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ABSTRACT : In this paper an optimal control strategy, is used to design a desirable excitation controller of a 

hydrogenerator system, in order to enhance its dynamic stability characteristics. The proposed control strategy 

based on Two-Point-Multirate Controllers (TPMRCs) is readily applicable in cases where the state variables of 

the controlled plant are not available for feedback, since TPMRCs provide the ability to reconstruct exactly the 

action of static state feedback controllers from input-output data, without resorting to state estimators, and 

without introducing high order exogenous dynamics in the control loop. In the TPMRCs based scheme, the 

control is constrained to a certain piecewise constant signal, while each of the controlled plant outputs is 

detected many times over a fundamental sampling period T0. On the basis on this strategy, the original problem 

is reduced to an associate discrete-time linear quadratic (LQ) regulation problem for the performance index 

with cross product terms, for which a fictitious static state feedback controller is needed to be computed. 

Simulation results for the actual 117 MVA hydrogenerator unit, show the effectiveness of the proposed method 

which has a quite satisfactory performance. 

 

Keywords- Optimal control Multirate controllers , power systems, hydrogenerator.  

 
I. INTRODUCTION 

The dynamic stability enhancement of an open-loop power system model, linearized about its nominal 

operating point may be achieved by designing a suitable excitation controller and thus obtaining a closed-loop 

system with desired dynamic stability characteristics. The actual design of such controllers may be 

accomplished by using various modern control methods. Among them, linear quadratic (LQ) optimal control 

methods have received considerable attention in the past [1-10]. Most of these optimal control techniques, 

however, suffer from several serious disadvantages. 

It is pointed out that the used TPMRCs [11,12] technique reduced the original LQ regulation problem to 

an associated discrete-time LQ regulation problem for the performance index with crossed product terms, for 

which is computer a fictitious static state feedback controller. In addition thus technique offers more flexibility 

in choosing the sampling rates and provides a power design computed method. 

On the other hand, multi rate controllers are in general time-varying. Thus multi rate control systems 

can achieve what single rate cannot; e.g. gain improvement, simultaneous stabilization and decentralized 

control. Finally, multi rate controllers are normally more complex than single rate ones; but often they are finite-

dimensional and periodic in a certain sense and hence can be implemented on microprocessors via difference 

equations with finitely many coefficients. Therefore, like single rate controllers, multi rate controllers do not 

violate the finite memory constraint in microprocessors. In particular, the control strategy presented here is 

essentially a combination of the control strategies reported in [1,11]. The control is constrained to a certain 

piecewise constant signal, while the controlled plant output is detected many times over a fundamental sampling 

period. The proposed control strategy relies on solving the continuous LQ regulation problem.  

http://www.questjournals.org/
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TPMRCs provide the ability of the exact reconstruction of action of the state feedback without 

resorting to the design of state estimators, and without introducing high order exogenous dynamics in the control 

loop. Based on this strategy, the original problem is reduced to an associated discrete-time LQ regulation 

problem for the performance index with cross product terms, for which a fictitious static state feedback 

controller is needed to be computed. Thus, the present technique essentially resort to the computation of simple 

gain controllers in a digital environment, rather than to the computation of state observers, as compared to 

known techniques. Finally, the designed TPMRCs based LQ optimal regulators can possess any prescribed 

degree of stability, since there is the possibility to choose the transition matrices of the controllers arbitrarily.  

In this paper, the proposed optimal control strategy is used to design a desirable excitation controller of 

a hydrogenerator system, for the purpose of enhancing its dynamic stability characteristics. The particular 

hydrogenerator studied in the paper, is a 117 MVA hydrogenerator unit of the Greek Electric Utility Power 

System [13,14], which supplies power through a step-up transformer and a transmission line to an infinite grid.  

The proposed optimal control design is based on linear state space models of the hydrogenerator, 

obtained by linearizing its nonlinear Park’s equation [16,17], about a particular operating point. Simulation 

results regarding the application of the proposed technique to the linearized state-space model of the 

hydrogenerator unit clearly show the effectiveness of the method and a significant improvement of the dynamic 

performance of the system. 

 

II. OVERVIEW OF RELEVANT MATHEMATICAL CONSIDERATIONS  
  The general description of the controllable and observable continuous, linear, time-invariant, multivariable 

mimo dynamical open-loop system expressed in state-space form is 

 
(t) (t) (t)  

(t) (t) ( )k

 

 

x Ax Bu

y Cx Du



  

(1) 

where: 
nt( R)x  , 

mt)( Ru  , 
pt R)y(   are state, input and output vectors respectively; and A, B and C 

are real constant system matrices with proper dimensions.  

 The associated general discrete description of the system (1) is as follows  

 
(k 1) (k) (k)

(k) (k) ( )k

  

 

x Ax Bu

y Cx Du
  (2) 

where: 
pmn )k(,)k(,)k( RyRuRx   are state, input and output vectors respectively; and A, B 

and C are real constant system matrices with proper dimensions. 

III. LQ  REGULATION USING TWO-POINT MULTIRATE CONTROLLERS 
This method with Ηο and HN being zero-order holds and with holding times To and TN, respectively (see Fig. 1) 

is presented here in a concise manner, whereas the details are found [11]. 

 

 

 
Figure 1. Simplified representation of power system under investigation in discrete form. 

 

Starting with the general linear state space system description in continuous form  

( ) ( ) ( )

( ) ( )

x Ax Bu

y Cx

t t t

t t

 




  (3) 

where 
pm

n R)t(andR)(t,R)t(  yux  are the state, input and output vectors respectively. 

The associated discrete system description is obtained by letting  ,p,...,2,1Ji,n pi   be used of 

observability indices of the pair 
RTand o(A,C),  be a sampling period. Also, by letting  
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 )Texp(Φ 0A   (4) 

and Nnxp

N RB  be the full rank matrix defined by  

 0)0,T( 0N

T

NN  WBB  

with the generalized reachability Grammian of ord N in the interval ]T,0[ 0  being  

0 1
* 1

0 0
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N00
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Next follows the application of the TPMRCs technique to the above descriptions. The input of the plant are 

constrained to the following piecewise constant control  
* * 1

0 0

0

ˆ( ) ( ),

ˆ ( )

u B

u N

T

N

p

kT T T u kT
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The ith plant output )(ty i  is detected at every i0i M/TT  , such that  
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),TkT(xc)TkT(y

i

i0

T

ii0i




   (7) 

where pi Ji,ZM  
 are the output multiplicities of the sampling. In general .NM i   The sampled 

values of the plant outputs obtained over )T)1k(,kT[ 00   are stored in the 
*M -dimensional column vector 

)kT(ˆ
0  of the form 

T

pp0p0p

1101010

)]T)1M(kT(y)...kT(y

)...T)1M(kT(y)...kT(y[)kT(ˆ




 

where  





p

1i

i

* MM . The vector )kT(ˆ
0  is used in the control law of the form  

0 0 0
ˆˆ ˆ[( 1) ] ( ) ( )u L u Kuk T kT kT      (8) 

where 
*

,L R K RN N Np xp p xM

u   . 

Finally one scetcs a controller in the form of (5) and (7) which, nowen applied to system (1), minimizes the 

following performance index 

0

1
[ ( ) ( ) ( ) ( )]

2
y Qy u Ru

T TJ t t t t dt



     (9) 

where Q R
pxp mxmR and R   are symmetric matrices with 0, 0Q R   while )( QCAC

T
 is an 

observable pair.  

The above problem is equivalent to the problem of designing a control law of the form of equation 9, in order to 

minimize the following index:  
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for the system 
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 0 0 0
ˆ( 1) ( ) ( )x x Nk T kT B u kT    

Where QN
 , GN

 , 
N

 are giver explicitly [15].  

Theorem. The following basic formula of the multirate sampling mechanism holds 
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and where,  

      0,i

T

i0

M

i

T

ii0i kTˆˆT1kˆTkTy i uBcxAc 


  

The ultimate expressions for the control law optimal gain matrices uL  and K are as follows 

1 1( ) ( )L R B PB G B PΦ H D
T T

u N N N N N

      (11)  

1 1( ) ( )K R B PB G B PΦ H
T T

N N N N N

      (12) 

where ,R G HN N and  are defined in [2,5]. The resulting discrete closed-loop system matrix  /Acl d  takes 

the following  

/ /A A B KHcl d ol d N    (13) 

where cl=closed-loop, ol=open-loop and d=discrete.  

 

IV. HYDROGENERATOR SYSTEM MODEL AND SIMULATION RESULTS  
In the present work, the aforementioned optimal control strategy is used to design a desirable excitation 

controller of a hydrogenerator system, for the purpose of enhancing its dynamic stability characteristics. The 

hydrogenerator system studied, is an 117 MVA hydrogenerator unit of the Greek Electric Utility Power System, 

and which supplies power through a step-up transformer and a transmission line to an infinite grid. A linear 

model of the hydrogenerator can be obtained by linearizing its nonlinear Park’s equations [16,17] about the 

operating point, vt=1.0 p.u., Pt=1.1 p.u., Qt=0.5 p.u.  

Based on the state variables Fig. 2 and the values of the parameters and the operating point (see Appendix A), 

the system of Fig. 2 may be described in state-space form, in the form of system 3, where: 

 
Figure 2. Simplified representation of hydrogenerator system supplying power by an infinite grid. 
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T
v P i Et t f fd
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 

x  

., .refu V  y x
 

The matrices A, B, C, are given in Appendix B. 
 

The eigenvalues of the original continuous open-loop power system models and the simulated responses of the 

output variables  , , , , ,t t f fdv P i E       , are shown in Table 1 and Fig. 3, respectively.  

 

Table 1. Eigenvalues of original open-loop power system models. 

Original open-loop power system model λ 

-25.6139 

0.0931+7.7898i 

0.0931-7.7898i 

-8.1191+6.2036i 

-8.1191-6.2036i 

-6.4021 

 

As it can be easily checked the above linear state space model is unstable, since matrix A has two unstable 

complex eigenvalues at λ1,2=0.0931±j7.7898.  

 
Figure 2. Responses of the output variables of the original continuous open-loop power  

system models to step input change: ΔVref.=0.05. 

 

The computed discrete linear open-loop power system model, based on the associated line arized continuous 

open-loop system model described in Appendix B, is given below in terms of its matrices with sampling period 
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The computed magnitude of the eigenvalues of the discrete open-loop power system models and the simulated 

responses of the output variables  , , , , ,t t f fdv P i E       , are shown in Table 2 and Fig. 3, respectively.  

 

Table 2. Magnitude of eigenvalues of discrete original open-loop and designed 

Closed-loop power system models. 

Original discrete 6
th

-order open-loop power 

system model 


 
1.0188  1.0188   0.2779   0.1971   0.1971   0.0060 

Designed discrete 

6
th

-order closed-

loop power system 

model 

with matrices Q1,R1 ̂  0.4471   0.4471   0.3126   0.2167   0.2167   0.0058 

 

with matrices Q2,R2 
̂

 
0.6289   0.2887   0.2887   0.0061   0.0937   0.1779 

 

 
Figure 3.  Responses of the output variables of the original discrete open-loop power system models to 

step input change: ΔVref. = 0.05. 

In the present simulation, our control objective is to solve the problem of minimizing the performance index 

equation (9), (considering two distinct cases), using the selected weighing matrices: 
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0.2040 0.0134 0.0636 0.1115 0.1886 0.0467

0.1360 0.2223 0.7046 0.0002 0.1406 0.0354

0.1537 0.1976 0.5795 0.0229 0.0770 0.0192

0.0698 0.0834 0.2412 0.0130 0.0267 0.0066

0.0608 0.0726 0.2083 0.0114 0.0225 0.0056

0.0

u

 

  

  


  

  

L

311 0.0371 0.1063 0.0058 0.0114 0.0028

 
 
 
 
 
 
 
 

   

 

and 

b) Q2=diag(0.1   0.1   0.00001   0.00001   0.00001   0.00001) 

 R2=1. 

The K and Lu feedback matrices were computed as: 
0.7177 0.0074 0.7340 0.1563 0.0676 0.0027
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The output multiplicities, (for the two cases a and b), of the sampling are chosen as Mi=[2  4  6  7  8   12], 

whereas the input multiplicity of the sampling is taken as No=8. 

The simulation results of the discrete open-loop and closed-loop power system models i.e. eigenvalues, 

eigenvectors, Riccati solutions, responses of system variables etc, for zero initial conditions and with input 

disturbances (ΔVref.=0.05 & ΔVref.=0.10) were obtained using a special software program, which is based on the 

theory of § II and runs on MATLAB program environment.  

The associate discrete closed-loop system model matrices Acl/d, Bcl/d, is also computed and is given in Appendix  

C. 

By comparing the eigenvalues of the designed closed-loop power system models to those of the original open-

loop power system models the resulting enhancement in dynamic system is judged as being remarkable.  

The responses of the output variables (Δδ, Δω, Δvt, ΔPt, Δif, ΔEfd) of the designed closed-loop power system 

models for zero initial conditions and unit step input disturbance are shown in Fig. 3.  
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(F) 

 

Figure 3.  (A), (B), (C), (D), (E), (F): Responses of Δδ, Δω, Δvt, ΔPt, Δif, ΔEfd, of the designed discrete 

closed-loop-model:  

(1),(3): with weighting matrices Q1, R1 and to step input changes: ΔVRef. =0.05 & ΔVRef.=0.10, 

rispectively.  

(2),(4): with weighting matrices Q2, R2 and to step input changes: ΔVRef.=0.05 & ΔVRef.=0.10, 

rispectively. 

From Fig.3 it is clear that the dynamic stability characteristics of the designed discrete closed- loops systems-

models are far more syperior than the correspondig, ones of the original open-loop model, which attests in 

favour of the proposed TPMRCs-control technique.  

In Fig. 4, the variation of the optimal average cost Jopt  [1]  with respect to the fundamental sampling period To is 

depicted in the case where (No, M1, M2, M3, M4, M5, M6)=(8, 2, 4, 6, 7, 8, 12) is depicted. The optimal 

average cost obtained is given by [.] , 
1

(0) (0)
2

T

optJ  x Px , where P is the Riccati solution [1, 2, 9].  

For the case where To=0.2 sec. the variation of the optimal average cost Jopt [1,2,9] with respect to No is given in 

Fig. 5, wherein the optimal average cost Ĵ  (=138.6) of the respective continuous-time design, is also depicted. 

From Fig.  5, it becomes clear that Jopt → Ĵ  as No → + ∞. Analogous results can be easily obtained for other 

values of the sampling period To.  
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Figure 4. Discrete-time optimal average cost Jopt and continuous-time optimal average cost Ĵ  versus No 

for To=0.2. 

 
Figure 5.  Discrete-time optimal average cost Jopt versus sampling period To. 

 

V. CONCLUSION  
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TPMRCs used makes it an appropriate and reliable tool for the design of such implementable controllers. 
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APPENDIX A 
Numerical values of the system parameters and the operating point (p.u. values on generator ratings). 

Hydrogenerator: 

117MVA, kV=15.75, RPM=125, H=3.0, xd=0.935 p.u., xq=0.574 p.u., xD=0.992 p.u., xQ=0.551p.u., xf=0.221 

p.u., iq=0.665 p.u., id=0.746 p.u., vq=0.924 p.u., vd=0.381 p.u. 

External system:  

Re=0.015 p.u., Xe=0.40 p.u. (on a 117MVA base). 

Operating point:  

vto=1.0 p.u., Pt0=1.1 p.u., Qt0=0.5 p.u., 

δnom =0.9604 rad., ωnom=100π rad./sec, ifnom.=1.9634 p.u., Efdnom.=1.7720 p.u. 

 

APPENDIX B 

Numerical values of matrices A, B, C and D of the original continuous 6
th

 -order system 



Optimal Output – Feedback Multirate Stabilization Techniques Applied of a Three Phase… 

*Corresponding Author: A. K. Boglou                                                                                                       13 | Page 

0 1 0 0 0 0

150.5484 0 196.0696 38.49705 0 0

2.5353 0.1258 7.9768 0.0193 2.1392 0.0401

11.4595 1.3822 0.2009 7.9565 4.6095 0.0865

26.2471 0.2898 55.2988 5.9203 12.1345 0.6411

0 0 1000 0 0 20

 
 
 
 
    

  
 

  
 

  

A

 

 0 0 0 0 0 1000
T

B
 

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

 
 
 
 

  
 
 
 
 

C

  
APPENDIX C 

Numerical values of matrices Acl/d and Bcl/d of the closed-loop discrete 6th -order system 

/

0.5489 0.1242 1.7315 0.3457 0.0850 0.0027

8.2881 0.0235 7.3373 1.5298 0.6221 0.0228

0.1468 0.0275 0.2829 0.0250 0.0354 0.0015

1.5155 0.1822 3.0690 0.7996 0.0786 0.0017

1.0872 0.0112 1.2411 0.2329 0.0512 0

cl dA

   

   

  

   

   



.0004

9.4214 1.8271 7.2921 2.7921 2.4043 0.1114   
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 
 
 
 
 
 

 

/

0.7197 0 0 0 0 0

10.1870 2.7499 0 0 0 0

1.0737 0.6332 0.2143 0 0 0

1.0465 1.3840 0.4590 0.0014 0 0

3.5056 4.0428 2.3657 0.2965 0.0825 0

25.5570 38.0143 102.9758 69.8135 65.2970 34.3547

cl dB
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