time in the fast terminal sliding-mode control with a constant velocity reaching law, a piecewise
power reaching law is designed and a novel fast terminal sliding-mode control method is proposed. Then,
combining the nearest neighbor principle, the property of Laplacian matrix, and the characteristics of sign
function, a distributed finite-time formation tracking control protocol is designed. Using algebraic graph theory
and Lyapunov stability theory, it is proved that the multi-agent system can realize the finite-time formation
tracking control under the control protocol, and the upper bound of the convergence time is analysed in detail.
Finally, the effectiveness of the proposed method is verified through simulation.
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l. INTRODUCTION

In recent years, the formation tracking control of multi-agent systems has received a lot of attention and
research due to its high degree of self-organization, robustness, fault tolerance, and adaptability, and has been
widely applied in multiple fields such as unmanned aerial vehicle transportation [1], satellite formation [3], and
regional patrol and detection of aircraft [4].

At present, there are multiple control methods for formation control of multi-agent systems. Reference
[6] studied the distributed time-varying formation tracking control problem of linear multi-agent systems based
on adaptive methods. Reference [7] studied the formation control problem of multi-agent systems under directed
communication topology based on backstepping method. Reference [8] studied the formation control problem of
second-order multi-agent systems for collision avoidance based on the artificial potential field method.
Reference [9] studied the distributed formation event triggering control problem of multi-agent systems in a
directed communication topology based on the leader follower method. Reference [10] studied the bidirectional
formation control problem of multi-agent systems under hybrid pulse control based on pulse control method.
However, the above literature only studied the asymptotic convergence problem of multi-agent systems and did
not consider finite-time convergence. Reference [11] studied the finite-time formation tracking control problem
of multi-agent systems using a fast terminal sliding-mode control method based on the constant velocity
reaching law. Reference [12] studied the finite-time formation tracking control problem of second-order multi-
agent systems in directed graphs. Although references [11] and [12] have studied the finite-time formation
tracking control problem, the system suffers from chattering and long convergence time issues.

Based on the above analysis, this paper puts forward a fast terminal sliding-mode control method based
on piecewise power reaching law, and designs a distributed control protocol by combining the nearest neighbor
principle, Laplacian matrix property and symbolic function property, so that the system can realize finite-time
formation tracking control, and the convergence time and chattering phenomenon of the system are improved.
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The structure of this paper is described as follows. Section 2 briefly reviews the knowledge points of
algebraic graph theory. Section 3 designs the piecewise power reaching law, presents a novel fast terminal
sliding-mode control method based on the law, analyses the upper bound value of finite time, and proves
the stability of the system. Section 4 shows the related numerical simulation. Conclusions are drawn in Section
5.

1. KNOWLEDGE RELATED TO GRAPH THEORY
This article uses a weighted directed graph G ={V, &, A} to describe the communication relationship

between multi-agent systems, where V ={1,..., N} represents the node set, £ =V xV represents the directed
edge set, and A=[a;]e;

NN represents the non-negative weighted adjacency matrix. The directed edge

g; =(i,J) indicates that the node i can receive information from the node j, when e;=(i,j)e¢ ,
a; >0 ,otherwise a; =0 . Assuming there is no self-loop in the graph, that is a; =0 . Let

D =diag(d(2),d(2),L ,d(N)), where d(i):Z?:laij represents the in-degree of node i, then the Laplace

N
matrix of a directed graph is L=1; =D —A, where |; = Z a;, i=j;lj=-a;,i=]j.
j=1, j=i
I1. FORMATION MOLDEL AND CONTROL PROTOCOL DESIGN
3.1 PROBLEM DESCRIPTION
Assuming a multi-agent system consists of N +1 agents, where the second-order differential dynamic
equation of the i th follower is as follows

)&i‘(t) =V, (t)

‘¢$(t)=ui(t) i=12L,N
where x, e * represents the position vector, v, € ; * represents the velocity vector, and u, € ; * represents the
control input. The second-order differential dynamics equation of the leader is as follows

t)=v,(t
(1) = Vol )} L
\&(t) =U, ®
where x,. Vi U, € ° represents the position vector, velocity vector, and control input, respectively.
Assumption 1: Assuming that the directed graph G contains a directed spanning tree, then matrix H =L+B
is invertible, where B=diag(b,b,,L ,b,) is the communication weight matrix between the leader and

followers [13].

Definition 1: Multi-agent systems (1) and (2) implement finite-time formation tracking control if and only if
there is a distributed control protocol and a finite-time T >0 that may depend on the initial value, so that all
followers can form and maintain the desired formation, and their geometric center can track the leader's motion
trajectory, when t > T

-

im0 ~hy) - (5 ) -] =0
lim|v; () -v, ()] =0
il 2x0-x0] -0

!erT1||vi t)-v,®[=0 i, j=12LN

)

and t>T
(5,0 —h) - (4 ~h) =0, 0 ~v, =0
LS 0-%0=0%0-v®=0 ij=t2L,nf

where[h",0],]e; ® with h=[h',L ,h}]" denoting a desired geometric formation.
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Lemma 1 [14]: For any x € ,i=42Kn, if x,X,,L ,x,>20,0<r <1 is a real number, then inequality

(inj <> °x' holds.
i=1 i=1
Lemma 2 [15]: Fast terminal sliding mode is described by first-order dynamic equation.
s(t) = &) +dx(t) +c(x(t) ™"
where x(t)e; is a scalar, ¢,d >0, g,m(g>m) are positive odd integers, and for any real number x,
(x()™* is also a positive real number. When s=0, &) =—dx—c(x(t))™®. Assuming the initial state
X(0) = 0, state (x(t),&t)) will approach (0,0) within finite-time T,, and the finite-time T, satisfies condition
(q-m)/q
T, < 9 d(x(0)) +C
d(g—m) c

3.2 DESIGN OF CONTROL PROTOCOL

This article uses the fast terminal sliding-mode control method to design a finite-time formation
tracking control protocol. Firstly, a sliding-mode surface based on the formation tracking error is designed.
Secondly, based on the formation tracking error and sliding-mode surface, a finite-time formation tracking
control protocol is proposed for each follower.

The finite-time formation tracking error based on neighbor information is as follows:

eix (t) = ZN:aij [(Xj (t) - hj ) - (Xi (t) - hi):' + bi (Xo (t) - (Xi (t) - hi ))
- ()
EMOES Zaij (Vj (1) =V (1)) +Db; (vo () — v, (1))

based on the formation tracking error, the following fast terminal sliding-mode vector is constructed for each
follower:

Si (t) = eiv (t) + deix (t) + C(ei>< (t)) m/q N (6)
where i =12,L ,N,c. d>0,9>m>0 are positive odd integers.

Considering the problems of chattering and long convergence time in the fast terminal sliding-mode
control system based on the constant velocity reaching law, this paper designs a piecewise power reaching law,
which enables the system to approach the sliding-mode surface at a faster speed when away from the sliding-
mode surface, and to approach the sliding-mode surface at a relatively small speed when approaching, achieving
the goal of reducing convergence time while avoiding significant chattering. Its structure is as follows:

S -&9] S|gn(S),|S|>1_> ;
—52|S|ﬂsign(8),|8|£1
where g >0,&, >0,a>10< g <1.

According to the piecewise power reaching law designed above, the following control protocols based
on a novel fast terminal sliding-mode control method are designed for systems (1) and (2).

U, =£iau +b ] {ZNjaijuj +hu, {d +c%[iaij [(%; () =)~ (6 © =) by (%, () (%, ©) =1 ) ™ ]
{Z a; (v; () =, (1) +b, (v (1) -V, (t))} +e&|S, ()] sign(s; (t))} —(8)

combination equation (5) can be simplified as:
N TN
U = [zaij +bi] {Zaijuj +bu, {d +cm(eix (t))m’ql}xeiV (t)+¢&|S; @[ sign(S, (t))} —(9)
j=1 j=1 q

(¢.a),[S|>1
(&,.8)S|]<1"
Theorem 1: For second-order multi-agent systems (1) and (2), if hypothesis 1 holds, the system can realize

finite-time formation tracking control under the control protocol (9).
Proof: In order to prove the above theorem, it needs to be divided into the following two steps.

where i=1,2,L ,N, (5,7):{
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Step 1: Prove that the synovial surface of the system is equal to O in a finite-time. By deriving the synovial
volume, we can get

) = &(t) + (d + c%(eix )™ e, (t)

Let e ®=[e,®.L e, O - e@®=[k,@OL.&OI » SO=[SOL.SSOI -
u=[u L ,ulT, sign(S(t)) =[sign(S (t)),L ,sign(S! ()] . The control protocol u, and $t) can be written
in the following matrix form

u)=(H®1){Bl ®u, +[dl +c%diag((eX ()™ )Ie, (t) + ediag (|S|") sign(S, (t))}
) = &(t) + de, (1) +c%diag (e, @)™ e, (1)

= &(t)+[dI + C%diag (e, ()™ ), (1)

therefore, the formation tracking error can be expressed as
&(t) =e, (t)
&t)=—(H 1) (u-1®u,)

define the Lyapunov function V (t) :%ST (t)S(t) , it can be obtained by derivation
V) = ST ()S%)
= ST (O[6t) + (dl + c%(ex ()" )e, (0)]

_ST@)[=(H ® 1)(u—-1®u,)+ (dl +c%(ex )" e, ]

= ST(O[=((L+B)® Iu+BL®U, I +(dl + c%(ex )" e, 0]
=—gS" (t)sign(S (t))|S(t)|y

—e|SO (S+[5.]+L +[5)

< e[S (S +[S,[ 4L +[5, )2

1 1
=—¢|2V (t)]2""2 —> (10)
Therefore, the sliding-mode can reach the equilibrium O point in a finite-time, which means that if
V (0) = 0, the synovial surface S(t) =0 can be achieved in a finite-time. Assuming that the initial state of the

system V (0) >1 is S(0) >1, the finite-time T, calculation is carried out in two stages.
1 1
(1) V(0) >V =% (ie. S(0) -S| =1), at this time y = >1, let \t) = —¢|2V (t)]2"'2 and integrate it on both

sides to obtain

11_70" l-a
S La
Yo gy La , VO
V 2 :_1_“ﬁ 1t1+V(0) 2,80 t1=2—H-
2 (a-)2" ¢

1.1
@V :%—>V =0(ie. [S|=1->S=0), at this time y = S(0< <L), let V&) :—g|2V(t)|§’B+E and integrate

it on both sides to obtain

i) — 4
ViU o O SO S
2 2 a-pN2"
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Lo 1o
1 2 —V(O)T 1
SoT, =t +t, < 2 —+ ol
(@-\2" s @-pN2
Step 2: When the sliding-mode surface is 0, it is proved that the system error converges to 0 in finite-time.
When the sliding-mode surface S(t) =0, according to lemma 2, the equilibrium point can be reached

in finite-time, that is, the formation tracking error of the system converges to 0 in finite-time, and its finite-time

(a-m)/q
q , dmaxe, ()" e

d(g—m) c
From the above analysis, it can be seen that under the control protocol (9), the formation tracking
control of multi-agent systems (1) and (2) in finite-time can be realized.

satisfies the condition T <T, +

V. SIMULATION
Consider a multi-agent system consisting of one leader and eight followers. The communication
topology of the system is shown in Figure 1.

Figure 1: the communication topology diagram of the multi-agent system
According to the second-order multi-agent system, set the leader trajectory as

X, =[-50sin(0.1t),-50cos(0.1t), -50sin(0.1t)]" , the leader speed as v, =[-5c0s(0.1t),5sin(0.1t),-5cos(0.1t)]" ,
and the control input as u, =[0.5sin(0.1t),0.5cos(0.1t),0.5sin(0.1t)]" . Set the parameters of the control protocol
as follows: ¢=0.2,d =0.5,g=5m=3,¢g =0.8,¢, =1.6, « =1.3,=0.5. The motion trajectory of the multi-
agent system under the control protocol u; is shown in Figure 2.

Figure 2: the motion trajectory diagram of the multi-agent system
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(@) (b)
Figure 3: (a) the velocity trajectory of the agents under the action of u,
(b) the velocity trajectory of the agents under the control protocol proposed in reference [11]
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Figure 4: (c) the position and velocity tracking error trajectory of the followers under the control protocol (9)
(d) the position and velocity tracking error trajectories of the followers under the control protocol proposed in
reference [11]

It can be seen from figures 3 and 4 that, compared with the control effect of the control protocol
proposed in reference [11], the multi-agent system under the control protocol (9) designed in this paper has
shorter convergence time, smoother convergence rate curve and no chattering phenomenon.

V. CONCLUSION
This paper has studied the formation tracking control problem of multi-agent system under directed
graph in finite-time. A novel piecewise power reaching law has been proposed, and a novel fast terminal sliding-
mode control method based on the law for this system, which effectively eliminates chattering and shortens the
convergence time. By using algebraic graph theory and Lyapunov stability theory, the stability of the system has
been proved, and the upper bound of convergence time has been studied in detail. Finally, the simulations have
been provided to verify the effectiveness of the theoretical results.
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